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CHAPTER 1

RELATIONS AND FUNCTIONS

Exercise 1.1

KEY POINTS

1. Ordered Pair
A pair of numbers written in a particular
order is known as ordered pair of numbers.

Example: (1,1), (2,4), (3,9), (4,16), (5,25).

2. Cartesian Product

If A and B are two non-empty sets, then the
(a, b) that

ae A,be B is called the cartesian product (or)

set of all ordered pairs such

cross product of A and B, and is denoted by
A XB.

~AxB={(a,b)|ac A,be B}

Note

() If a=b then (a, b)= (b, a)

(i) In general AXB#BXA, but
n(AxB)=n(BxA)

(iii)) AxB=¢ if only if A=¢ or B=0¢

vy It n@A)=P and n(B)=gq then
n(AXxB)=pq

(v) Distributive property of cartesian product
over union and intersection is given by

e AXBUQO)=AXB)UMAXO)

e AXBNO)=(AXB)N(AXxCO)

Type: | [Problems based on cartesian
product Given sets A, B and C]

Q.No: 1. () (i) (iii) 2, 4, 5, Example 1.1,
Example 1.3, 6. (i) (ii) (iii) and 7. @) (ii)

1. Find AXB,AxA and BXA

(i) A={2,-2,3}and B={1,-4}

AxXB={2,-2,3}x{1,-4}
={(21,2,-4.(-21),(-2,-4),
G.D.G.-4}
AxXA={2,-2,3}x{2,-2,3}
={(2.2),(2.-2),(2.3),.(-2,2),(-2,-2),
(=2,3).(3.2.3.-2).G.3) }
BxA={1,-4}x{2,-2,3}
={(1,2),(1,-2),(1,3),(-4,2),
-4.-2),(-43)}

(i) A=B={p,q}

AxB={p,q}*x{p,q}
={(@.p): @ 9.(qPp)q9}

AxA={p,qg}tx{p.q}
={(@.p) . 9.(q.p)(qq)}

BxA={p.q}x{p,q}
={(@.p): @9 (p)(qq}

(iii) A={m,n};B=0

AXB={}
AXA={mn}x{mn}

={ (m,m), (m, n), (n, m), (n, n) }
BxA={}
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Let A={1,2,3}and B={|x |x is a prime
number less than 0}. Find A xB and
B x A.

A={1,2,3)
B={23,57}
AxB={1,2,3}x{23,57}
={(1,2),(1,3),(1,5),(1,7),(2,2),(2,3),
(2,5),(2,7),(3,2),(3,3),(3,5),3,7) }
BxA={2,3,57}x{1,23}
={(2,1),(2,2),(2,3),3,1),3,2),3,3),
(5, 1),(5,2),(5,3), (7, 1),(7,2),(7,3) }

4. If A={56},B={4,56},C={5,6,7}

Show that A XA =(BXxB)n(CxC)
AXA={56}x{56}
={(5,5).(5,6),(6,5),(6,6) }
BxB={4,5,6}x{4,506}
=(4.4),4.5),(4.6),(5.4),(5,5), (5, 0),
(6,4), (6,5), (6, 6)
CxC={5,6,7}x{56,7}
={(5.5).(5,6).(5,7). (6, 5), (6,6),
(6,7),(7,5),(7,6), (7.7 } .2

(BXxB)N(CxC)={(5,5),(5,6),(6,5), 6,6)
)

(1)

From (1) & (2) verified.

Given A={1,2,3},B={23,5},C={3,4}
and D={13,5}, Check if
ANC)XBND)=(AXB)N(CxD) is true?

LHS
AnC={3}
BAD={3,5)
ANC)x(BAD)={3}x{3,5}

={3.3.G.5} .

——

RHS
AxB={1,2,3}x{2,3,5}
={(1,2),(1,3),(1,5).(2,2), (2, 3),
2,5).3,2).(3.3).(3.5) }
CxD={3,4}x{1,3,5}
={(.1).(3.3).(3.5). (4. 1),(4.3),(4.5) }
AxXB)N(CxD)={(3,3),3.5)} (2)
From (1) & (2)
AN O)XBND)=(AXB)Nn(CxD) is true.

Example 1.1

If A={1,3,5} and B={2,3} then find
(i) AXB and BxA
(ii) Is AXB=BXxA? If not why?
(iii) Show that
n(AxB)=n(BxA)=n(A)xn (B)
i AxB={1,3,5}x{2,3}
={(1,2),(1,3),(3,2),(3,3),(5,2),(5,3) }
BxA={2,3}x{1,3,5)}
={(2,1),(2,3),(2,5),(3,1),(3,3), 3,5 }
(ii) AXB#BxA as (2,2)#(2,1) and
1,3)#@3,1) etc.
(iii) We have n (A)=3,n(B)=2,
n(AXB)=6,n(BxA)=6
nA)xn((B)=3x2
=6
Hence

n(AxB)=n(BxA)=n(A)xn(B)

Let A={xe W|x<2}.

B={xe N|1<x<4} and C={3,5}
Verify that

i) AXxBuUO)=AxBuAx0)

Here A={0,1}
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B=1{2,3,4)
C={3,5}

LHS
BUC={2,3,4,5)
AX(BUC)={0,1}x{23,4,5}
={1(0,2),(0,3),(0,4),(0,5), (1, 2),
(1,3),(1,4),(1,5) } (1)

RHS
AxB={0,1}x%x{23,4)
=1{(0,2),(0,3),(0,4),(1,2), (1, 3),(1,4) }
AXC={0,1}x{3,5}
=1{(0,3),(0,5).(1,3),(1,5) }
S (AXB)U(AXC)={(0,2),(0,3),(0,4),(0,5),
(1,2), (1,3),(1,4), (1, 5) } (2)
From (1) & (2)
AX(BUC)=(AXB)U(AXC) is verified.

i) AXBNCO)=AXB)N(Ax(O)

LHS
BNC={3}
AXBNC)={0,1}x{3}
={(0.3).(1,3) } (1)
RHS
AxB={0,1}x{2,3,4}
=1{1(0,2),(0,3),(0,4),(1,2),(1,3),(1,4) }
AXC={0,1}x{3,5}
=1{(0,3),(0,5),(1,3),(1,5) }
AXB)N(AXxCO)={(0,3),(1,3)}
From (1) & (2)
AX(BNC)=AXB)N(AxC(C) is verified

(2)

(iii) AUBXC=AXC)uBxOC)
LHS
AuB={0,1,2,3,4}
AuUB)XC={0,1,2,3,4}x{3,5}
=1{(0,3),(0,5), (1, 3), (1, 5), (2, 3),
(2,5).3,3).(3,5), (4.3). 4.5 } ..(D
RHS
AxC={0,1}x{3,5}
=1{(0,3),(0,5),(1,3),(1,5) }
BxC={2,3,4}x{3,5}
={(2,3).(2,5),(3,3), (3,5). (4, 3),(4,5) }
AxXC)uBxC)={(0,3),(0,5),(1,3),(1,5),
(2,3),(2,5).(3,3),(3,5), (4. 3), (4.5} ..(2)
From (1) & (2)
(AUB)XC=AxC)u (BxC() is verified.

7. Let A= The set of all natural numbers
less than 8, B= The set of all prime
numbers less than 8, C = The set of even
prime number. Verify that
i ANBXC=AxXC)N(Bx0)

i) AXB-O)=(AxB)-(Ax0O)

Here

A=1{1,2,3,4,5,6,7}

B={2,3,5"7}

C={2}
i AnNnB)XC=AxXO)Nn(Bx0O)
LHS

ANB)={2,3,57}
ANB)xC={1,2,3,5,7}x{2}

={(2.2,3,2,65,2.(7.2}  ..(1)
RHS
AxC={1,2,3,4,567}x{2}
={(1,2),(2,2),3,2),42).5,2),

(6,2),(7,2) }
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BxC={2,3,57}x{2}
={(2.3).3,2),65,2).,(,2) }
AXONBxO)={2,2),3,2),(5,2),(7,2) }
From (1) & (2)
(AUB) X C=(AxC) U (BxC) is verified.

(2)

(i) AX(B-C)=AxB)-(AxC)

LHS
B-C={2,3,57}-{2}

={3,57}
Ax(B-C)={1,2,3,4,5,6,7}x{3,57}

={(1,3),(1,5), (1,7),(2,3),(2,5),(2,7)
(3,3),(3,5),(3,7),(4,3),(4,5), &7,
(5,3),(5,5), (5,7), (6, 3), (6, 5), (6,7)
(7,3),(1,5),(1,7) } (1)

RHS
AxB={1,2,3,4,567}x{23,57}
={(1,2),(1,3),(1,5),(1,7),(2,2),(2,3),
(2,5),(2,7),(3,2),(3,3),(3,5), (3, 7),
(4,2),(4,3),(4,5),(4,7),(5.2),(5,3),
(5,5), (5,7) (6, 3), (6,5), (6, 7), (7, 3),
(7,5),(7,7) }
AxC={1,2,3,4,567}x{2)}
={(1,2),(2,2),(3,2).4,2),(5,2),(6,2),(7,2) }
AxB)-AxC)={(1,3),(1,5), 1, 7). (2. 3),
(2,5),(2,7),(3,3),3,5),(3,7), (4,3), 4,5),
4, 7),(5,3),(5,5), (5, 7), (6, 3), (6,5), (6, 7),
(7.3).(1,5), (7.7) } )
From (1) & (2)
Ax(B-C)=(AxB)—(AxC) is verified.

Example 1.3

Let A={xe N|1<x<4},
B={xe W|0<x<2}and
C ={x e N|x <3} then verify that
i) AX(BUCO)=(AXB)u(AXx0)
(ii)) AX(BNC)=(AXB)Nn(AxC
Here A={2,3}
B={0,1}
cC={12}
i AXBuUO)=AxXxB)u@Ax(C)
LHS
BuC={0,1,2}
AxBuUC)={2,3}x{0,1,2}
={(2,0), (2, 1),(2,2),3,0),
(3. 1),(3,2)} (D)
RHS
AxB={2,3}x{0,1}
={(2,0,(2.1,3,0,3. 1)}
AxC={2,3}x{1,2}
={(21),Z2),3,1,6,2)}
AXB)UAXC)={(2,0),(2,1),(2,2), }
(3,0),3,1),3,2) ..2)
From (1) & (2)
AX(BUC)=(AXB)U(AXxC) is verified

(i) AXBNC)=(AXB)N(AXC)

LHS

BNnC)={1}

AXBNCO)={2,3}x{1}
={2.D.G 1D}

AxB={(2,0),(2,1),(3,0),3,1)}

AxC={(,1),(2,2),(3,1),3,2)}

S {AXB)NAXxC)=(2,1),3,1)}

From (1) & (2)

AX(BNC)=AXB)N(AxC) is verified.

(1)

-.(2)
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Type: Il Given Ax B Find the sets Al | P0main
and B QNo.3, Example 1.2 The domain of the Relation
3.0 BxA={(-2,3),(-2,4,(0,3,0,4),  R={xeAlRyforsomeye 5]
3,3),3,4)} find A and B Co-domain

We have ) . .
The co-domain of the relation R is B.

A = { Set of all first co — ordinates

of elements of (A X B) } Range

The range of the relation

LA={-2,0,3}
B = { Set of all second co — ordinate
of elements of A X B }

B={3,4}

Example 1.2

If AXxB={(3,2),3,4),(5,2),(5,4)} then
find A and B

We have
A = { Set of all first co — ordinates
of elements of A X B }
LA={3,5})
B = { Set of all second co — ordinates

of elements of A X B }

B={2,4}
Exercise 1.2
KEY POINTS
Relation

Let A and B be any two non-empty sets. A
Relation R from A to B is a subset of AXB
satisfying some specified conditions.

If xe A is related to y € B through A, then

we write it has xRy. xRy if and only if

(x,y) € R.

R={ye B|xRy,forsomexe A} Range is a

subset of co-domain.

Note

(i) A relation may be represented algebraically
either by the roster method or by the set
builder method.

An arrow diagram is a visual representation
of a relation.

A relation which contains no element is
called a “Null relation”.

(i)

(iii)

If n(A)=p,n(B)=gq then the total number
of relations that exist between A and B is
2P4,

@iv)

Type: |
QNo: 1.
(i) (i) (iii)

1. Let A={1,2,3,7}and B={3,0,-1,7}
which of the following are relation from
A to B?

Here
AxB={1,2,3,7}x{3,0,-1,7}
={(1,3),(1,0), (1, = 1),(1,7), (2, 3), (2, 0),
2,-1,(2,7),3,3),3,03,-1), 3,7,
(7,3),(7,0), (7, - ), (7.7) }

Verify Relation or not
(i) (i) (iii) (iv). Example 1.4

1 R1 ={ (29 1)9 (7’ 1) }

Here Ry & AXB. So Ry is not a Relation
from A to B.
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(i) Ry={(-1,1)}

Here R, & AXB. So R, is not a Relation
from A to B.

(i) R3 ={ (29 - 1)’ (7’ 7)’ (1’ 3) }

Here R; CAXB. So Rj is a Relation from
A to B.

(iv) R4={(7,-1),(0,3),(3,3),(0,7) }

Here Ry & AXB. So R4 is not a Relation
from A to B.

Example 1.4

Let A={3,4,7,8} and B={1,7,10}.
which of the following sets are relations from
A to B?

Here AXB={(3,1),(3,7),(3,10), (4, 1),(4,7),
4,10), (7, 1), (7,7, (7, 10), (8,1),(8,7),(8,10) }

® Ry={G3,7),47),(7,10),(8,1) }

Here Rj CAXB. So R is a Relation from
A to B.

i Ry={@G,1),(412)}
Here Ry g AXB. So R, is not a Relation
from A to B. Note (4, 12) ¢ AXB
(iii) R3={@3,7),4,10),(7,7),(7,8),(8,11),
(8,7),(8,10) }

Here Ry AXB. So Rz is not a Relation
from A to B. Note (7,8) ¢ A X B.

Type: Il Find Domain and Range of a
Relation
QNo: 2,3

2. Let A={1,2,3,4,...45} and R be the
relation defined as “is square of”’ on A.
Write R as a subset of A XA. Also, find
the domain and range of R.

A=1{1,2,3,4...45)
Relation - is square of
e R={(1,1),(2,4),3.,9), (4, 106), (5, 25), (6, 36) }
Here RCAXA
e Domain of R={1,2,3,4,5,6}
e Range of R={1,4,9,16,25,36 }

3. A Relation R is given by the set
{xy)|y=x+3}xe{0,1,2,3,4,5}.
Determine its domain and Range.
x={0,1,2,3,4,5}
y=x+3

=0+4+3|1+3(2+3|3+3]|4+3]| 5+3

~y=1{3,4,506,7,8}
R=1{(0,3),(1,4),(2,5),(3,6),(47).,(5,8) }
». Domain of R={0,1,2,3,4,5}

Range of R={3,4,5,6,7,8}

Type: Il Representation of a Relation

QNo: 4.(3i)(ii), S, Example 1.5

4. Represent each of the given relations by
(a) an arrow diagram (b) a graph and
(c) a set in roster form, wherever
possible.

D G+y)|x=2y,xe{2,3,4,5}ye{1,2,3,4}

x={2,3,4,5};{y=1,2,3,4}
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R= x=2 x=2y (a) an arrow diagram
=2(1) =2(2) A B
=9 =4
1 1
R={(1,2),(2,4)} 2 2
) 3 3
(a) an arrow diagram 4 4
A B 5 5
6 6
7 7
8 8
9 9
971 ®(6,9)
(b) a graph 81 © G, 8)
71 ©@,7
y
A 6 ) (O] (3, 6)
st 51 0@
41 01,4
Al (1,4)
3 1
37 21
2 T O] (4’ 2) l T
t t t t t t t t —p X
1 ©(2,1) 0l 1 2 3 4 5 6 7 8 9
+ » X
0 1 2 3 4 5 (c) a set in roster form

(c) a set in roster form
R={(1,2),(2,4)}

(i) {xy)|y=x+3,x,y
are natural numbers < 10}

x=1{1,2,3,4,56,7,8,9)}
y=1{1,2,3,4,56,7,89)
R={(x,y)|y=x+3}
R={(1,4),(2,5),(3,6),(4,7).(5,8),(6,9) }

R={(1,4),(2,5),3,6),(47).(5,8),(6,9) }

5. A company has four categories of employees
given by Assistants (A) Clerks (C) Managers
(M) and an Executive officer (E). The
company provide Rs.10,000, Rs.25,000,
Rs.50,000 and Rs.1,00,000 as salaries to the
people who work in categories A, C, M and
E respectively. If A{,A,,A3, A4 and Ajs
were Assistants, Cy, C,, C3, C4 were clerks;
My, M, M5 were managers and E;,E,
were Executive Officers and if the relation
R is defined by xRy, where x is the salary
given to person y, express the relation R
through an ordered pair and an arrow
diagram.

Assistants (A) — Ay, Ay, Az, Ay, As

Clerks (C) - Cl’ Cz, C3, C4
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Managers (M) — My, M, M3

Executive officer (E) — Ey, E,

(a) an ordered pair
R ={(10,000, A;), (10000, A,), (10000, A3),
(10000, Ay), (10000, As), (25000, Cy),
(25000, C5), (25000, C5), (25000, Cy4)
(50000, M), (50000, M,), (50000,
M3)
(100000, Ey), (100000, E5) }

(b) arrow diagram

PP

W N =

C
C
C
C

N

—

GRS

Example 1.5

The arrow diagram shows a relationship
between the sets P and (Q write the relation in
(i) Set builder form (ii) Roster form (iii) What
is the domain and Range of R.

P Q

(i) Set builder form of R
R={(x,y)|y=x-2,xe P,ye Q}
(ii) Roster form of R
R=1{(5,3),(6,4).(7.5) }
Domain of R={5,6,7}

Range of R={3,4,5}

Exercise 1.3

KEY POINTS

1. Function

A relation f between two non empty sets X
and Y is called a function from X to Y, if for each

x € X there exists one y € Y, such that (xy) € f.
That is
f={(x,yforallxe X,ye Y}

artesianl Progy, -
welatioy,

of relations, and

subsets
relations are subsets of cartesian product.

Functions are

A function is also called as a mapping or
transformation.

Note

If fX—Y is a function then

e The set X is called the domain of the function
f and the set Y is called its co-domain.

o If f(a)=>b, then b ‘image’ of a under f and
a is called ‘pre-image of b,

e The set of all images of the elements of X
under f is called the ‘range’ of f.

e f X—Yis a function only if
(i) every element in the domain of f has an
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image.
(i) the image is unique.

e If A and B are finite sets such that
n(A)=p,n(B)=gq then the total number of
functions that exist between A and B is ¢.

e In this chapter we always consider f to be a
real valued function.

e Describing domain of a function.

1 Letf(x):ﬁ. If x=—1 then f(—1) is not

defined. Hence f is defined for all real

numbers except at x =— 1. So domain of f is

R-{-1}.
(i) Let f(x)=%; if x=2,3 then f(2)
X" =5x+6
and f(3) are not defined. Hence f is defined
for all real numbers except at x=2 and 3.
So domain of f=R—-{2,3}.
Type: | Verify function or not

QNo: 1,2, Example 1.8

1. Let f={(x,y)|x,ye Nandy=2x} be a
relation on . Find the domain co-domain
and Range. Is this relation a function.
Here X={1,2,3,4...}

Y={2,4,6,8 ... } Since Given y = 2x
~R={(1,2),12,4),3,6),4,98),... }
e Domain ={1,2,3,4...}
e Co-domain ={1,2,3,4,...}
e Range ={2,4,6,8... }
This Relation is a function as each element
of X has an unique image in Y.

2. Let X={3,4,6,8}. Determine whether
the R={(x,f(x))|x€e X,
fx) =x*+ 1} is a function from X to NV.
X=1{3,4,6,8}
y=f(x)=x*+1
y={3?+1,4°+1,6>+1,8%+1}
y=1{10,17,37,65}e N
So It is a function from X to N.

Relation

Example 1.8

If X={-5,1,3,4} and Y={a,b,c }, then
which of the following relations are functions
from X to Y?

(i) R,= {(=5,a),(1,a),(3,b) }
(ll) R2 = { ( - 5, b)s (1’ b)s (3’ a)s (4’ C) }
(iii) R3={(-5,a),(1,a),(3,b),4c),(1,b)}

() R1 ={ ( -5, a)9 (19 a)9 (39 b) }

X Y

o It is not a function.
-5 [> e Reason: In X 4 has
1 no image in Y.
3
4

(11) R2 = { (_ Ss b)9 (ls b)9 (3s a)9 (4s C) }

X Y
e It is a function.

(i) R3 ={ (_ 5, a), (1’ a)’ (3’ b)’ (4’ C), (1’ b) }

Reason: each
element in X has an
unique image in Y.

X Y
e It is not a function.
= e Reason: In X an
|
= element 1 has two

images a, b in Y.
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Type: Il Find the value of f(x) (ii) For what value of x is f(x) =1
QNo: 3, 4, 5, 6, 8 Example 1.9 (iii) Describe the following (i) Domain (ii) Range

3. Given the function fix— x> = 5x +6.
Evaluate (i) f(—1) (i) fQa) (i) f(2)
(iv) f@x—-1)

Given
f@)=x"-5x+6
@ fED=EDT=5(=1)+6

=1+5+6
=12

(ii) £a) = (2a)* -5 (2a) + 6
=4a* - 10a +6

(iii) F@Q=27-502)+6
=4-10+6
=0

(v) fG-1)=@x-1>-5x-1)+6

X2 2x+1-5x+5+6

x> —Tx+12

4. A graph representing the function f (x) is

given in figure, it is clear that f(9)=2.

Find the following values of the function

@ f@O) b f)© 2 @ fQA0)
Afyj : : . . . . . . .

)

ol 123 456 78910

(iv) What is the image of 6 under f?
From the graph, we get

@ (@ fO)=9 (b) f(7)=6
© f@=6 (d f(10)=0

() fG)=1if x=9.5

(iii)) (i) Domain ={x|0<x<10,xe R}
(ii)) Range ={x|0<x<9,xe R}
(iv) Image of 6 is 5

5. Let f(x)=2x+5. If x#0 then find

fx+2)-fQ)

x
Given f(x)=2x+5
fx+2)=2x+2)+5

=2x+4+5
=2x+9
f@=22)+5
=4+5
=9
vaf@+m—f&k:h+9—9
X X
2
X
=2

6. A function f is defined by f(x)=2x—-3

o fina LOH O

(ii) find x such that f(x)=0

(iii) find x such that f(x)=x

(iv) find x such that f(x)=f(1-x)
Given f(x)=2x—-3

R SO+fA) [20)=3]+[2(1)-3]
D 2 2
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Type: Il Representation of a function 3. Represent the function
QNO: 2,3, Example 1.11 f= { (la 2), (Za 2), (3a Z)s (4a 3), (5, 4) }

2. Let f:A—> B be a function defined by
f(x)=x/2-1 where A={2,4,6,10,12}
B={0,1,2,4,5,9 }. Represent f by
(i) set of ordered pairs (ii) a table
(iii) an arrow diagram (iv) a graph

A=1{2,4,6,10,12};B={0,1,2,4,5,9 }

f)=
2

-1

N | =

f@)=5-1=1-1=0

f@)=5-1=2-1=1

f6)=5-1=3-1=2

FU0)="2-1=5-1=4

f(12)=1—22—1=6—1=5

(i) Set of ordered pairs
f=1{@2,0), 4 1),(6,2),(10,4),(12,5) }
(ii) a table

X 2 4 6
y |0 1 2

(iii) an arrow diagram

10 | 12

(iv) a graph
AY

10 1

61 (12,5)
®

6,2) ®(10,4)

Il ®
20 o@,)
of 2 4 6 8

through (i) an arrow diagram (ii) a
table form (iii) a graph

f=11,2),2,2),3,2),43),5,4) }

(i) an arrow diagram

(ii) a table

X
y 212|213

(iii) a graph

y

A
5 4
41 ® (5,4)
3t o (4,3)

(1,2)
21 © © 032
2,2)
1.-
+ » X

0 1 2 3 4 5 6

Example 1.11

LetA={1,2,3,4} and B={2,5,8,11,14 }
be two sets, let f: A — B be a function given by
f(x)=3x —1. Represent this function.

(i) by arrow diagram (ii) in a table form
(iii) as a set of ordered pairs
(iv) in a graphical form

A={1,2,3,4};B={2,5,8,11,14 }

fx)=3x-1
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f(H)=3(1)-1=3-1=2
f)=3@2)-1=6-1=5
f3)=3(3)-1=9-1=8
f@)=3@-1=12-1=11

(i) Arrow diagram

(ii) A table

x| 1]2]3]4
y |2 ]5]8 11

(iii) Set of ordered pairs
f=101,2),(2,5),(3,8),(4,11) }
(iv) Graph
y
A

12 1
10 1

® (4,11)

81 © (3,9

©@25)

21 ©(1,2)

+ + + + + + » X
0 1 2 3 4 5 6

Type: Il Problems based on type of
functions QNo: 4, 5, 6, 7 Example 1.13,
1.15, 1.14, 1.17

QNo: 8, Example 1.16, 11, 1.12

4. Show that the function f: N — N defined by
f(x)=2x -1 is one-one but not onto.

f(x)=2x—1and f N> N

~. Domain = N =co-domain
fH=2(-1=2-1=1
f2)=212)-1=4-1=3
f3)=23)-1=6-1=5
fA=24)-1=8-1=7

i
N

Here In Domain A each element have
different image in co-domain B. So it is one-one
function.

Here Range # Co-domain

So it is not a onto function

5. Show that the function f: N > N defined
by f (m) =m?+m+3 is one-one function.
fmy=m>+m+3;£N—>N
Put: m=1,2,3...

Domain =N

Co-domain =N
f(m)=m2+m+3
f(H)=1+1+3=5
f@)=2>+2+3=9
f3)=3*+3+3=15
f@)=4>+4+3=23

. Here In domain A, each element have
different image in co-domain B.

- It is one-one function.
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6. Let A={1,2,3,4} and B=N. Let
f: A > B be defined by f (x)=x3 than
(i) find the range of f
(ii) identify the type of function

A={1,2,3,4};B=N
f=x

fhy=1=1

f2)=2>=3

f(3)=3>=27

f#=4"=64

(i) Range of f={ 1,8,27,64 )

(ii) Type of function: one-one and into
function since each element in domain A have
different image in co-domain B.

7. In each of the following cases state
whether the function is bijective or not.
Justify your answer.

(i) f:R > R defined by f(x)=2x+1

(i) f: R >R defined by f(x)=3 - 4x*

(i) f: R > R defined by f(x)=2x+1
f)=2(-2)+1=-4+1=-3
fEH=2ED+1=-2+1=-1
FO)=20)+1=0+1=1
f)=2(1)+1=2+1=3
f2)=22)+1=4+1=5

Here all elements in Domain have different
images and all elements in co-domain have
pre-images in Domain. So it is one-one and on to
function (bijective function).

(i) f: R >R defined by f (x)=3 - 4x”
f) =342
f(=2)=3-4(-2=3-16=—13
f(=1)=3-4(-1=3-4=-1
f(0)=3-4(0)>=3-0=3

f()y=3-4(1)y=3-4=—1
f(2)=3-4(2)*=3-16=—13

Here In domain element 1, — 1 and 2, — 2 has
same image so it is not one-one function. Range
is a subset of co-domain so it is not onto function.

- f(x) is not a bijective function.

Example 1.13

Let A={1,2,3},B={4,5,6,7}
f={1,4),(2,5),(3,6)} be a function and
f=1{1,4),2,5),3,6) } be a junction from A to
B. Show that f is one-one but not on to function.

A={1,2,3);B={4,56,7)

f={(1,4),2,5),(3,6) } then fis a function
from A to B and for different elements in A, there
are different images in B. Hence f is one-one

and

function.

In co-domain B element 7 does not have
pre-image in the domain. Hence f is not onto.

-. f is one-one but not an onto function.

Example 1.15

Let f be a function f: N— N be defined by
fx)=3x+2,xe N.
(i) Find the images of 1, 2, 3
(ii) Find pre-images of 29, 53
(iii) Identify the type of function
The function fiN—N is
f)=3x+2

defined by

(i) Images of 1, 2, 3
fH=31)+2=5
f2)=312)+2=8
fB3)=303)+2=11

lis 5

21is 8

3is 11

-, image of
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(ii) Pre-images of 29, 53 8. Let A={-1,1} and B={0,2}. If the
F()=3x+2 53 =3y +2 function f: A —> B defined by f(x)=ax is
53_2-3 an onto function? Find a and b
29=3x+2 Te=ox A={-11}B={0.2]
29 - 2=3x S1=3x I
SL_ f@x)=ax+b
27 = 3x 3 ) . .
Given f(x) is an onto function
27 17=x
3= ~. Range = co-domain
9=x f=1)=0 f(1)=2
. Pre-image of 29 is 9 a-h+b=0 a(h)+b=2
Pre-image of 53 is 17 —a+b=0 ..(1 a+b=2 ..(2
—a+b=
(iii) Type of function “ 0
Since different elements of N have different atb=2
images in the co-domain, the function f is one-one 2b=2
function. b=1
Here co-domain =N={1,2,3...}
Put =1 in (1
Range - {5,811} 4 in (1
-a+1=0
~. It is not an onto function.
It is into function. a=1

». Thus f is one-one and into function.

Example 1.17

Example 1.14

IfA={-2,-1,0,1,2} and f:A— B is an

onto function defined by f(x) =x*+x+1 then
find B.

A={-2,-1,0,1,2}

f(x)=x2+x+1 :(_1)2+(_1)+1

=22+ +1 | =1-1+1

=4-2+1 =1

=3
=02+ +1 | =)+ () +1|=2%+2) +1
=0+0+1 =1+1+1 =4+2+1
=1 =3 =7

Since f is an onto function range f=B=
co-domain of f

~B={1,37)

Let f be a function from R to R defined by
f(x)=3x—5. Find the values of a and b given
that (a,4) and (1, b) belong to f.

fx)=3x-5

(a, 4) means image of a is 4

fla)=4
3a-5=4

3a=4+5
_9
3

a=3

a

(1, b) means pre-image of b is 1
b=3(1)-5
b=3-5

b=-2
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Example 1.16

Forensic scientists can determine the height
(in cms) of a person based on the length of their

thigh bone. They usually do so using the
function.

h (b) =2.47b + 54.10 where b is the length of the
thigh bone.

(i) Check if the function h is one-one.

(ii) Also find the height of a person if the
length of his thigh bone is 50 cm.

(iii) Find the length of the thigh hone if the
height of a person is 147.96 cm.

(i) To check if & is one-one
Assume that i (b)) =h (by)
2.47 by +54.10 =2.47 b, + 54.10
247 b, =247 b,
bi=by

Thus h (bl) =h (bz) = bl = b2. So the

function & is one-one.

(i) Given b=50
. 1 (50) = 2.47 (50) + 54.1
= 123.5+54.1

=177.6 cms

(i) h (b)=147.96b="2

2.47b + 54.10 = 147.96
2.47b =147.96 - 54.10

2.47b =93.86
93.86
b= 247

b=38cm

11. The distance S an object travels under the
influence of gravity in time ¢ seconds is

given by S (f)= %gt2 +at +b. Where (g is

the acceleration due to gravity) a,b are
constant. Check if the function S (¢) is
one-one.

S(t)=%gt2+at+b
Put r=1,2,3...

S(l)=%g+a+b
f(2):%g(2)2+a(2)+b=2g+2a+b
f®)=380G  +a@®) +b

_%
=3 +3a+b

It is one-one function because

For different values of ¢ we get different images.

Example 1.12

Using horizontal line test, determine
which of the following functions are one-one.

(a) ,\“y
x' < o) \ > X
v yl
# Solution
AY
P P n
X'« o) \ > X
VY
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e It is one-one function.
e Reason: Horizontal line meet the curve in
only one point P.

AY
(b)
N / . x
L U
v yl
#  Solution
AYy
N / > X
{ E 0 i
2 Q
v yl

e It is not one-one function.

e Reason: Horizontal line meet the curve at two
points P and Q.

AY
(©)
X < > X
(0]
v
# Solution Ay
4_
P
X < > X
(0]
VY «/

e It is one-one function.

e Reason: Horizontal line meet the curve in
only one point P.

Type: IV f(x) based problems
QNo: 9, 10 Example 1.19, 1.18, QNo: 12

9. If the function [ is defined by
x+2 ifx>1

fx)= 2 if-1=<x<1 find the
x—1 if-3<x<-1

values of (i) f(3) (i) f(0)
(i) f(-15) (iv) fQ)+f(-2)

m I I
—s
-3 -2 -1 0 1 2 3
® 3
3 lies in I interval
S~ fB)=3+2=5
@) f(0)
0 lies in II interval
f(0)=2

(i) f(-1,5)
—1.5 lies in III - interval
S f(=15)=-15-1
=-25

(iv) fFQ+f(=2)
2 lies in I interval
L f(2Q)=24+2=4
—2 lies in III interval
f=2)==-2-1
=-3
L fQ+f(=2)=4-3
=1
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10. A function fi[-5,9] >R is defined as f(®=3(1®8)-4
follows. =24 -4
6x+1 if-5<x<2 =20
— 2 .
f@)=15"-1 if2<x<6 B FCR+f@Q = 174192
3x—4 if65x<9 .
Find ) f7NH-f1)=17-7=10
(i) 2f (@) +f(8)=2(79)+20
W fENHQ G FD-fO) A @ )_15(8 : "
A ED-f(6) )
(iii) 2f (4)+1 (8) (iv) Fd+f-2) =178
_ _ L 2AED-f6) _2(-11)-14
e f(®=6x+1,x=-5-4,-3,-2,-1,0,1 @iv) F@ A2 19+ (-11)
f(=3)=6(=3)+1 -22-14
=—18+1 - 79-11
=17 _—36
68
f=2)=6(=2)+1 _9
=—12+1 RY
=—11
F(DH=6(1)+1 Example 1.19
=6+1 If the function f: R — R defined by
=7 2x+17, x<-2
o f()=5-1:x=2,3,4,5 f@)={x*-2, —2<x<3 then find the
3x-2, x23

f@=52"-1
=20-1
=19

f@=5@"-1
=80-1
=79

e f(X)=3x-4;x=6,7,8,9

f(6)=3(6)-4
=18-4
=14

f=3(1 -4
=21-4
=17

values of (i) f@) (i) f(—2) @@ii) f@+2f()
. D-34
(i) f(f)(_{)()
o f)=2x+7;x=-3,-4,-5
f(=3)=2(-3)+7
=-6+7
=1
o f()=x*-2,x=-2,-1,0,1,2
f=2)=(-2"-2
=4-2
=2
fy=@1>-2
=1-2
=-1



www.nammakalvi.in

1.26

Nithish’s Mathematics - X Std

4. Cubic functions
ffR— R  defined by

fx)= ax> + b + ex + d,(a#0) is called a cubic

A function

function.

AY

v y'
5. Reciprocal functions
A function ffR-{0}—>R defined by

fx) =% is called a reciprocal function.

AY

6. Constant function

A function f: R — R defined by f(x)=c for
all xe R is called a constant function.

AY

f(x)=c .

A

Type: |
problems]

QNo: 1.
Example 1.20, 1.21 2.
Example 1.22, 1.23 8.
1.24 1.25

[Composition of functions based

@ @G G Gv) 3, 5, 6,

(i @) 4. @) (@b, 7,
(i) (i) (iii), Example

1. Using the functions f and g given below,

find fog
fog =gof.

(fog) x=f1g (x)]
=f ()

=x2-6

Here fog # gof

(i) f)=25g () =22

(fog) x=f1g (¥)]
=f@é-1)

2
2x2—1

Here fog # gof

i) @)= 3%8 )=

(fog) x=f1g (¥)]
=f(3-x)
_3-x+6
a 3

9—x
-3

Here fog # gof

and gof. Check whether

() f(x)=x-6;g(x)=x

(80f) x=g [f (¥)]
=g [x~-6]
= (x— 6)°

= x>~ 12x+36

-1
(goN) x=gf ()]

3-x

(gof) x=g [f (0]
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iv) fx)=3+x;g(x)=x-4

(o) x=fI8 D1 | (405 = ¢ [F ()]
=f=4) —g[3+x]
=3+x—-4

=3+x-4
=x-1

Here fog = gof -l

™ f@=4x?-1;g@®)=1+x
(fog) x=f1g (x)]

=f(1+2)

=4(1+x%) -1 (gof) x=g [f ()]

=4(1+2c+x) -1 =g [4 1]

=4+ 8x+4x°— 1 =1+4° -1

=4x° + 8x + 3 = 4x”
Here fog # gof

3. I f(x)=2x—1;g(x)=%, show that

fog =gof =x. ~
(fog) x=f1g (¥)] s x=g U]
=g [2x-1]
x+1
= = ] _2x-1+1
(x+1] 2
=2 2 -1 =E
2
=x+1-1
=X
=X

. Hence proved.

5. Let A,B,Cc N and a function f:A —> B
be defined by f(x)=2x+1 and g:B—>C
be defined by g (x) =x>. Find the range of

Jfog and gof.
fO)=2x+1;g (0) =7
(fog) x=f1g (x)]

=f ()

. Range ={y|y=2x2+1,xe N}
(gof) x=g [f (V)]

=g(2x+1)

=(2x+1)?
Range :{y|y=(2x+1)2,x€N}

=22+ 1

6. Let f(x)=x>—1. Find
(i) fof (i) fofof
f=x>-1
@) (fof) x=f1f )]
=f(* - 1)
=’ -1)>%-1
=t -2+ 1-1
=x* - 2x2
(i) (fo fof) x=f1(fof) x]
:f[x4 - 2x2]

=0t -2:9)7 -1

Example 1.20

Find fog and gof when f(x)=2x+1 and
g@)=x"-2

(fog) x=f1g (0] (gof) x=g [f (0]
=f(x*-2) =g (x+1)
=2(%-2)+1 =@x+1)2-2
=2 —4+1 =dx? +4x+1-2
=2 -3 =4x% +dx— 1

Here fog # gof

Example 1.21

Represent the function f(x)= \/sz —-5x+3

as a composition of two functions.
We get f> (x) =2x* — 5x+ 3 and
f@=\x
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Now

) =V22=5x+3 =\ ()
=11 (f, ) =11/ %)

2. Find the value of k, such
i fx)=3x+2;g(x)=6x—k
(fog) x=1(g (x))

=f[6x —k]
=3(6x—k)+2
=18x—-3k+2

Given fog = gof

that fog = gof.

(gof) x=g [f (0]

=g [3x+2]
=6(3x+2)-k
=18x+12 -k

18x—3k+2=18x+12-k

-3k+k=12-2
-2k=10

_10
-2

k=-5

(i) f@x)=2x—k;g(x)=4x+5

(fog) x=f1g ()] (gof) x=g [f (V)]
=f[4x+ 5] =g [2x— k]
=2(4x+5) -k =4 (2x—-k)+5
=8x+10-% =8x—4k+5

Given fog = gof

8+10-k=8x—4k+5

-k+4k=5-10
3k=-5
-3
4. (i) If f(x)=x2—1,g(x)=x—2 find a, if

gof @)=1
F@=2-1
fl@=d-1
Given gof (a)=1

gof (a) = [gof (@)l x=1
=glf(@x]=1
=>g[a2—1]=1

-1-2=1

a2—3:1
a2:1+3

=4

a=%2

4. (i) Find k, if f(k)=2k—1 and fof (k)=5
Given fof (k) =S5

I (k) x] =5
fQRk-1)=5
22k-1)-1=5
4k-2-1=5
4k-3=5

4k=5+3
4k =8

k=2

Example 1.22

If f(x)=3x-2g(x)=2x+k and if
fog = gof, then find the value of k.
fx)=3x-2;g(x)=2x+k
(fog) (x) =1 (g (%)) (gof) ) =g [f (0]
=fQx+k) ¢ [Bx—2]
=324k -2 =2 (3x-2) +k
=6x+3x-2 64tk

Given fog = gof
bx+3k-2=6x—-4+k
3k—k=—-4+2

2k=-2
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Example 1.23

Find k if fof (k)=5 where f(k)=2k —1.

Jof (k) =1 (f (k)
=f(2k-1)
=202k-1)-1
=4k-2-1
=4k-3

Given fof (k) =5
4k—-3=5

4k=5+3

8

k=7

7. If fR— R and g: R — R are defined by

f(x)=x" and g (x)=x* then check if f, g
are one-one and fog is one-one.

. f@=¥

f(x) is one-one function. Since every x € R
have unique image.

o Letf(H)=1"=1
fED=E10 =1
. g()=x"
¢ (x) is not one-one function
Let g (2)=2%=16
§(-2=(-2"=16

. 2,—2 have same image so it is not
one-one.

Now
fog=flg (x)]
=f (")
fog=f1g ()]
=f (")
- (x4)5
_,20
(fog) x is not one-one function.
(fog) ()= (1)’ =1
(fog) (- )= (- 1)’ =1

~. 1,—1 have same image.

So it is not one-one function.

8. Consider the functions f(x), g (x), h (x) as

given below. Show that (fog) oh =fo (goh)
in each case.

i f@=x-1L,gx=3x+1 and
h (x) = x*
LHS
(fog) oh
(fog) x=11g (x)]
=f(3x+1)
=3x+1-1
=3x
(fog) oh (x) = (fog) (h (x))
= (fog) (3x")
=32 (D)
RHS
fo (goh)

(goh) x =g (h (x))

=g () =3 +1
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fo (goh) (1) =f 3x* + 1)
=32 +1-1

=37

.(2)

LHS = RHS, Hence (fog) oh=fo (goh) is

verified.

(ii) f(x):xz,g(x)=2x and i (x)=x+4

LHS
(fog) oh
(fog) x=f1g (x)]
=f(2x)
= ()’
=457
(fog) oh (x) = (fog) (x +4)
=4 (x+4)
=4 (X + 8x + 16)
= 4x% + 32x + 64
RHS
(goh) (x) =g [h (x)]
=g (x+4)
=2 (x+4)
=2x+8
fo (goh) (x) = fo [(goh) x]
=f(2x+8)
= (2x+8)°
= 4x% + 32x + 64
LHS = RHS

Hence (fog) oh =fo (goh) is verified.

(1)

.(2)

(i) f(X)=x—4,g(x)=x>and h (x)=3x -5

LHS
(fog) oh
(fog) (x) =f1g (x)]
=/
= x2 -4
(fog) oh () = (fog) (3x - 5)
=(3x-5° -4
=0x> —30x+25 -4
=0x*—30x+21 (1)
RHS
Jfo (goh)
(goh) (x) =g [h (x)]
=g [3x-5]
=@Bx-5)°
[fo (goh)] (x) = fo [(goh) (x)]
=fBx-5)°
=(B3x-5)7%-4
=0x> —30x+25 -4
=9x% - 30x + 21 (2)
LHS = RHS

Hence (fog) oh = fo (goh) is verified.

Example 1.24

If fE)=2x+3,g(x)=1-2x and
h (x) = 3x, prove that fo (goh) = (fog) oh

LHS
fo (goh)
(goh) (x) = g [h (%)]
=g (3x)
=1-2(3x)

=1-6x
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[fo (goh)] (x) = fo [(goh) (x)]

=f[1-6x]
=2(1-6x)+3
=2-12x+3
=5-12x (1)
RHS
[fog] oh
(fog) (x) =f g (x)]
=f(1-2x)
=(1-2x)+3
=2-4x+3
=5-4x
[(fog) oh] (x) = (fog) (h (x)]
= (fog) (3x)
=5-4(3x)
=5-12x (2)

From (1) & (2) LHS = RHS
Hence fo (goh) = (fog) oh is verified.

=3x+6)+1
=3x+18+1
=3x+19
Given gff (x) = fgg (x)
Ix+7=3x+19
Ox—-3x=19-7
6x=12
12

X=—

6

x=2

[Problems based on functions]
9,10)

Type: 1
(QNo:

Example 1.25

Find x if gff(®)=feg(), given
f(x)=3x+1and g(x)=x+3
gif ) =g [Af() }]
=g [fBx+1)]
=g[B3GBx+1)+1]
=g(x+3+1)
=g (9x+4)
=Ox+4+3
=0x+7
Jeg () =flg{gx}]
=flg (x+3)]
=f[x+3+3]

=f(x+6)

9. Let f={(_1’3)9(0’_1)9(2s_9)} be a
linear function from z into z. Find f (x)

Given f={ (- 1,3),(0,-1),(2,-9) }
SfED=3f0)=-Lf2)=-9

f(x)=ax+b is the linear equation.

f=1)=3 fO)=-1
a(-1)+b=3 a©)+b=-1
—a+b=3 (1) b=-1
()=-a-1=3
-a=3+1
—a=4
a=—-4
S f)=—4x—1

10. In electrical circuit theory, a circuit C (¢)
is called a linear circuit if it satisfies the
superposition principle given by
C(aty +bty)=aC (t;)+b C (t;) where a,b
are constants, show that the circuit
C (f) =3t is linear.

Given

C()=3t
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To prove C (f) =3t is linear
Let C (at;)=3a(t))
C (b1y) = 3b (1p)
C (at + bty) = 3 [at| + bt,]
=3at| + 3bt,
=a (3t]) + b (3tp)
C(aty+bty)=alc(t;) +bc (1]

Hence proved.

Exercise 1.6

Multiple choice questions

1. f n(AXB)=6 and A={1,3} then n (B)
is

1.1 2. 2 3. 3 4. 6
n(AxB)=6,A={1,3}

n(A)=2

n(A)Xn (B)=n(AxB)

2xn(B)=6
n(B)=g

n(B)=3 Ans. 3) 3

2. A={a,b,P },B={2a3},C={P,q,"aS}
then n [(A U C) X B] is

1. 8 2. 20 3. 12 4. 16
# Solution:
A={a,b,q},B={2,3},C={p,q,1,5}
AuC={a,b,p,q,r,s}
~n[AUCO)XBl=n(AuC)Xn(B)
=6x2

=12 Ans. (3) 12

3. f A={1,2},B={1,2,3,4},C={5,6}
and D={5,6,7, 8} then state which of the
following statement is true.

1. AXxC)cBxD)2. BxD)cAxO)
3. AXxB)c(AxD)4. (DxA)c(BxA)

#3 Solution:
A={1,2},B={1,2,3,4}
C={56},D={5,6,7,8}
Here option (1) is true
(AxC)c(BxD)
Since All elements in AX C is in BX D
AxXC={1,2}x{5,6}
={(L,5).(1,6),(2,5),(2,6) }
BxD={1,2,3,4}x{5,6,7,8}
={(1,5),(1,6),(L,7),(1,8)
(2,5), (2,6), (2,7), (2,8)
(3,5), (3,6), (3,7), (3,8)
(4.5),(4,6),(4,7), (4. 8) }
Here (AXC)e (BxD)
Ans. (1) (AxC)c(BxD)

4. If there are 1024 relations from a set
A={1,2,3,4,5} to a set B, then the
number of elements in B is

1. 3 2.2 3. 4 4. 8

#> Solution:
A={1,2,3,4,5}

Let n(A)=5—P

n(B)=q

We have
Total number of relations = 2P7
1024 = 2%
210 _ 25q

5¢=10
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_10
=75
q=2 Ans. (2) 2
5. The range of the relations

R={(x, xz) | x is a prime number less than 13 }
is

1. {2,3,5,7} 2.
3. {4,9,25,49, 121}

4. {1,4,9,25,49,121 }

{2,3,5,7,11}

£ Solution:
R={(x, x2) | x is a prime number less than 13 }
x=2,3,517,11
x*=4,9,25,49, 121
.. Range ={4,9,25,4,9, 121 }
Ans. 3) {4,9,25,49,121}

6. If the ordered pairs (a+2,4) and

(5, 2a + b) are equal then (a, b) is
6.1
3.-2)

1. 2,-2) 2.
3. (23) 4.

#> Solution:
(a+2,4)=(5,2a+b)

a+2=5
a=5-2
a=3
4=2a+b
4=23)+b
4=6+b
4-6=+b
~2=+b
b=-21"" Ans. @) (3,-2)

7. Let n(A)=m and n (B)=n then the total
number of non-empty relations that can be
defined from A to B is

. m" 2. " 3. 2" _1 4., 2™
#> Solution:
n(A)y=m,n(B)=n

~. Total number of relations =2""

Ans. (4) 2™

8. If {(a,8),(6,b)} represents an identify
function, then the value of a and b are

respectively
1. 86) 2. (88 3. (6,8 4. (6,6)
# Solution:
{(a,8),(6,b)} represents an identity
function
a=8
b=6 Ans. (1) 8, 6)

9. LetA={12,3,4}and B={4,8,9,10}. A
function ffA—>B given by
f={1,4),2,8),3,9),4,10) } is a

Identify function

Into function

1. Many-one function 2.
3. One-to-one function 4.

#> Solution:
A={1,2,3,4};B={4,8,9,10}
={(0,4),(2,8),(3,9),(4,10) } is

10
one-to-one and onto function (bijective
function) Ans. (3) one-to-one function
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10. If f(x)=2¢* and g (x) =§, then fog is

3
2x2

2
3x2

2
9x2

1. 2. 3.

6x
#> Solution:

F) =24
1
g =3

fog=flg (¥)]

Ans. (3) %
9x

11. If f: A— B is a bijective function and if

n (B)=17, then n (A) is equal to

1. 7 2.°49 3.1

4. 14

#3 Solution:
f: A— B is a bijective function
son(A)=n(B)
Here n (B)=7

So n(A)=7 Ans. (1) 7

12. Let f and g be two functions given by

S={ 0,1),(2,0),3,-4),4,2),(5,7) }

2={(,2),2,4),(—4,2),(7,0) } then the
range of fog is

1. {0,2,3,4,5} 2. {-4,1,0,2,7}
3. {1,2,3,4,5} 4. {0,1,2}
#> Solution:

f=1{00,1),(2,0),3,-4),(4,2),(5,7) }
£=1{1(0,2),(1,0),(2,4),(-4,2),(7,0) }
Range of fog={0,1,2} Ans. 4) {0,1,2}

1
4. —

13. Let f(x)=\1+x> then

L fOy)=f)-fO)
3. fe)=f)-f)

# Solution:
fx)=\1 +x°, then
FO)<f(x)-fO) Ans. B) f@xy) <f @) fH)

2. fey)2f@) -
4. None of these

14. If g={(1,1),(2,3),(3,5),47)} is a

function given by g (x)=ox + [ then the
values of o and P are

1. (-1,2) 2. (2,-1)
3. -1,-2) 4. (1,2)
#> Solution:

g=1{(,1),(2,3),3,5),47)}
g(1)=1;2(12)=3,g(3)=5g4) =17

Given g(x)=oax+f

g(H=1 g(2)=3
a(l)+B=1 a(2)+pB=3
a+B=1 200+ P =3
200+ B =3
o+ p=1sub
o=2

Put =2 in 2+PB=1

B=1-2
B=-1] Ans. 2) (2,-1)
15. fx)=@x+ 1)3 -(x- 1)3 represents a
function which is
1. linear 2. cubic
3. reciprocal 4. quadratic

# Solution:

f@)=@+1) - @x-1y

=432 43+ ) - (P =3 +3x— 1)
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:x3+3x2+3x+1—x3+3x2—3x+1
=6x2+2

Quadratic function Ans. (4) Quadratic

UNIT Exercise - 1

1. If the ordered pairs (x2 - 3x, y2 +4y) and
(—2,5) are equal, then find x and y.
(% =3x; )" +4y) = (= 2,5)
X -3x=-2 V4dy=5
X -3x+2=0

x-1)(x=2)=0

y2+4y—5:O
0+50-D=0

x—1=0 x-2=0 y+5:0 y—l:O
x=1 x=2 y=—5 y:l

2. The -cartesian product AxA has 9
elements among which (-1,0) and (0,1)
are found. Find the set A and the
remaining elements of A XA

A XA =9 elements

~n(A)=3

Given (—1,0) and (0, 1)

We get A={-1,0,1}

DAXA={-1,0,1}x{-1,0,1}

= { (_ 17 - 1)’ (_ 1’ 0)7 (_ L, 1)’ (Oa - 1)’
(0,0), (0, 1), (1 =1),(1,0), (1, 1) }
. Remaining elements of A XA
= { (_ 1’ - 1)’ (_ 1’ 1)’ (O’ - 1)’ (0’ 0)’
(1,-1),(1,0), (1, 1) }

\j - >
Given that f(x)={ o i i ;1 Find

@ f(o) (i) fQ) (D) fa+1)

in terms of a (Given that a >0)
fxX)=Vx—-1;x=1,2,3 ...
fx)=4;,x=0,-1,-2...

i) fO)=4
(i) f(x)=V3-1
=\2
(i) fa+1)=Va+1-1
=Va

Let A={9,10,11,12,13,14,15,16,17}
and let f: A — N be defined by f(rn) = the
highest prime factor of n € A. Write f as
a set of ordered pairs and find the range
of f.

A=1{9,10,11, 12,13, 14, 15,16, 17 }

f: A — N defined by

f(n)= height prime factor of ne A

- £=109,3),(10,5), (11, 11), (12, 3), (13, 13),

(14,7), (15, 5), (16, 2), (17, 17) }
Range ={2,3,5,11,13,17 }

Find the domain of the function

F@=N1+V1- V1-2

Let

x==x1

~. Domain ={-1,0,1}
Since V1 - >0 (positive)

If f(x)=x%g(x)=3x and h(x)=x-2,
prove that (fog) oh =fo (goh)

f@)=x%g@)=3xh@)=x-2
(fog) x =1 (g (x))
=1 (3x)
= (3x)’

= 9)62
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[(fog) oh] (x) = (fog) (h (x)) x-1_,
= fog (x~2) -2
1
=9 (x-2)° 1
=9 (W —4x +4) x—1-(x+1)
2 __ox+l
=9x" —36x + 36 (D Tt ()
(goh) x =g [h (x)] x+1
=g [x—2] _x=l=xml
x—1+x+1
=3(x-2) P
=3x—6 T 2x
[fo (g0h)] (x) = fo [(goh) ()] S1F @)1 == proved
=f(Bx-06)
=(3x - 6)* 9. The functions f and g are defined by
= 9x% - 36x + 36 2 f(x)=6x+8;g(x)=x;2
From (1) & (2) (i) Calculate the value of gg ( %)
(fog) oh = fo (goh) is verified.

7. Let A={1,2} and B={1,2,3,4},
C={5,6} and D={5,6,7,8}. Verify
whether A X C is a subset of B xD?

AxC={1,2}%x{5,6)}
={(1,5),(1,6),(2,5),(2,6) }
BxD={1,2,3,4}x{5,6,7,8}
={(L,5),(1,6), (1,7),(1,8),(2,5),

2, 6), 2, 7), (2,8), (3,5), (3,6),
(3.7, (3.8), (4.5), (4.6), (4, 7), (4, 8) }

S (AXC)e (BxD) is verified.

-1
8. If f(x)= x—, x#-1 show that
x+1

fFE)=- %, provided x #0.

|

x—1
x+1

JIF®)] =f{

(ii) Write an expression for gf(x) in its
simplest form.

f(x)=6x+8;g(x):x;2

(1) ggx)=glg )]

o 7]
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(i) gf®)=glf(x)]
=g [6x+ 8]

_6x+8-2
B 3

_6x+6
T3

_6(x+1)
-3

=2(x+1)

10. Write the domain of the following real
functions.

2x+ 1
W Fe=""7

Let x—9=0

x=9

~. Domain =R-{9}

-5
(i) P()=—7
dx"+1

Here
4 +1>0 for all xe R
-. Domain =R
(i) g(x)=Vx-2
Here \x -2 >0
- Domain =[2, e]
iv) h(x)=x+6

Domain =R

[should be positive]
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CHAPTER 2

NUMBERS AND SEQUENCES

Exercise 2.1

KEY POINTS

Euclid’s Division Lemma

Let a and b(a>b) be any two positive
integers. Then, there exist unique integers g and
r such that

a=bqg+r,0<r<b

Note:
e The remainder is always less than the
division.

o If r=0 then a=bgq. So ‘b’ divides ‘a’.

e Similarly if b divides a then a = bg

e Generalised form of Euclid’s division lemma
a=bg+r,0sr<|b|

e FEuclid’s division algorithm provides an easier

way to compute the thighest common factor
(HCF) of two given positive integers.

e Two positive integers are said to be relatively
prime or Co-prime if then thighest common
factor is 1.

Type |: Problems based on Euclid’s
division lemma.

Example 2.1, 2.2, Q.No. 1, 2, 3, 4, 5,
Example 2.3

Example 2.1

We have 34 cakes, Each box can hold 5
cakes only. How many boxes we need to pack
and how many cakes are unpacked

34=5%x6+4
a=bg+r

a— dividend

b — divisior
r— remainder
g — quotient

. 6 boxes needed and 4 cakes are unpacked.

Example 2.2

Find the quotient and remainder when a is
divided by b in the following cases
(i) a=-12,b=5 (i) a=17,b=-3
(iii) a=-19,b=—4

(i) a=-12,b=5
By Euclid’s division lemme
a=bg+r, where 0<r<|b|
-12=5%x(-3)+3,0<r<]|5]|
~. Quotient g =—3, Remainder r=3
(i) a=17,b=-3
By Euclid’s division lemma
a=bg+r, where 0<r<|b|
17=(=3)x(-5)+2,0<r<|-3]|
». Quotient g=-5

Remainder r=2

(iii) a=-19,b=-4
By Euclid’s division lemma
a=bg+r, where 0<r<|b|
-19=(-4)5)+1,0<r<|-4|
~. Quotient g =5

Remainder r=1
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1. Find all positive integers, when divided by
3 leaves remainder 2.

Given b=3;r=2
by Euclid’s division lemma
a=bg+r,05r<|b|
a=3q+2,0<g<|3]|
- All positive lutegers, when divided by 3
leaves remainder 2 is 2, 5, 8, 11 ...

2. A man has 532 flower pots. He wants to
arrange them in rows such that each row
contains 21 flower pots. Find the number
of completed rows and how many flower
pots are left over.

Here a =532
b=21
by Euclid’s division lemma
a=bg+r,05r<|b|

522=21%x25+7

~. No. of completed rows = 25
Left over thower pots = 7 pots

3. Prove that product of two consecutive
positive integers is divisible by 2.

Let two consecutive positive integer n, n + 1.

Product =nx(m+1)
=n’+n
Positive integers divisible by 2 is of the form
2q or 2g +1
Case (i) When n=2qg
n+n= (2q)2 +2¢q
= 4q2 +2q
=2g(2q+1)
=2m wherem=q(2q+1)
which is divisible by 2.
Case (ii) When n=2g+1

P +n=02q+1)°+Qq+1)

=dg* +4g+1+2g+1
=4q2+6q+2
=202¢*+3g+1)

=2m
=Wherem=2q2+3q+1
which is divisible by 2.

Hence proved.

4. When the positive integers be a,b and ¢
divided by 13, the repective remainders
are 9, 7 and 10. Show that a+b+c is
divisible by 13.

Let the positive integers a, b, ¢
Given
a=13g+9
b=13g+7
c=13g+10
a+b+c=13g+9+13g+7+13g+ 10
=39q + 26
=13 (3g+2)
=13m
Which is divisible by 13.

(where m =3¢g + 2)

Hence proved.

5. Prove that square of any integer leaves the
remainder either 0 or 1 when divided by
4.

Let x be any integer its square is e

Case (i) When x=even

Let x=2m
x2 = 4m2
P =4m>+0

Which is divisible by 4 leaves remainder O.
Case (ii): When x =odd

Let x=2m+1
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2= (2m + 1)2 The remainder is O
:4m2+4m+1 . HCF of 340 and 412 is 4

=4m (m+1)+1
) (ii) 867 and 255
x“=4g+1 when g=m (m+1)
Use Euclid’s division algorithm till we get

remainder is zero.

e 867=255%x3+102
R=102#0

Which is divisible by 4 leaves remainder 1.

Type Il: Find H.C.F using Euclid’s
Division Algorithm - Problems

Q.No. 6 (i) (ii) (i) (iv), Example 2.6, 7, || ® 255=102x2+51

Example 2.4, 2.5, 8, 9, 10 R=51#0
6. Use Euclid’s Division Algorithm to find | ® 102=51x2+0
the Highest Common Factor (HCF) of R=0
(i) 340 and 412 .. HCF of 867 and 255 is 51.

To find the H.C.F of 340 and 412 using
Euclid’s division algorithm. (iii) 10224 and 9648

o 412=340x1+72 Use Euclid’s division algorithm till we get

The remainder 72 # 0 remainder is zero.
e Again Applying Euclid’s division algorithm e 10224 =9648 x 1 +576
340=72 x4 +52 R=576%0
The remainder 52 #0 e 9648 =576x16+432
e Again Applying Euclid’s division algorithm R=432#0
72=52x1+20 e 576=432x1+144
The remainder 20 #0 R=144#0

e Again Applying Euclid’s division algorithm o 432=144%3+0
52=20x2+12 R=0

The remainder 12#0 . HCF of 10224 and 9648 is 144.
e Again Applying Euclid’s division algorithm

20=12x1+8 (iv) 84, 90 and 120
The remainder 8 # 0 Let two numbers 84, 90 use Euclid’s division
e Again Applying Euclid’s division algorithm algorithm till we get remainder is zero.

12=8x1+4 e 90=84x1+6
The remainder 4 #0 R=6#0
e Again Applying Euclid’s division algorithm e 84=6%x14+0
8=4x%x2+0 R=0
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.. HCF of 90, 84 is 6.

Now let 6 and 120 use Euclid’s division
algorithm till we get remainder is zero.

120=6x20+0
R=0
~. HCF of 120 and 6 is 6.
Hence HCF of 84, 90 and 120 is 6.

Example 2.6

Find the HCF of 396, 504, 636.

# Solution:

Let two numbers 396 and 504 use Euclid’s
division algorithm till we get remainder is zero.

e 504=396x1+ 108

R=108#0
e 396=108x3+72

R=72#0
e 108=72x1+36

R=36+#0
o 72=36Xx2+0

R=0
. HCF of 396 and 504 is 36.

Now find HCF of 636 and 36 use Euclid’s
division algorithm till we get remainder is zero.

e 636=36x17+24

R=24#0
e 36=24%1+12

R=12#0
e 24=12%x2+0

R=0
.. HCF of 636 and 36 is 12.

Hence HCF of 396, 504, 636 is 12.

7. Find the largest number which divides
1230 and 1926 leaving remainder 12 in
each case.

Since the remainder is 12, the required
number is the HCF of the number

1230 -12=1218
1926 -12=1914

Use Euclid’s division algorithm till we get
remainder is zero.

e 1914=1218%1+696

R=696#0

e 1218=696 x 1+522
R=522+#0

e 096=522x1+174
R=174+#0

e 522=174%x3+0
R=0

~. HCF of 1218 and 1914 is 174.

Hence required largest number is 174.

Example 2.4

If the Highest Common Factor of 210 and
55 is expressible in the form 55x — 325, find x.

Using Euclid’s Division Algorithm let us find
the HCF of 210 and 55.

o 210=55%x3+45
R=45+#0

e 55=45x1+10
R=10%0

e 45=10x4+5
R=5#0

e 10=5%x2+0
R=0
. HCF of 210 and 55 is 5.
Given 55x — 325 =HCF
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55x-325=5
55x=5+325
55x =330

_330

T

Example 2.5

Find the greatest number that will divide
445 and 572 leaving remainders 4 and 5
respectively.

Since the remainders are 4, 5 respectively the
required number is the HCF of the number.

445 -4 =441, 572 -5 =567.

To find HCF of 441 and 567 use Euclid’s
Division Algorithm till we get remainder zero.

e 567=441x1+126

R=126#0

e 441=126x3+063
R=63#0

e 126=63x2+0
R=0

. HCF of 441, 567 is 63 and so the required
number is 63.

8. If d is the Highest Common Factor of 32
and 60, find x and y satisfying

d =32x + 60y.
To find HCF of 32 and 60 use Euclid’s
division Algorithm till we get remainder is zero.

e 60=32x1+28

R=28%0 (i)
e 32=28x1+4

R=4#0 ..(ii)
e 28=4x7+0

R=0 ...(iii)

.. HCF of 32 and 60 is 4.

From (ii), we get

32=28x1+4

4=32-28x1

4=32-28

4=32-(60-32)

4=32-60+32

4=2(32)-60

4=032x2)+(-1)x60
Given

d=32x + 60y

ox=2
y=-1

9. A positive integer when divided by 88
gives the remainder 61. What will be the
remainder when the same number is
divisible by 11?

Let the number x (positive)
Given
x=88y+61

x is divisible by 11, also 88 is divisible by
11

61=11x5+6
Here remainder is 6.

Hence required remainder is 6.

10. Prove that two consective positive integers
are always co-prime.

Let two consecutive numbers
nn+1

use Euclid’s division algorithm to find HCF
of n,n+1

e n+l=nx1+1
Remainder is 1 #0

e n=nx1+0
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Remainder is 0 6. Find the LCM and HCF of 408 and 170
- HCF of n.n+1is 1. by applying the fundamental theorem of
arithmetic.
Hence 408 170
. The two consecutive numbers are always /\ /\
co prime. @ 204 @ 85
102 /\
Exercise 2.2 @ /\ @ @
KEY POINTS ©, ;k\
Fundamental Theorem of Arithmetic @ @
Every natural number except 1 can be 408 =2%2X2x3x17
factorized as a product of primes and this
170=2x5x%17

factorization is unique except for the order in

which the prime factors are written.

Note:

e If a prime number P divides ab then either
P divides a or P divides b. That is P divides
at least one of them.

e If a composite number n divides ab, then n
neither divide a nor b

Example

6 divides 4 x 3 but 6 neither divide 4 nor 3.

Type I: Find LCM and HCF using
fundamental theorem of arithmetic

Q.No. 3,6,7, 8,9

3. Find the HCF of 252525 and 363636

5| 252525 2| 363636
5| 50505 2| 181818
3 10101 31 90909
7 3367 3 30303
13 481 3 10101
37 7 3367

13 481

37

252525 =5%x5%x3x7x13x%x37

363636 =2x2x3x3x3x7x13x37
HCF=3x7x13x37

=10,101

HCF =2x17=34
LCM =2x17x2x2x3x5=2040

7. Find the greatest number consisting of 6
digits which is exactly divisible by 24, 15,
36?

First find LCM of 24, 15, 36

3|24, 15, 36
2| 8,5 12
2| 4,56
2,5,3
LCM=3x2X2Xx2x5x%x3
=360
Greatest 6 digit number is 999999

2777
999999
720
2799
2520

2799
2520

2799
2520
279

999999 — 279 = 999720.
Hence greatest 6 digit number which is
exactly divisible by 24, 15, 36 is 999720.

360
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8. What is the smallest number that when
divided by three numbers such as 35, 56
and 91 leaves remainder 7 in each case.

7| 35, 56, 91

5, 8, 13
LCM=7x5x%x8x13
=3640

Required number =3640+ 7 =3647

Which leaves remainder 7 in each case.

9. Find the least number that is divisible by
the first ten natural numbers.

Let first 10 natural numbers and its prime
factors

1=1

2=2

3=3

4=2x%2

5=5

6=2x3

7=1

8=2x2x2

9=3x3
10=2x%5

LCM =23 x32x5x%x7
=2520

Type II: Find unknown values

Q.No. 1, 2, Example 2.8, 4, 5, Example
2.7, 2.9 and 2.10

1. For what values of natural number n, 4"
can end with the digit 6?

4"=2x2)"

=2"x 2"

2 is a factor of 4 and 4" is always even and
end with 4 and 6.

When n is an even number say 2, 4, 6, 8

then 4" can end with the digit 6.

Example:
42=16
4% =256
48 = 4096
48 = 65.536

2. If m,n are natural numbers, for what

values of m, deos 2" x 5™ ends in 5?

e 2" end with always even for all values of
n(2,4,6,8)

o« 5™
m

end with always with 5 for all values of

But 2" x 5" is always even and ends in O.

. No value of m will satisfy 2" x 5" ends
in 5.

Example 2.8

Can the number 6",n being a natural
number end with the digit 5? Give reason for
your answer.

6"=(2x3)"=2"x3"
2 is a factor of 6". So 6" is always even.

But any number whose end digit 5 is always
odd.

. Hence 6" cannot end with the digit 5.
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4. If 13824 =2%x 3? then find ‘@’ and ‘b’

LW LW NN DN NN DN NN

13824 =27 x 3
Given 13824 =2%x

13824
6912
3456
1728

864
432
216
108
54
27
9

3

3b

a=9 b=3

Example 2.10

‘a’ and ‘b’ are two positive integers such

that ab x b* = 800. Find ‘a’ and ‘b’

2

[\CI \O I (O I O \O)

800
400
200
100
50
25
5

800 = 2° x 52 (or) 5°

Given 800 = a” x b*

- We get

(or) a=>3,

><25

5. If P xPRxPPxP@E=113400 where
Py, P,, P3, P4 are primes in ascending order
and xq,x,,x3,x4 are integers, find the

value of Pl’ P2, P3, P4 and X1,X2, X3, X4

113400
56700
28350
14175

4725

1575

525
175
35
7
Where Py, P,, P3, P, are primes in ascending

[\

N W W W W NN

order
113400 = 23 x 3* x 52 x 7!
Comparing with = P! X P32 X P33 x Py

P =2 x1=3
Py=3 X, =4
P3=35 X3=2
Py=7 x4=1

Example 2.7

In the given factor tree find the numbers
m and n

5 2

Value of the first bore from bottom
=5%x2=10
Value of n=5x10=50
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Value of the second box from bottom
=3x50=150
Value of m=2x150=300
m =300
n=50

Example 2.9

Is 7TX5%x3%x2+3 a composite number?
Justify your answer.

Yes, the given number is
number, because

a composite

TX5%x3%x2+3
=3(7Tx5x2+1)
=3x71

Since the given number can be factorized in
terms of two primes it is a composite number.

Exercise 2.3

KEY POINTS

1. Modular Arithmetic

In a clock the numbers wrap around 1 to 12.
This type of wrapping around after hitting some
value is called “Modular Arithmetic.”

In mathematics, modular arithmetic is a
system of arithmetic for integers where numbers

wrap around a certain value.

2. Congruence Modular

Two integers a and b are congruence modulo
‘n’ if they differ by an integer multiple of n. That
b—a=kn for some integer k. This can also be
written as a=b (mod n). Here the number n is
called modulus. In other words,

a=b (mod n) means a— b is divisible by n
for example, 61 =5 (mod 7) because 61 —5=56
is divisible by 7.

Note:

(i) When a positive integer is divided by n, then
the possible remainders are 0, 1, 2 ... n—1.

(ii)) Thus, when we work with modulo n, we
replace all the numbers by their remainders
upon division by n, given by 0, 1, 2, 3...
n—1.

3. Connecting Euclid’s Division Lemma and

Modular Arithmetic
The equation n=mg+r through Euclid’s

division lemma can be written as n=r (mod m)

4. Modulo Operations

1. a, b, c and d are integers and m is a positive
integer such that if a=b (mod m) and
c¢=d (mod m) then
(1) (a+c)=(b+d) (modm)
(i) (a—c)=(b—d) (mod m)
(iii) axc)=(bxd) (mod m)

2. If a=b (mod m) then

(1) ac=bc (mod m)

(i) atc=btc(modm) for any integer

Type I: Solve based on modulus sums
Q.No. 1({)Gi)iD)(v)(v), 2, 3, 4, Example

2.12, 2.13G)(Gi), 2.14, 2.15, 2.16, 2.11

1. Find the least positive value of x such that
(i) 71=x (mod 8)
71 = x (mod 8)
71 —x=8n for some integer n
Put x=7 we get 64 is a multiple of 8
71 =7 (mod 8)

Hence x=17

(i) 78+x =3 (mod>5)
78 + x =3 (mod 5)
78 + x — 3 =5n for some integer n

T5+x=5n
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75 +x is a multiple of 5.
Put x=5, we get 80 is a multiple of 5

. least value of x is 5.

(iii)) 89=(x+3) (mod 4)
89 = (x + 3) (mod 4)
89 — (x + 3) =4n for some integer ‘n’
89-x—-3=4n
86 —x=4n
86 —x is a multiple of 4

Let x=2, we get 86 —2 =84 is a multiple of

. Least value of x is 2.

(iv) 96=2 (mod 5)

96 = § (mod 5)
96 — 2 =5n for some integer ‘n’

7

672 —x _
7=

672 —x=35n

S5n

672 — x is a multiple of 35

Put x =7, we get 672 -5 =665 is a multiple
of 35.

. Least value of x is 7.

(v) 5x =4 (mod 6)
5x =4 (mod 6)
5x —4 =6n for some integer ‘n’

Put x=2, we get 5(2)—4=6 is a multiple
of 6

. Least value of x is 2

2. If x is congruent to 13 modulo 17 then

7x -3 is congruent to which number

modulo 17?

Given x =13 (mod 17) (D)
7x =3 =P (mod 17)

7x—3=P (mod 17) .(2)

From (1)
x=13 (mod 17)
x—13=17n for some integer ‘n’.
x =13 is a multiple of 17
Put x=30, 30-13=17 is a multiple of 17
.. Least value of x is 30.
(1) = 30=13 (mod 17)
(2) = 7x-3=P(mod 17)
7 (30) =3 =P (mod 17)
207 = P (mod 17)
207 — P=17n for some integer ‘n’

Put n =3, we get 207 —3 =204 is a multiple
of 17.

P=3

3. Solve 5x =4 (mod 6)
5x =4 (mod 6)
5x —4=6n for some integer ‘n’
Sx=6n+4

_6n+4
Y5

Where n=1,6,11 ..., we get
x=2.8,14 ...

4. Solve 3x —2=0(mod 1)
3x—2=0(mod 11)
3x—2=11n for some integer ‘n’

3x—2 is a multiple of 11.
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3x=11ln+2
x= 11n3+2 where n=2,5,8 ...
_11(2)+2_%_8
T3 T3 T
LG +2 57 _
x= 3 =3 =19
_11®)+2 90
Xx=—o =7 =30
x=38, 19,30, ...

Example 2.12

Determine the that

15 =3 (mod d)
15 =3 (mod d)

value of d such

15 — 3 = kd for some integer ‘k’
12 =kd
Gives d divides 12.

The divisors of 12 are 1, 2, 3, 4, 6, 12. But
d should be larger than 3 and so possible values
for d are 4, 6, 12.

Example 2.13

Find the least positive value of x such that
(i) 67 +x=1 (mod4)

67 +x=1 (mod 4)

67 + x — 1 =4n for some integer ‘n’

66 +x=4n

66 +x is a multiple of 4.

Put x =2, we get 66 + 2 =68 is a multiple of

. Least value of x is 2

(i) 98=(x +4) (mod 5)
98 = (x +4) (mod 5)

98 — (x + 4) = 5n, for some integer ‘n’.
98 —-x—4=>5n

94 —x=5n
94 — x is a multiple of 5

Put x=4 we get 94 —4 =90 is a multiple of

. Least value of x is 4.

Example 2.14

Solve 8x =1 (mod 11)
8x=1(mod 11)

8x—1=11n for some integer ‘n’
8x=1ln+1

_11n+1
T
G+ 56
YT T

where n=2>5, 13, 21,29 ...

x=—2 T 2% g
1R+ 232
YT Ty T

11(29) + 1
y= L@ +1_320_ 4,

29

~ x=7,18,29,40, ...

Example 2.15

Compute x such that 104 =x (mod 19)
10* = x (mod 19)
We have 10> = 100=5 (mod 19)
(10%)? = (100)? = 5% (mod 19)
10% =25 (mod 19)
10*= 6 (mod 19)

. x=6 Since 25 =6 (mod 19)
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Example 2.16

Find the number of integer solution of
3x =1 (mod 15)

3x=1 (mod 15)

3x — 1 = 15n for some integer

3x=15n+1
_15n+1
T3
15 1
-3 3
x=5n+%

Here 5n is an integer.

5n+l

3 cannot be integer.

~. There is no integer solution for .

Example 2.11

Find the remainders when 70004 and 778
is divisible by 7.

e Since 70000 divisible by 7
70000 = 0 (mod 7)
70000 +4 =0+ 4 (mod 7)
70004 = 4 (mod 7)
~. The remainder when 70004 is divisible by
7 is 4.
e Since 777 is divisible by 7
777 =0 (mod 7)
777+ 1=0+1 (mod 7)
778 =1 (mod 7)

. The remainder when 778 is divided by 7
is 1.

Type II: [Word Problems]
Q.No. 5, 6, 7, 8, 9, 10 Example 2.17, 2.18

5. What is the time 100 hours after 7 am?
100 =x (mod 12) [7 comes in every 12 hrs]
100 — x = 12n for some integer ‘n’

100 — x is a multiple of 12

Put x=4 we get 100 -4 =96 is a multiple
of 12

. Least value of x is 4

The time 100 hrs after 7 o’clock is
7+4=11 o’clock i.e. 11 am.

6. What is the time 15 hours before 11 pm?
15 =x (mod 12)
15 —x=12n for some integer ‘n’
15 —x is a multiple of 12

Put x=3 we get 15-3=12 is a multiple of

12

~. Least value of x is 3.

The time 15 hours before 11 pm is
11-3=8pm.

7. Today is Tuesday. My uncle will come
after 45 days. In which day my uncle will
be coming?

45 = x (mod 7) [No. of days in a week is 7]
45 — x="In for some integer ‘n’

45 —x is a multiple of 7

Put x=3, we get 45-3=42

~. Least value of x is 3

Three days after Tuesday is Friday.

. Uncle will come on Friday.
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Type II: Find the indicated terms
Q.No. 4 (i) (ii), 5, Example 2.21

4. Find the indicated terms of the sequences
whose n'" terms are given by

. Sn
(1 an=m;a6andal3
o = 5n
" n42
=5(6)=@_15
*“6+2 8 4
5(13) 65 13

(i) a,=-(n*-4);a,anday,
an=—(n2—4)
ay=— @ -4)=—(16-4)=—12

all=—(112—4)=—(121_4)=_117 .

5. Find ag and a5 whose n" term is
-1 .
sniseven,n e N
0 = n+3
n=
n? .
snisodd ;neN
2n+1

e ag is even term, SO

2

Letan=n_1
n+3

82-1 64-1 63

618_ = =

* ay5is odd term so

2

bt =

15 25 225

BTy as)+1 30+1 31

Hence,

63 225
ag—ﬁanda15—3—l

Example 2.21

The general term of a sequence is defined

{n(n+3);neNis0dd
as a,=

Find the

n?+1 ;n € Nis even
eleventh and eighteeth terms.

e gy is odd term, so
Let a,=n(n+3)
ajp=11(11+3)
=11x14
=154
® ayg is even term, SO
Let an=n2+1
ajg=18"+1
=324+1
=325

Exercise 2.5

KEY POINTS

1. Arithmetic Progression (A.P)

Then the
numbers of the form a,a+a,a+2d,a+3d, ... is

Let a and d be real numbers.

said to form Arithmetic Progression denoted by
A.P.

(i) First term is denoted by ‘@’ and common
difference is denoted by ‘d

d=t2—t1

where

(i) To check given sequence is A.P or not

L-h=l3-1

(ii1) ™ term or general term of an A.P.
t,=a+n-1)d

(iv) General form of an A.P.
at+a+d,a+2d,a+3d,...
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(v) The number of terms in the A.P when last
term ‘I’ Given

I=a+(n-1)d Gives n=(l_T“J+1
(vi) 3 terms in A.P.

a—-d,a,a+d

(vii) 4 terms in A.P
a—3d,a—d,a+d,a+3d

(viii) a, b, c are in A.P. if and only of
_a+tc

b=73

2b=a+c

Note:

e The common difference of an A.P. can be
positive, negative or zero.

e An Arithmetic Progression having a common
difference of zero is
arithmatic progression.

called a constant

e If every term is added or substracted by a
constant, then the resulting seqeunce is also
an A.P.

o If every term is multiplied or divided by a
non-zero number, then the resulting sequence
is also an A.P.

Type I: Basic problems based on A.P.
(Verify A.P or not, Find A.P., Find
unknown values)

Q.No. 1 (i) (ii) (iii) (iv) (v), Example 2.23
(i) (i) (iii) 2 (i) (i) (iii), Example 2.24, 3 (i)
(i), 8, 9

1. Check whether the following sequences
are in A.P.

(i) a-3,a-5a-17,...
h—t;=(a-5)-(a-3)
=a-5-a+3

==2

3-thy=(a-7)-(a-5)
=a-T-a+5
==2

Here tp -1, =131,

. Given sequence is an A.P.

Here tZ_tl ¢t3—t2

. Given sequence is not an A.P.

(i) 9, 13, 17, 21, 25...

th—-t1=13-9
=4

ty—1,=17-13
=4

Here t2_t1 =t3—t2

Given sequence is an A.P.
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t3_t2=%_0 Here l2_l1¢l3_l2
Given sequence is not an A.P.
1
-3
Here ty—1; = 13— 1 (i) 3v2,5v2,72,92 ...
1y—1;=5V2 =32
. Given sequence is an A.P. 20
=22
& 1,-1,1,-1,1,—1,... t3=1=7\2-52
h—tp=—1-1 =2\2
N Here t2—t1=t3—t2
Given sequence is an A.P.
t3—t2=1—(—1)
=1+l 2. First term ‘a’ and common difference ‘d’
=2 are given below. Find the corresponding
A.P.
Here l2_l1¢l3_l2
i) a=5,d=6
~. Given sequence is not an A.P.
AP
Example 2.23 a,a+d,a+2d,a+3d, ...
Check whether the following sequences are 5,5+6,5+2(b),5+3(6), ...
in A.P or not. 5,11,17,23, ...
G x+2,2x+3,3x+4...
h—-tH1=2x+3)-(x+2) (i) a=7,d=-5
=2x+3-x-2
AP
=x+1
=3x+4—-2x-3 7,7+ (=5),7+2(-5),7+3(-95),...
=x+1 7,7-5,7-10,7-15, ...
Here t2—t1:t3—t2 7,2,—3,_8,...
Given sequence is an A.P.
. 3 1
i) 2, 4, 8, 16... (iii) a=plt=5
tz—t1:4—2
AP
=2
-ty =8—4 a,a+d,a+2d,a+3d, ...
33 13 1)3 1
4 3 de(3)3es(3) -



www.nammakalvi.in

2.20 Nithish’s Mathematics - X Std
33+23+43+6 th=4-72)=4-14=-10
4 4 4 4 7
3=4-73)=4-21=-17
3579
49454749- l‘4=4—7(4)=4—28=—24

Example 2.24

Write an A.P. whose first term is 20 and
common difference is 8.

a=20
d=38

A.P

at+a+d a+2d,a+3d, ...
20,20+ 8,20+2(8),20+3 (8), ...
20, 28, 36, 44, ...

3. Find the first term and common difference
of the Arithmetic progression whose nh
terms are given below.

i t,=—3+2n (i) t,=4-Tn
@ t,=-3+2n
Putn=1,2,3,4,...
H=-3+2(1)=-3+2=-1
Hh=-3+2(2)=-3+4=1
t3 ==3+23)=-3+6=3
ty=-3+2#)=-3+8=5
s AP -1,1,3,5, ...
a=-1
d=3-1

s AP -3,-10,-17,-24, ...

a=-3

8. If3+k,18—k,5k+1 are in A.P then find
k.

3+k 18—k, 5k+1 are in A.P.

‘. tz—tlzf?)—fz

(18— k) - 3+k) =(5k+1)— (18— k)
18—k-3—k=5k+1—18+k
5—2k=6k-17
—2k—6k=—17-15
—8k=-132

k=32

k=4

(i) t,=4—-"7n

Put n=1,2,3,4,...
t1=4-7(1)=4-7=-3

9. Find x,y and z, Given that the numbers
x,10,y,24,z are in A.P.
x, 10,y, 24, z are in A.P.
We know that in an A.P. common difference
1S a constant.

sd=10—-x (1)
d=y-10 (2)
d=24-y ~.(3)
d=z-24 ..(4)

From (2) & (3)
y—10=24 -y

y+y=24+10

2y=34
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. (2Q)=>d=y-10
=17-10

d=7

2)=>d=10—-x
7=10—-x
x=10-7

x=3

4)=>d=z-24
T=z-24
T+24=¢

31=z

sox=3
y=17
z=31

Type: Il Problems based on n"

t,=a+ (n-d)d, number of terms

Q.No.4, Example 2.25, 5, Example 2.26,
14, 6, 7, Example 2.17, 10, 12, Example 2.28

term

4. Find the 191
~11,-15,- 19, ....

a=-11

d=-15-(-11)
=—15+11
=—4

term of an

t,=a+mn-1)d

t19=a+18d
=—11+18(-4)
=—11-72
=—83

A.P.

Example 2.25

Find the 15th, 24" and 1™ term (general
term) of an A.P. given 3, 15, 27, 39, ...

A.P

3, 15, 27, 39, ...
a=13
d=15-3=12

e ty=a+(n-1)d
t15=a+l4d
=3+14(12)
=3+168
=171
(] t24=a+23d
=3+23(12)
=3+276
=279
e General term
t,=a+n-1)d
=3+(n—-1)12
=3+12n-12
=12n-9

5. Which term of an A.P. 16, 11, 6, 1, ... is
-54?
a=16

d=11-16

_(=54-16) (=70
-5 -5
= 14+1

n=15
so=5 s 15th term.
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Example 2.26

Find the number of terms in the A.P. 3, 6,
9, 12, ... 111.

a=3

d=6-3

08
_31

:(1“3_3]“
1
+
=36+1
n=737

There are 37 terms in the A.P.

14. Priya earned Rs. 15,000 in the first month.
Thereafter her salary increased by
Rs. 1500 per year. Here expenses are
Rs. 13,000 during the first year and the
expenses increased by Rs. 900 per year.
How long will it taker her to save
Rs. 20,000 per month.

nz(l;a]+1
( 20,000 — 2000 ]
= T |41

600

_ 18,000
=600

=30+1

+1

n =31 years

Yearly Yearly Yearly
salary expenses savings
Rs. Rs. Rs.
I Year 15,000 13,000 2000
2™ Year 16,500 13,900 2600
3 Year 18,000 14,800 3200

We have to find number of years taken to
get yearly savings Rs. 20,000

From the table savings
a=2000
d =2600 — 2000

=600

[=20,000

6. Find the middle term(s) of an A.P. 9, 15,
21, 27, ... 183.

n =230

.. There are 30 terms in the A.P.
n =730 (even)

. Middle terms are
th

%,%+ 1 j terms
i.e 15, 16th terms
e fis=a+14d
=9+14(6)
=9+84
=93
e fig=a+15d

=9+15 (6)



www.nammakalvi.in

Numbers and Sequences

2.23

=9+4+90
=99
. Middle terms are 93, 99

7. If nine times ninth term is equal to the
fifteen times fifteenth term, show that six
times twenty fourth term is zero.

Given
919 = 15115
9 (a+8d)=15 (a + 14d)
9a +72d = 15a + 210d
9a — 15a =210d - 72d
—6a=138d
_ 138
-6
a=-23d
To prove
61,4, =0
LHS
6154 = 6 (a + 23d)
use a =—23d
=6 (-23d +23d)
=6 (0)
6154 = 0 RHS

Hence proved.

Example 2.27

Determine the general term of an A.P.
Whose 7" term is — 1 and 16™ term is 17.

Given
t;=—1
a+6d=-1 (1)
teg=17

Subtract (2) from (1)
a+15d=17
) ) ()
a+b6d=-1

9d =18

_18
"9

d=2

Put d=2 in (2)
a+152)=17
a+30=17
a=17-30

a=-13

. General term
t,=a+n-1)d
=—13+(n-1)(2)
=—13+2n-2
t,=2n-15

a+15d=17 Q)

10.

In a theatre, there are 20 scale in front
row and 30 rows allotted. Each successive
row contains two additional seats that its
front row. How may seats are there in the
last row?

a=20
d=2
n=30
tzo=a+29d
=20+29(2)
=20+ 58
=78

.. There are 78 seats in the last row.
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12. The ratio of 6th and 8th term of an A.P.
is 7:9, Find the ratio of 9" term to 13"
term.

e 7
Given I =9

a+5d:l

a+7d 9
9(a+5d)="7(a+7d)
9a +45d ="7a + 49d
9a —Ta=49d — 45d

2a=4d

To find
f_9_ a+ 8d
13 a+12d
Put a =2d

_ 2d+38d
T 2d+12d

_1od
" 14d

‘. ratio of 9th term to 13th term is 5:7.

Example 2.28

If lth, m® and n™ terms of an A.P are
x,y,z respectively, than show that
i x@m-n)+ymn-D+z(1-m)=0
(i) x=-y)n+@(y—-2)l+zZ—-x)ym=0

(i) LHS
xm-n)+ym-0D+z(-m)
=la+(-Ddlm-n)+[a+(m—-1)d] [n—1]
+la+(n-1)d]l (—m)
=(a+ld-dy(m-n)+(a+md-d)(n-1)
+(a+nd-d)(I—m)
=am +Imd — dm —na—nld + nd
+na+mnd—dn —la—Imd+1d
+al + nld - ld — ma — mnd + dm
=0RHS
(i) x—y=a+(-1)d]—=[a+(m—-1)d]
=a+ld-d-a-md+d
=ld - md
y—z=la+(m-1)dl-[a+(n-1)d]
=a+md—-d-a-nd+d
=md —nd
z—x=la+(m-1dl-[a+({-1)d]
=a+nd-d-a-ld+d
=nd-1ld
LHS
@=y)n+@y-2l+@Ez-x)m
= (ld —md) n + (md—nd) l + (nd — ld) m
= Ind — mnd+ mld — nld+ mnd — Imd

=0 RHS

Type IIl: 3 numbers, 4 numbers in an
A.P. based sums
Q.No.11, Example 2.30, 2.29, 13

The sum of three consecutive terms that
are in A.P is 27 and their product is 288.
Find the three terms.

11.

Let 3 numbers in A.P.

a—-d,a,a+d

Given
tlzx
a+(-1)d=x (1)
L, =y
at+t(m—1)d=y ()
,=z
at+t(n—1)d=z 3)

Given sum of 3 numbers =27
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a—-d+a+a+d=27
3a=27
27

a=—7

3

a=9

Given product of 3 numbers = 288
(a—d) (a) (a+d)=288
(a@® - d*) a =288
Put a=9
(9% — d%) 9 =288

2_ 288
81-d” =]

81 —d> =32
—d*=32-381
~dP=-49

d= 17

. 3 numbers

When a=9,d=7 When a=9,d=-17
a—-d,a,a+d
9-7,9,9+7

2,9, 16

a—-d,a,a+d
9+7,9,9-7
16, 9, 2

Example 2.30

A mother divides Rs. 207 into three parts
such that the amount are in A.P. and gives it to
her three children. The product of the least two
amounts that the children has Rs. 4623. Find the
amount received by each child.

Let the amount received by the three children
be in the form of A.P. is given by

a—-d,a,a+d

Total amount = Rs. 207

a—d+a+a+d=207
3a =207

2.25
207
-3
a=69

Given product of the least two amounts =
4623

a(a—d)=4623
69 (69 — d) =4623
69—d=%
69 —d=067
-d=67-69
-d=-2
d=2

. Amount Given by the mother to her three
children are

a—d,at+a+d
69 -2,69,69 +2
Rs. 67, Rs. 69, Rs. 71

Example 2.29

In an A.P. sum of four consecutive terms is
28 and their sum of their squares is 276. Find
the four numbers.

Let 4 terms in A.P.
a-3d,a-d,a+d,a+3d

Given
Sum = 28
a-3d+a-d+a+d+a+3d=28
4a =128
.28
4
a="7
Given

Sum of squares of 4 terms = 276

(a-3d>+(a-d’+(@+d+(a+3d)?*=276
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a® - 6ad +9d° + a* - 2ad + d* + a* + 2ad + &*
+d + 6ad + 9d* =276
4a* +20d* =276
Put a=7
4 (7% +20d4* =276
4 (49) + 204> = 276
196 + 20d°> =276
20d* =276
20d* =276 — 196

20d* = 80
dzz%
=4
d=+2
.. 4 numbers
a=7,d=2 a=7,d=-2

a—-3d,a—d,a+d,a+3d
7-6,7-2,7+2,7+6
1, 5,9, 13

7+6,7+2,7-2,7—-6
13,9, 5, 1

In a winter season let us take the
temperature of Ooty from Monday to
Friday to be in A.P. The sum of
temperatures from Monday to Wednesday
is 0°C and sum of the temperatures from
Wednesday to Friday is 18°C. Find the
temperature on each of the five days.

13.

Let 5 consecutives days which is an A.P.
a,a+d,a+2d,a+3d,a+4d
Given
atatd+a+2d=0
3a+3d=0
a+d=0 (D)
Given a+2d+a+3d+a+4d=18

3a+9d=18
a+3d=6
a+3d=6

-.(2)

a+ d=0
2d

d

N |

d=3

Put d=3 in (1)
a+3=0

a=-3

. The temperature on each five days.
(a)=-3°C

Tuesday (a+d)y=-3+3=0°C
Wednesday(a +2d)=—-3+6=3°C
Thursday (a+3d)=-3+9=6°C

Monday

Friday (a+4d)=-3+12=9°C
Exercise 2.6
Key points
1. Series

The sum of the terms of a sequence is called
series. Let ay, ay, a3, ... a,, ... be the sequences of
real numbers.

Then the real number a;+a,+az+... is

defined as the series of real numbers.

2. Sum to ‘n’ terms of an A.P
(i) Given first term ‘a’, common difference

‘d’ and number of terms ‘n’ Given

Sn=§[2a+(n—1)d]

(i1)) Given first term ‘a’ common difference
‘d’ and last term ‘I’ Given
l—a
+1
d ]

Sy =" la+11 where n=(
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Type | Find S, Given number of terms Example 2.31
in’

QNol. () (i), Example 231, 3, 5, lchi the3 sum of first 15 terms of the A.P.
Example 2.34, 8, 10, 4, Example 2.35 8,7 3625

1. Find the sum of the following
i 3,7,11,... upto 40 terms

1
(i) 102,97,92, ... d=7z—8
up to 27 terms
O,
i 3,7, 11, ... upto 40 terms 4
a=3 =__3
4
d=7-3=4
n=15
n=40
n
S ==[2a+@n-1)d]
n n
Sn:§[2a+(n—1)d] 2
15 -3
Si="S12(3)+ (@0~ 1) 4] S15=7 [2(8)“4( 4 H
15[, 21
=201[6 + 156] Sis 2{16 2}
S40=3240 2 2
_165
(i) 102,97,92,... up to 27 terms T4
a=102
d=97-102 3. Find the sum of first 28 terms of an A.P
—_5 whose n'" term is 4n - 3.
n="27 Given
B t,=4n-73
Sn=§[2a+(n—1)d]
t1=4(1)-3=4-3=1
S27=277[2(102)+26(—5)] 1p=4(2)-3=8-3=5
=43)-3=12-3=9
=22—7[2o4—150] :
AP 1,509, ..
:22—7><54 a=1
=27 %27 d=5-1
S27=729 =

n =28 (Given)
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Sn=%[2a+(n—1)d]

Sig= [2(1)+27 (4)]

=14 [2 +108]
=14x110
S28 = 1540

5. The 104th term and 4th term of an A.P are
125 and 0. Find the sum of first 35 terms.

Given
tos = 125
a+103d =125 (1)
t4=0
a+3d=0
a=-3d .(2)

Put (2) in (1)
—3d+103d = 125
100d = 125

125
d= 100

3. Find the sum of first 28 terms of an A.P
whose nth term is 4n —3.

Given
t,=4n-73
t1=4(1)-3=4-3=1
th=4(2)-3=8-3=5
t3=43)-3=12-3=9

AP LS9, .
a=1
d=5-1
=4
n =28 (Given)

Sn=%[2a+(n—1)d]

Sig =212 (1) +27 (4)]

=141[2 + 108]
=14x110
S28 = 1540

The 104th term and 4th term of an A.P are
125 and 0. Find the sum of first 35 terms.

Given
tos =125
a+103d=125 (1)
t4=0
a+3d=0
a=-3d (2)

Put (2) in (1)
—3d+103d =125
100d = 125

125
d= 100

_-
4=y
Given n=35
n
Sy=5[2a+(n-1)d
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Example 2.34

The 13" term of an A.P is 3 and the sum
of first 13 terms is 234. Find the common
difference and the sum of first 21 terms.

Given
t13=3
a+12d=3 (D
S13=234

12—3 [2a + 12d] =234

2
2a+12d =234 x E

2a+12d=18x2
2a +12d =36 (2
2a+12d =36
a+12d=3
a=33
()=33+12d=3
12d=3-33
12d=-30

-30

=1

-5
d=—

Given n=21

521=271{2(33)+20(?M

8. Raghu wish to buy a laptop. He can buy
it by paying Rs. 40,000 cash or by giving
it in 10 installments as Rs. 4800 in the first
month, Rs. 4750 in the second month, Rs.
4,700 in the third month and so on. If he
pays the money in this fashion, find
(i) total amount paid in 10 installments
(ii) how much extra amount that he has
to pay than the cost?

Given
First month, an month, 3rd month installments.

4800, 4750, 4700, ... form an A.P
a=4800

d=4750 - 4800
=-50

n =10 (installments)

S,=7[2a+@n-1)d]

1B

Si0= 1—20 [2 (4800) + 9 (- 50)]

=5[9600 — 450]
=5x%9150
=45,750

o (1) Total amount paid in 10 installments is
Rs. 45,750
(i) 45,750 — 40,000 = Rs. 5,750 is the extra amount




www.nammakalvi.in

2.30

Nithish’s Mathematics - X Std

10. A brick staircase has a total of 30 steps.
The bottom step requires 100 bricks. Each
successive step requires two bricks less
than the previous step.

(i) How many bricks are required for the

top most step?
(ii) How many bricks are required to
build the staircase?

Given A.P: 100, 98, 96, ...
n = 30 steps
a =100 bricks
d=-2

Sn:%[2a+(n—l)d]

S30= 3—20 [2 (100) + 29 (- 2)]
=15 [200 — 58]
=15x 142
=2130

130=a+29d
= 100+29 (- 2)
=100-58 =42

(i) 42 bricks are required for the top most step?

(i1) 2130 brick are required to build the stair case?

4. The sum of first n terms of a certain

series is given as 2n* - 3n. Show that the
series is an A.P.

Given
S, = 2% - 3n
o S=2(1)*-3(1)
=2-3
S =-1

.« 5,=2127%-3()
=8-6
=2
S, =2
t+1p=2
— 41,=2

lz=2+1

. 5=2(3)%-303)
=18-9
S3=9
H+4,+13-9
-1+3+13=9

t3=9+1—3

t3:7

s.o—1,3,7,... is an A.P since d=4

Example 2.35

In a A.P the sum of first n term is

sn® | 3n
2 2°

The 17 term can be obtained by subtracting
the sum of first 16 terms from the sum of first
17 terms.

Find the 1 7t term.

5(17)%  3(17)
CSm=Th

_ 1445 51
— 2 T2

_ 1496
-2

=748
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5(16)> 3(16)
* STt

_ 1280 48
2 2
_ 1328
2
=664
S 117=817-S16
=748 — 664

t17:84

Type: Il Find ‘in’ Given S,

Q.No.2, 9, Example 2.33

2. How may consecutive odd integers
beginning with 5 will sum to 480?

Given data

AP 5+7+9+...

S, =480
a=5
d=7-5
=2
S, =480
n="7

n

2[2a+(n—1)d]

S, =

480=%[2(5)+(n—1)2]
480 2=n[10 +2n—2]
960 =n [8 + 2n]
960 = 8n + 2n°
0% + 81— 960=0
n*+4n—480=0
n+24)(n-20)=0
n+24=0(n-20=0
n=-24 [n=20
n=-24 not is not possible
. n=20

9. A man repays a loan of Rs. 65,000 by
paying Rs. 400 in the first month and then
increasing the payment by Rs. 300 every
month. How long will it take for him to
clear the loan?

Given
S, =Rs. 65,000
a=Rs. 400
d =Rs. 300

n="7

S,=~[2a+(n-1)d]

n
2

65,000 = g [2 (400) + (n — 1) 300]
65,000 % 2 = [800 + 3001 — 300]

130000 = n [500 + 300n]

130000 = 5001 + 3001

300n° + 500 — 130000 = 0

3n% +5n— 1300 =0

(n—20)[n+6?5J:O

- 60 65

n=20=0 1,,8_ ~60 65
3 — oY 20

3 3

n=20 n:—_65 1, 65
3 3

not possible

. He will take 20 months to clear the loan.

Example 2.33

How many terms of the series 1+5+9 + ...
must be taken so that their sum is 190?

a=1
d=5-1

S, =190

n="7
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Sn=%[2a+(n—1)d]

190:%[2(1)+(n—1)4]

190x2=n[2+4n—-4] — 1380
380 =n [4n — 2] /\
- 19
380 =4n” - 2n 20
5 -20 19
4n® 21 -380=0 — 2
2n* —n—190=0 ~10, 19
2
(n—lO)(n+£]=0
2
n—-10=0 n+2=0
2
n=10 19
"=
not possible

Find S, Given last term

232, 6,

Type Il

Q.No.1. (iii) Example
Example 2.36, 2.37, 2.38

1. Find the sum of the following
(iii) 6+13+20+...+97

a=6

d=13-6

=13+1

o S =

; g[a+l]

S14 = 12_4 [6 +‘97]

=7x103
S14 = 721

Example 2.32

Find the sum of 0.40 +0.43 +0.46 + ... + 1.
a=0.40
d=0.43-0.40

=0.03
=1
e n= ! ;’a J+ 1
[ 1-0.40 41
B 0.03
_( 0.60 +1
1 0.03
=20+1
n=21
n
o S=5lat+ )]
S21 = 271 [040 +1]
= % x 1.40
=21x%x0.70
S21 = 147
6. Find the sum of all odd positive integers
less than 450.
Given data
A.P
1+3+5+...+449
a=1
d=3-1
=2

[ =449
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. nz(l;a]+l
[ 449-1 +1
- 2

n =225

=%[1+449]

225450
-T2

=225%225
S225 = 50625

Note
e Sum of first ‘n” odd numbers

Sn:n2

7. Find the sum of all natural numbers
between 602 and 902 which are not
divisible by 4.

e First we have to find sum of all numbers
between 602 and 902

603 + 604 + ... + 901
n=901-602
=299

Sp=5la+]

= % (603 +901)

_ 299
2

=299 x 752
Ss01 = 2,24,848

X 1504

e Now sum of all numbers divisible
between 602 and 902

a=602+2 15
4 [602
— 604 4
o 20
1=902 -2 "
=900 2
d=4
225
B
LA
=[MJ+1 10
4 8
:%+1 22
20
—74+1 Y
n="175
« Sy=5la+l]
=§[604+900]
=§><1504
= 75%752
S75=56,400

». Sum of all numbers between 602 and 902
which are not divisible by 4 is

2,24,845 - 56,400 =1,68,448

Example 2.36

Find the sum of all natural numbers
between 300 and 600 which are divisible by 7

First number, last number divisible by 7
between 300 and 600 are

301 +308 +315+... +595
a=301

d=17

1=595
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n= [-a +1 4 . Number of white tiles =%(a +1)
d 7 1300
_[395-301) 28 120419
7 20+ 1 2
_ =6x%x13
300 + 1 =301 =78
=42 +1=43 e Number of blue tiles in each row are 0, 1, 2,
n 85 3, ... 11 which is also an A.P.
S,=g la+ 7 [e00
43 56 . Number of blue tiles =% [a+1]
2
12
35 =—(0+11)
43 2
=—x 896 5
2 =6x11
=43 % 448 600 -5=595 ~ 66
S43=19,264 .. The total number of tiles in the mosaic
=78+ 66
=144

Example 2.37

A mosaic is designed in the shape of an
equilateral triangle, 12 ft on each side. Each tile
in the mosaic is in the shape of an equilateral
triangle of 12 inch side. The tiles are alternate
in colour as shown in the figure. Find the
number of tiles of each colour and total number
of tiles in the mosaic.

Since the mosaic is in the shape of the
equilateral triangle of 12 ft, and the tile is in
shape of an equilateral triangle of 12 inch (1 ft),
there will be 12 rows in the mosaic.

AAAAAAAAAAN

e From the figure, number of white tiles in each
row are 1, 2, 3, 4, ... 12 which clearly forms
an A.P.

Example 2.38

The houses of a street are numbered from
1 to 49. Senthil’s house is numbered such that
the sum of numbers of the houses prior to
senthil’s house is equal to the sum of numbers
of the houses following senthil’s house. Find
senthil’s house number.

Let senthil’s house number be x

It is given that
14243+ ... +x-D=x+D+x+2)+...+49
14243+...+(x-1D)=(1+2+3+...+49)

—(14+2+3+...+x)

Use S,,:%(ml)

x—1 _49 x
> [I+(x-1]= ) (1+49) 2(1+x)
2
x—1 49 _Xx-x
2 x)= > X 50 2
2
x“—x

_1 x— a2
> —2[49><50 x—x7]
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xz—x:2450—x—x2
K%+ x% = 2450

> 2450
="
X =1225
x=35

‘. Senthil’s house number is 35.

Type IV Prove the following
Q.No. 11, 12, Example 2.39

11. If $,, 55,83, ... S, are the sums of n terms
of m A.P’s whose first terms are
1,2,3,...m and whose common
differences are L35 ...2m—-1)
respectively, then show that
S1+S,+S3+...+S, % mn (mn + 1)

e First term a=1,d=1
S1:>Sn=%[2a+(n—1)d]

=§[2(1)+(n—1)1]

NS

[2+n-1]

NS

n+1)
e First term a=2,d=3

S2:>Sn=%[2a+(n—l)d]
n

=2R2@)+0-1)3]
n

=§[4+3n—3]

[B3n+1]

le

e First term a=3,d=5

S3:>Sn=g[2a+(n—l)d]

F23)+@-1)3]

=g[6+5n—5]

=5 [5n+1]

e First term a=m,d=(2m - 1)

S, =8 =2 [2a+n-1)d

[\S]

:

~2m+m-1)2m-1)]

l\)

NS

[2m+2mn—2m—n+ 1]

S = B 2 [2mn—n+1]

+S

SI+SZ+S3+"' m

=%(n+l)+ (3n+1)+ [Sn+1]+..
+5 [2mn=n+1]

+2mn—n+1]

M| S

[n+1+3n+1+5n+1+...

3

—mA+3+5+...+02m-1)]

l\)

+[1+1+1+... mterms]

Sum of first » odd numbers is n®

[n2 m2 + mn]

N = N

mn (mn + 1) proved

12. Find the sum
a—b+3a—2b S5a - 3b
a+b a+b a+b

+ ... to 12 terms :|

to 12 terms]

-l@=b)+ (Ba=2b)+(Sa=3b)+ ...

Here a=a-5b

d=Ba-2b)—(a-b)



www.nammakalvi.in

2.36 Nithish’s Mathematics - X Std
=3a-2b-a+b Exercise 2.7
=2a-b
n=12 Key points
Sn=g[2a+(n— 1) d]
| 1 Geometric Progression (G.P)
=—><7[2 (a—b)+ 11 (2a—-Db)]
a+b A Geometric progression is a sequence in
6 which each term is obtained by multiplying a
= [2a —2b+22a - 11b] . -
a+b fixed non-zero number to the preceding term
6 except the first term.
- a+b [24a = 13b] The fixed number is called common ratio. It

Example 2.39

The sum of first n,2n and 3n terms of an
A.P are $1,S, and Sj3 respectively. Prove that

Ss = 3 (Sz - Sl)'

Given

Sl=g[2a+(n—1)d]
2n
Sy=5 [2a+@2n-1)d

S3=37n[2a+(3n—1)d]
Let
Sz—Sl=2—2n[2a+(2n—1)d]—g[2a+(n—1)d]

=2—;[2a+2nd—d]—%[2a+nd—d]

[4a +4nd — 2d — 2a — nd+ d]

\SRIN

N3

[2a + 3nd - d]

[2a+ (3n—1)d]

(\SRIN

3(S2—Sl)=37n[2a+(3n—1)d]

=S5 Hence proved

is denoted by ‘r’.
(i) General form of G.P

3 n—1
a,ar,ar , ... ar Y e

(i) First term is denoted by ‘@’ and common

%)
where r=—
51

ratio is ‘r’

@iii)) To verify Given sequence is G.P or not

Ip I3
non

@iv) n" term (or) General term

_ n-1
tn—ar

(v) Three consecutive terms in G.P
a
=, a, ar
,
(vi) Four consecutive terms in G.P.
a a
—3, —, ar, ar3
7 r
(vii) When each term of a G.P is multiplied or

divided by a non-zero constant then the
resulting sequence is also a G.P.

(viii) Three non-zero number a, b, ¢ are in G.P.
b% =ac

if and only if
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Type | Basic sums, To verify G.P or not,
write the first three terms.

Q.No. 1. (i) to (vii), Example 2.40 (i) (ii)
(iii), 2 (i) (ii) (iii), Example 2.41, 4

1. Which of the following sequences are in
G.P?

i 3,9, 27,81, ...

To check if a given sequence form a G.P.
We have to see if the ratio between successive
terms are equal.

t
) —2=2=3
H 3
1
[ ] —3:2—7:3
h 9
ty t
Helre—zz—3
SE)

Hence Given Sequence is a G.P.

(i) 4, 44, 444, 4444, ...

t
y 4
. B3_444 111
, 44 11
ty t
Here—z;«r&—3
h I

-. Given sequence is not a G.P.

(i) 0.5, 0.05, 0.005, ...

Hh 005 05
* T o5 s W
3 0.005 0.5
* L7005 5 01
t t
Here 2.3
I B

. Given sequence is a G.P.

hon
~. Given sequence is a G.P.

v) 1,-5,25,-125,...

1 _
[ ] —2:—5:—5
no 1
t
L B_25
l2 -5
t t
Here—z——3
W B

Given sequence is a G.P.

(vi) 120,60, 30,18, ...

, 2_60_1
H 120 2
. B_30_1
t, 60 2
., f4_18_3
13_30 5

t t

Here—;v&—4

I 13

Given sequence is not a G.P.

(vii) 16,4,1, R

L Rk_4_1
t, 16 4
, B_1
t, 4
t, t
Here—zz—3
h B

Given sequence is a G.P.
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Example 2.40

Which of the following sequences form a
Geometric progression?

(i) 7,14,21,28, ...

Lh 14

[ ] —_— = =

no 7
, 3_21_3
t, 14 2
t, t
Helre—zqﬁ—3
)

h 1
Y R
t
L B2,
s 1
t
[ ] —4:£:2
)

~. Given sequence is a G.P.

(i) S, 25, 50, 75, ...

[ ) ZI?ZS
3 50
1 252
L 753

550 2

Since the ratios between successive terms are
not equal.

Hence Given sequence is not a G.P.

2. Write the first three terms of the G.P.
whose first term and the common ratio
are given below.

(i a=6,r=3

G.P a,ar, ar® ...
First term ‘a’=6

Second term ar=6x%x3=18

Third term ar2=6(3)2:54
() a=V2,r=2
t1=a=\/2—

n=ar(N2) (\2)=2
t3=ar2=(@(@2=2\/§

(iii) a=1000,r= %

t; =a=1000

2
t2=ar=1000><§=400
—a = LN
t3—ar—1000><5><5—160

Example 2.41

Find the geometric progression whose first
term and common ratios are given by
i a=-7,r=6
(ii) a=256,r=0.5
i a=-7,r=6
ll =a=-17
ty=ar=(=7)(6)=-42
ty=ar* = (=7) (6) (6) =— 252
oGP -7,-42,-252

(i) a=256,r=0.5

a=256,r=

N [ —
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t1=a:256

y=ar=256x7=128

1 1
2><2—64

G.P 256, 128, 64, ...

ty=ar’ = 256 x

4. Find x so that x +6,x+12 and x + 15 are
consecutive terms of a  Geometric
progression.

x+6,x+12,x+ 15 are in G.P.

a,b,c are in G.P then b*=ac

G+ 12)% = (x + 6) (x + 15)

X2+ 24x + 144 = x* + 21x + 90
D4x — 21x =90 — 144

3x=-54
_—54
T3
x=-—18

Example 2.42

Find the 8" term of the G.P. 9,3,1, ...
a=9

Type ll: t,=ar"~' based problems

Q.No: 3, Example 2.42, 5 (i) (i), 6, 7,
Example 2.43.

3. In a G.P. 729,243,81, ... find #;
a="729

5. Find the number of terms in the following
G.P.

i 4,8,16,...,8192?

a=4
8
r—4—2
1, =8192
tn=ar"_1
-1
8192 =4 (2)" 5 12048
8192 _,n-1 2 1024
- 2 512
2 256
2048 =2" ! 2 [128
2 |64
oMl —on-1 2 [32
2 |16
ll+1=n N
12=n 214
2

. The number of terms is 12.
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n—1

T=n

.. The number of terms is 7.

6. In a G.P. the 9th term is 32805 and 6th
term is 1215. Find the 12" term.

Given
fo = 32805
ar® =32085 ... (1)

8
1)+ @) a_r’5= 32805
ar

1g = 1215
ar = 1215 ... (2)

1215

P =27

r=3

2)= a3y’ =1215

243a = 1215
1215
243

a=5

tn:arn_1
tlzzarll

—s53)!!

7. Find the 10" term of a G.P whose 8"
term is 768 and the common ratio is 2.

Given
tg=768 and r=2
ar’ =768
a2) =768
128a =768

168
T 128

Example 2.43

In a Geometric progression the 4N term is

8 and the 7th term is 6 Find the Geometric

9 243
progression.
Given
8 64
479 77243
3_8 6_ 64
ar —9...(1) ar —243...(2)
2+
ar® 64 9
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Q
VRS
[SST1 e
R
Il

O]
<
Oloo Ol Ol

X
oo|g

)
Il

~ G.P

2
a,ar,ar’, ...

(3P

4
3,2, 3

Type IllIl: 3 numbers % a, ar in G.P.

based problems
Q.No: 9, Example 2.44

9. In a G.P the product of three consecutive
terms is 27 and the sum of the product of
two terms taken at a time is % Find
three terms.

Let 3 consecutive terms in G.P.

a
=, a,ar
,
Given
Product of 3 terms =27
a
- XaXar=27

a3=27

Given

Sum of the product of two terms taken at a

time—ﬂ
2
Lxa + (aXar) + ar x4 =
r rl 2
2
a—+a2r+a2=5—7
2
az[r+r+1J:577
—+r+l=5—72
2a
Put a=3
1+ +7r 57 36
r 2%x9 /\
a2 -4 -9
+r+
rr rz%g -4 -9
6’ 6
6+ 6r% + 6r =197 -2 -3
62+ 6r—19r+6=0 3 2
6r° —13r+6=0
2 3
2 3
r—3—0 r—2—0
23
3 T2
3 terms
2 3
a—3,r—3 a—3,r—2
a
=, a,ar
,
3 2 3 3
2/3,3,3><3 3/2,3,3><2
9 9
2’3’2 2’3’2
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Example 2.44

The product of three consecutive terms of a
Geometric progression is 343 and their sum is

ﬂ. Find the three terms.

3
Let
3 terms in G.P.
a
=, a, ar
,
Given
Product of 3 terms = 343
% X a X ar =343
@ =343
a3 = 73
a="17
Given

Sum of three terms :2

3
a 91
r+a+ar— 3
a l+1+r —%
r ~ 3
LU -
r " 3a
Put a="7
1+r+r2_ 91
r 3x7 9
1+r+r2 13
— = -9 -1
r 3
5 -9 -1
3+3r+3r=13r 3 3
32— 13r+3r+3=0 -3 -1
3

37 - 10r+3=0

r-=3=0 1_
r 3—0
r=3 1
"=3
-. 3 terms
a=7,r=3 _ _1
a—7,r—3
a
=, a,ar
,
7 7 1
3,7,7><3 l,7,7><3
3
%,7,21 21,7,%

Type IV: Prove the following
Q.No: 8, 12

8. If a,b,c are in A.P then show that
3% 3% 3¢ are in G.P.

Given
a, b, c are in A.P.
a+c
b= 2
2b=a+c (D
Let

34, 3b, 3¢ are in G.P.
(3b)2 —34.3¢
32b _za+e
[a, b, ¢ are in G.P then bzzac]

We have 2b=a +c¢

3a+c_3a+c

Hence proved.

12. If a,b,c are three consecutive terms of an

A.P. and x,y,z are three consecutive terms
of a G.P. then prove that

b—-c

X xyc_a

Xza_b=1
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Given

e a,b,c are three consecutive terms of an A.P.
a=a
b=a+d
c=a+2d

e Xx,y,z are three consecutive terms of a G.P.

X=a

LHS

xb—cxyc—aXZa—bzl

:(a)(a+d)—(a+2d)X(ar)a+2d—ax(ar2)a—(a+d)

—a I x P gdx

_ —d+2d-d 2d - 2d
a Xr

=a0><r0

=1RHS

Type IV: G.P and S.I and based sums
Q.No: 10, 11 Example 2.45

10. A man joined a company as Assistant
Manager. The Company give him a
starting salary of Rs. 60,000 and agreed to
increase his salary 5% annually. What will
be his salary after S years.

Salary (P) = Rs. 60,000

increment = 5%

5
S.I =60,000 x 100

.. Amount =P+ S.1

= 60,000 + 60,000 x S

100
5 2
=60,000[ 1 +mj

Principal for ond year = Amount of 1™ year

s.12=60000[1+—J><i

5

100 100

Amount

~60000( 14— |+ 60000 1+ijxi

= 60000 1+-—— {1+i}

=60000| 1+~

100 ( 100 100

100
2

Salary (principal) for 3rd year

5 2
=60000(1+m)

Continuing this process we get a G.P. with

5
a—60,000,r-(1+ 100}

Salary after 5 years

I = 617’5

5 5
=60000[1+—J

100
5
21
—60,000x£20
1 21 21 21 21
—60,000X%X%X%XEX%
=76,576.89
=Rs. 76,577

Salary after 5 years is Rs.76,577

11.

Sivamani is attending an interview for a job
and the company gave two offers to him.
Offer A: Rs. 20,000 to start with followed
by a guaranteed annual increase of 6% for
the first 5 years.

Offer B: Rs. 22,000 to start with followed
by a guaranteed annual increase of 3% for
the first 5 years.

What is his salary in the 4 year with
respect to the offers A and B?

Offer: A

Salary (P) =Rs. 20,000
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S,=at+ata+..+a

S,=na

2. Sum to infinite terms of a G.P.

a

S°°=1—r’ -l1<r<l1
Type I: Find s,,=a(r'11_11) based sums
Q.No: (1) () (i), (2), Example 2.46,

Example 2.47, 3, 7, 8, Example 2.48, Example
2.52, 2.53

1. Find the sum of first n terms of the G.P.

9 27

(1) 59_3’ gy_ga

-]

2. Find the sum of first six terms of the G.P.
5,15,45, ...

Example 2.46

Find the sum of 8 terms of the G.P.
1,-3,9,-27, ...
a=1
r=-3
n=3_8
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_a@" -1

S
n r—1

C1(=3)%-1
o -3-1
6561 -1
-4

_ 6560
—4

= - 1640

Example 2.47

Find the first term of a G.P in which
S6=4095 and r=4.

S¢ = 4095
r=4
n=06

a="?

=a(r"—l)

S
n r—1

a@-1
4-1

4095 x 3 = a (4096 — 1)
4095 x 3 = 4095a

4095 =

a=3

3. Find the first term of the G.P. whose
common ratio 5 and whose sum to first 6
terms is 46872.

Given
r=>5
n=6
S, =46872

_a("-1)

S
n r—1

a(5®-1
5-1

a (15625 - 1)

o=l

15624a
4

46872 = 39064
46872 _
3906

12=a

46872 =

46872 =

46872 =

a="

Find the sum of the Geometric series

3+6+12+...+1536.

32"~ 1=1536
1536
3

=1-512

2n—1=

2n—l=29
n—-1=9
n=9+1

n=10

:a(r"—l)

oS
n r—1

320 -
o2-1

=3(1024- 1)

=3 %1023
SlO = 3069
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8. Kumar writes a letter to four of his 1@"=1)
friends. He asks each one of them to copy 1365 = i1
the letter and mail to four different
persons with the instruction that they 1365 = 4"-1
continue the process similarly. Assuming 3
. . 4 14096
that the process is unaltered and it costs (1365x3) + 1 =4" 4 024
Rs. 2 to mail one letter, find the amount
spent on postage when 8" set of letters is 4095 + 1 =4" 4 256
mailed. 4096 = 4" 4 |64
. 4 |16
Given data 46— 41 2
4,4x4,4x4x%x4,...8 terms n=6

4,4%,. 43 4% . is a GP.
a=4
r=4
n=_§
Sn:a(rn— 1)
r—1
8_
=4u
4-1
:%x65535
=4 x21845
= 87.380

Cost of 1 mail =Rs. 2
= 87380 x 2
=Rs. 1,74,760

. Total cost

Example 2.48

How the series

1+4+16+...

many  terms  of
make the sum 1365?

a=1

r=4

Example 2.52

Find the least positive integer in such that
1+6+6%+...+6">5000
Here
S, > 5000
a(-1)
y—

1(6"-1)
6-1

6" —1>5000x%5
6" —1>25000
6" > 25001

> 5000

> 5000

we have 65 =17776; 66 =46656
6% > 25001

. Least value of n is 6.

Example 2.53

A person saved money every year, half as
much as he could in the previous year. If he had
totally saves Rs.7875 in 6 years then how much
did he save in the first year.

Given
n=06

Se=Rs. 7875
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1 9
= — = ‘7 =
r=- then a = ? I
-3
S¢="7875
_9
n =
a(" =D _ 7875 2
r—1 3
n =9 X 3
o 2
all 5| ~ 27
2 _ 7875 Su=7
27! 28
(ii) 21+14+?+...
1
al —-1
26 7875 a=21
-1 _14_2
2 “21 3
1
—2a(a—1)=7875 S_= a
1-r
al 1= 1\ _7875
64 | 2 __ 21
ax 63 7875 1 —%
64 2
a= 7875 v 64 = %
2 63 3
252000
=763 =21x3
a = 4000 S0 =63
~. The amount saved in the first year is Rs.
4000 Example 2.49
Find the sum 3+1 +%+ e 00
Type II: S = % based sums a=3
1
Q.No: 4 (i) (ii), Example 2.49, 5, 9, r=3
Example 2.50
g =@
4. Find the sum to infinity of * 1-r
N 9+3+1+... ;
a=9 -
L
3.1 3
93 _3
2
a 3
S =
 1-r
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Il
w
X

N W

SR No)

5. If the first term of an infinite G.P is 8 and

32 then find the

its sum to infinity is 3

common ratio.

Given

9. Find the rational form of the number
0-123.

We can write as 0- 123 as

0.123 123 123 =0.123 + 0.000123
+0.000 000 123 + ... o
a=0.123

_ 0.000123
- 0123

0123
- 123

=0.001

Example 2.50

Find the rational forms of the number
0.6666 ...

We can write 0.666 ... as
0.666 ...=0.6+0.06+0.006+ ... +o0 (It is a
G.P)

~ Q
Il I
© o
"o o
X

1
S o
(@)Y

Q

9%
8
I
—
|
~

g
oy

_O»—
N |
e
—_

Nel

Wi Ol ©

0.666 ... =

Type lll: Find the sum to n terms
Example 2.51, (6) (ii) (i), 10

Example 2.51

Find the sum to n terms of the series
5+55+555+...

=5+55+555+... nterms

=5(1+11+111+... nterms)
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—5x2 (1 411+ 111 +... n terms) _1010"-1) =n
9 27 3
:§[9+99+999+...nterms]
i) 0.4+044+0444 + ...
=§[(10—1)+(100—1)+(1000—1)+...n] @ 04+044+044d+... to n terms
5 =04+0.44+0.444 + ... to n terms
=§[(10+100+1000+...n)—(l+l+l+...+n)] —4(0.01+0.11+0.111 + ... n terms)
Itis a G.P :gx9(0.1+0.11+0.111+...nterms)
a=10 _a(”-1 4
100 nToo. =—10.94+0.99 +0.999 + ... n terms]
r=— 9
10
r=10 =g[(1—O.l)+(1—0.0l)+(1—0.001)+...n]
=3 M —£[1+1+ 0.1 +0.01+0.001 + ]
=9 0-1 —9( ...n)—(0. . . ... 1)
i n
5[ 10007 -1) _4 g =01
=9 9 -n 9_ 1-0.1 It is a G.P
M =0.1
_30 gy n 1--L ¢
=5 10 =D=7 _4 o4 10" r=0.1
9_ ) 0.9 S _a(l—r")
] ) 41 1 1 S
6. Find the sum to n terms of the series =9l "9 1—7
(ii) 3+33+333+... to n terms L 0
_dn_ 41
=3+33+333+... nterms 9 81 10"
=3[1+11+111+...n]
=%X9[1+11+111+...n] 10. IfSn=(x+y)+(x2+xy+y2)+
3 (x3+x2 y +xy2+ y3)+...nterms then
=§[9+99+999+.ntel‘m8] prove that
2.,.n 2., n
1 =D Yy o -1
== - - - =S, = -
3[(10 1)+ (100 — 1) + (1000 — 1) + ... n] x-»S, { o1 -
=%[(10+100+1000+...n)—(1+1+1+...n)] Given
2 2
a=10 a(rn—l) S, =x+y)+&" +xy+y9)
rz% " r—1 +(x3+x2y+xy2+y3)+...+n
r=10 e x5, =x(x+y)+x(x2+xy+y2)
—1{10“0"‘1)-4 (PP y P )+
3 10-1
=x2+xy+x3+x2y+xy2+x4+x3y
n_

9
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o 38, =y@HY)+y (C +xy+y7)
+y(x3+x2y+xy2+y3)+...
=)cy+yz+x2y+xyz+y3+x3y+x2y2
+xy3+y4+...
Now

3, .4

xSn—ySn:(x2+x +x +...)—(y2+y3+y4+ o))

2" -1 Yo'

x-y)S,= proved

Note
. x2+x3+x4+... is a G.P. with a=x2,r:x

o y2+y3+y4+... is a G.P. with a=y2,r=y

Exercise 2.9

KEY POINTS

Special series
1. Sum of first ‘#’ natural numbers

_nn+l)
h 2

odd natural numbers

1+2+3+...+n

2. Sum of first ‘n’
1+3+5+... +(2n—1)=n2
3. Sum of squares of first ‘»’ natural numbers

2:n(n+1)(2n+1)

12+22+32+...+n

6
4. Sum of cubes of first ‘n’ natural numbers
+1 §
13+23+33+...+n3={%}

Note:
() Znd=En)?

(i) Zn=\En

Type I: Problems based on sum of first
n natural numbers

Q.No: (1) (i) (ii) (iii), Example 2.54 (i) (ii)
Example 2.55 (ii)

1. Find the sum of the following series:

i 1+2+3+...+60
n=060

_n@m+1)

Xn 2

_60x61
-2

=30x61
= 1830

(i) 3+6+9+...+96
3+6+9+...+96
=3[1+2+3+...+32]
n=32

_n@e+1)

Xn 2

32 x33
2

=3x16x33
=1584

=3x

(i) S1+52+53+...4+92
=514+52+53+...+92
=(1+2+3+4+...492)—(1+2+3+... +50)

n=92; n=50

_nn+l)
h 2

[ 92x93 50x51
o2 | 2
=(46x93) - (25 x51)

=4278 — 1275
=3003

>n
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Example 2.54

Find the value of i) 1+2+3+...+50
n=>50

_n@+l)

2n 5

_50x51
2

=25x51
=1275

(i) 16+17+18+...4+75

=(1+2+4+3+...+75)-(1+2+3+...+15)

n=75; n=15

_nn+l)
h 2

(75x76 15x 16
- 2 B 2
= (75 x 38) — (15 X 8)

=2850-120
=2730

>n

Type Ill: Sum of first ‘n’ odd natural

numbers

Q.No: (1), (vii), Example 2.55 (i) (iii)

Example 2.55

Find the sum of
@) 2+4+6+...+80

24446+...+80=2(1+2+3+...+40)
n=40

=n(n+1)

>n 3

40 x 41
2

=2X

= 1640

1. Find the sum of the following series
(vii) 1+3+45+...+71

It is an AP with a=1,d=3-1=2,1=71
-
nz[ da]+l
:(HT_l]H

Example 2.55

(i) Find the sum of 1+3+5+... to 40
terms
1+3+5+... 40 terms
Sn=n2
= (40)°
= 1600
(Gii) 1+3+5+...+55
It is an AP with a=1, d=3-1=2;
[=55
n= l;a]+l
- 557‘1]“
_ %)H
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Type lll: Sum of squares of first ‘n
natural numbers

(1) (iv) (v), Example 2.56 (i) (ii) (iii), 6

1. Find the sum of the following series
Gv) 1+4+9+16+...+225

1+44+9+16+... +225
—12+2243% 442+ .. +15°
n=15

2 nn+tl)2n+1)
B 6

_15><16><31
B 6

= 1240

>n

V) +77+8+...+21°

=(12+22 4324 42112422+ 45D
n=21; n=5

2_n(n+1)(2n+1)

) g

(21x22x43
- 6

>n

=3311-55
= 3256

Example 2.56

Find the sum of
i) 1?+2%+...+19

n=9

zzn(n+1)(2n+1)

xn 6

19%20% 39
6

=19%x10x 13
= 2470

(i) 5%+10%+15%+ ... + 105>
52410+ 15+ ... + 1057
=52 (12 +22+3%+...+21%)
n=21

2 nn+tl)2n+1l)
B 6

21 x22x%x43
6

=25x7x11x43
= 82775

>n

=25%

(i) 152 +16%+17% +... + 282
=(12+22+3%+ .. 428) (1P +2%+ ... + 147

n=28; n=14

2 n(m+1)2n+1)
a 6

_ [ 28%x29%x57 ) ( 14x15%29
B 6 6

=(14%x29%x19)—(7x5x%x29)
=7714 - 1015
= 6699

xn

6. Rekha has 15 square colour papers of
sizes 10 cm, 11 cm, 12 cm, ... 24 cm. How
much area can be decorated with these
colour papers?
Area of square =d sq.u

Total area = 107+ 112+ 122 + ... + 247

=(12+22+3%+ ... +24%)

—(12+22+... +92)

n=24; n=9
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2.54
zngzn(n+1)(2n+1)
6
[ 24x25x49 B 9%x10x 19
B 6 6
=(4x25%x49)-(3%x5x%19)
=4900 — 285
=4615

.. Area can be deconated is 4615 cm2

Type IV: Sum of cubes of first n natural

numbers
Q.No: (1) (vi), Example 2.57 (i) (ii)

1. Find the sum of the following series
vi) 103 +113+ 123+ ..+ 208

100+ 113 +12%+ ... +20°
=P+ 4+ 1200 (P22 + .+ 9

n=20, n=9

ZnS— nn+1) i
B 2

2 2
(20x21) (9x10
|l T2 2
= (210)% — (45)?
— 44100 — 2025

=42,075

= (136)*
= 18496

G 93+10°+...+21°

=P+ + 20—+ 2%+ L+ 8

n=21; n=8

Zn3— nn+1) :
B 2

2 2
[21x22 T [8x9
T2 2

=21 x 11)> - (4 x 9)?

= (231)* - (36)°
= 53,361 — 1296
= 52,065

Type V: Combined sums X n, X n2,2 n°

Q.No: 2, 3, Example 2.58, 4, 5 and 7.
find

2. If 1+2+3+...+k=325 then

13+23+33+ +k3.

Given
1+2+3+...+k=325

k (k+ 1)

= 325

Example 2.57

Find the sum of
(i) P+224+33+ .. +16°

n=16

Zn3_ nn+1) i
B 2

2
[ 16x7
a 2

= (8 x 17)?

Squaring on both sides

2
{@} — (325)>

P+ 433+ 415 =1,05625

3. 1t 13+23+3%+ ...+ &3 =44100 then find
1+2+3+...+k.

Given

P+23+33+ .+ =44100
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k(k+1)
2

2
} =44100

XD _aatoo
2

1+2+3+...+k=210

Example 2.58

If 1+2+3+...+n=666 then find ‘n’

Given
14+2+34+...+n=6606
nn+l)
— =666
nmn+1)=666x2
n*+n=1332
n*+n-1332=0
(n+37)(n—-36)=0
n+37=0 n—-36=0
n=-37 n=236
not possible
4. How many terms of the series
1°+23+ 3%+ ... should be taken to get the
sum 14400?
Given

P+23 433+ +13=14400

nn+l) |
{TT—IAMOO

n+ D) _\iaao0
2

nn+1)

S =120

n? +n =240
n?+n—240=0

(n+16)(n—-15)=0

n+16=0
n=-16
not possible

n-15=0
n=15

5. The sum of the squares of the first n
natural numbers is 285, while the sum of
their cubes is 2025. Find the values of n.

Given
Zn2:285:>n(n+ 1) (2n+1):285
6 (1)
1 2
z;ﬁ:zozs:{%} - 2025
n(n2+ 1) 2025
nn+l)
3 =45
nn+1)=90 (2)
Put (2) in (1)
90(2n+1)=285
6
15(2n+1)=1285
_285
2n+1= 15
2n+1=19
2n=19-1
2n=18
_18
=9
n=9
7. Find the sum of the series

QA-1)+@-3)+6-5+... to () n
terms (ii) 8 terms

=2 -D+@-3H+6>-5+n
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n
=Y @+4467+.)
1
n
- Y @43
1

n

Y 1en’-@n-1)

1

use @ —b>=(a—b)> +3ab (a - b)

=@n-2n+1>+32n) 2n—-1)Q2n-2n+1)

=1+3@2n)(2n-1)(1)
=1+6n(2n-1)

—1+12n%—6n

n
> 1+ 1207 - 6n)
1

=n+12{

6 2

=n+2nm+1)2n+1)]-3nHn+1)

=n+2[(n*+n) (2n+1)]-3n> = 3n
:n+2[2n3+n2+2n2+n] ~3n’-3n
=n+4n’ + 20 +4n® + 2n—3n* = 3n
= 4’ +3n2
Sum of first ‘n’ terms
When n=38
Sum =4(8)°+3(8)°

=4 (512) + 3 (64)

=2048 + 192

= 2240

n(n+l)(2n+l)}_6{n(n+l)

|

Exercise 2.10

Multiple choice questions

1. Euclid’s division lemma states that for
positive integers a and b, there exist
unique integers ¢ and r such that
n =bq +r here r must satisfy.

1. 1<r<b 2. O0<r<b
3. 0<r<b 4. O0<r<b
Solution:

1. Condition: 0<r<b Ans: 2) 0<r<b

2. Using Euclid’s division lemma, if the cube
of any positive integer is divided by 9 then
the possible remainders are

1. 0,1,8 2. 1,4,38
3. 0,1,3 4. 1,35

#3 Solution:
Cube of any + ve integers
13,2333, 4, .
1, 8,27, 64, 125, 216, ...

Divided by 9, the possible

. 27 64 _ 125
remainders: 9 =0; 9 =1= 9

Ans: (1) 0,1, 8

=8

3. If the HCF of 65 and 117 is expressible
in the form of 65m — 117, then the value
of m is

1. 4 2. 2 3.1 4. 3

#3 Solution:
HCF of 65 and 117
117=65x1+52
65=52x1+13
52=13%x4+0
~. HCF is 13
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ALGEBRA

Exercise 3.1

Key points

1. Linear Equation in two variables

Any first degree equation containing two
variables x and y is called a “linear equation” in
two variables. The general form of linear equation
in two variables x and y is ax + by + ¢ =0, where
atleast one of a, b, ¢ is non-zero and a, b, ¢ are
real numbers.

Note:
e xy—7=3 is not a linear equation in two
variables since the term xy is of degree 2.

e A linear equation in two variables represent a
straight line in xy plane.

2. System of linear equations in three
variables

The general form of a linear equation in three
variables x,y and z is ax+ by+cz+d=0 where
a,b,c,d are real numbers, and atleast one of
a, b, ¢ is non-zero.

Note:

e A linear equation in two variables of the form
ax + by +c=0 represents a straight line.

A

™

o

A
<
v

\

e A linear equation in three variables of the
form ax+ by + cz+d =0, represents a plane.

Yby+cz+d =0

v

o

Note:

e If you obtain a false equation such as 0=1,
in any of the step then the system has no solution.

e If you do not obtain a false solution, but

obtain an identity, such as 0=0 then the

system has infinitely many solution.

variables
Example 3.1, 3.2

Type I: Solve the linear equations in two

Example 3.2

Solve 2x —3y=6;x+y=1
2x-3y=6
x+y=1
()=>2x-3y=6

2Q)xX3=3x+3y=3
5x=9

=
Il
w|\o

(1)=>2x-3y=6
Q) X2=2x+2y=2
-5y=4

(1)
(2)
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Example 3.1

The father’s age is six times his son’s age
six years hence the age of father will be four
times his son’s age. Find the present ages (in
years) of the son and father.

Let present age of father = ‘x’ years

present age of son =‘y’ years
Given
x =06y ..(1)
x+6=4(y+6) .. (2
Put (1) in (2)
6y+6=4y+24
6y—4y=24-6
2y =18
y=9
H)=x=6(09)
x=54

~. Son’s age = 9 years

Father’s age = 54 years

Type ll: Solve the following system of
linear equations in three variables.

Q.No: 1 (i) (ii) (iii), Example 3.3, 3.7, 3.8

(2)x3=6x—-3y+3z=27

) H 66

B)=x-2y+3z=16

CSioy=1l s
Solve (4) and (5)

@=>-x+2y=-4
5)*x2=10x-2y=22
9x=18

_18

=79

x=2

(5)=5@2)-y=11

10-y=11
10-11=y
y=-1
1)=>2-1+z=5
1+z=5
z=5-1
z=4

wox=23y=—1;z=4

Example 3.3

1. () x+y+z=5;2x—-y+2z=9;

x—2y+3z=16
xX+y+z=5 (D)
2x—y+2z=9 -(2)
x—2y+3z=16 ...(3)
From (1) and (2) eliminate ‘7’
x+y+z=5
) =6
2x—y+2z=9
—x+2y=—4 (4

From (2) & (3) eliminate ‘7’

the
equations in three variables 3x —2y +7=2;
2x+3y—z=5;x+y+2z=6

Solve following system of linear

3x—2y+z=2 (1)
2x+3y—-z=5 ..(2)
X+y+z=06 ..(3)
From (1) and (2) eliminate ‘7’
3x-2y+z=2
2x+3y—z=5
Sx+y=7 ..(4)

From (2) and (3) eliminate ‘7’
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2x+3y—-2z=5 y+z+2z=110-5

xX+y+z=06 y+3z=105 ..(3)
3x+4y=11 (5 Solve (2) and (3)

Solve (4) and (5)
(4)x4=20x+4y=28
) ) &
B)=3x+4y=11
17x=17

x=1

@BH=>5)+y=7
y=7-5

y=2

B)=>1+24+z=6
3+z=6
z=6-3

1. (i) x+20=37y+10=2z+5=110—(y+z)

Let
. x+20=3—y+10
2
2x+40=3y+20
2x — 3y =20 — 40
2x-3y=-20 (1)
. 32—y+10:2z+5
3y+20=4z+ 10
3y—-4z=10-20
3y-4z=-10 .(2)

o 2:+5=110-(y+2)
27+5=110-y—z

2)=3y-4z=-10
) 6
(B)x3=3y+9z=315

- 13z=-1325
35
13
z=25

(3) =y +3(25) =105
y+75=105
y=105-75

y=30

(1)=2x -3 (30) =— 20

(D)
-.(2)

2x-90=-20
2x=-20+90
70
2
x =35
#  Solution:
x=35;y=30;z=25
1. (ii) %—%+4=0;%—%+1=0;%+;=14
Leti=a;%:b;%:c
a-2b=-4
b-—c=-1
3a+2c=14

From (1) and (2) eliminate ‘b’
1)=>a-2b=—-4
2)Xx2=2b-2c=-2
a-2c=-6

..(3)

-..(4)
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Solve (3) and (4)
3a+2c=14

a-2c=-6

4a =

Nljoo o0

a=2

(1)=2-2b=—4

—2b=—4-2
_—6
-2

=3

2)=3-c=-1

3+1=c
4=c
#  Solution:
a=2 x=%
1
b=3 y—3
c=4 z=%
Example 3.7
Xr_ 1) = Y2
A%hez 1 6+1 7+2,3+2 13
X_1=2Y
Let ) 1 6+1
x-2 y+6
2 6
3x-6=y+6
3x—-y=6+6
3x-y=12 (1)

y+6 z+14
6 7

Ty+42=6z7+84

Ty — 67 =84 — 42
Ty —6z=42

..(2)
Given
Y. . z_
3 + ) 13
2y+3z
6 - 13
2y+3z=78 (3

Solve (2) and (3)
2)=Ty—6z=42
(3)X2=4y+6z=156

11y =198
198
11

y=18

(1)=3x-18=12
3x=12+18
3x=30

x=10

(3) =2 (18)+3z="78

36+37=78
3;=78-36

3z=42

# Solution:

x=10 ; y=18 ; z=14
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Example 3.8 —4c=3-5
Solve —4e=-12
1.1 1. 1.1 1.1 1.4 ,2 c=2
2x "4y 3z 4°x 3y’x 5z “15 4
1
Let l=a;l=b,l=c C=E
X y z
ﬂ+é_£=l .. Solution
2 4 3 4
. 1 x=3
Multiply by 12 a=3
6a+3b—4c=3 (1) b=1 y=
b 1 =
Cl=§ ZZE z=2
3a-b=0 .(2)
b 32 Type lll: Discuss the nature of solutions
a—§+4C—1—5
Q.No. 2(i) (ii) (iii), Example 3.5, 3.6
Multiply by 15 2. Discuss the nature of solutions of the
15a — 3b + 60c = 32 ..(3) following system of equations
From (1) and (3) eliminate ‘c’ () x+2y-2=6;-3x-2y+52=-12;
-2z=3
(1) x 15 = 90a + 45b — 60c = 45 rox
+2y—-2z=6
(3) = 15a — 3b + 60c = 32 tray—L (D)
105a +42b =177 (4 —3x=2y+5z=-12 (2
(2) x 42 = 126a — 42b =0 x=2z=3 - (3)
F 1 d (2) eliminate ‘y’
(4) = 105q + 42b =77 rom (1) and (2) eliminate ‘y
x+2y—z=6
231la=177
a_ﬂ -3x-2y+5z=—-12
231 —2x+4z=-6
1 divide by (-2)
a=§
x—=2z=3 (@)
)= 3(%)_19:0 Now solve (3) and (4)
x—2z=3
1-6=0
) ) =)
b=1 x—2z=3
6[%J+3(1)—4c:3 _0=0_
Here we arrive at an identity 0 = 0. Hence
24+3-4c¢=3

5-4c=3

the system has an infinite number of solutions.




www.nammakalvi.in

3.6 Nithish’s Mathematics - X Std
Example 3.5 3x+y-3z=1
Solve X+ -z=53x-y+z=-2; " oy+2=1
—-Sx-4y+z=-11 x—z=2 (4
X+2y—z=5 () From (2) and (3) eliminate ‘y
-2x-y+2z=1
Xx—y+z=-2 (2) yre
+) +) () (-
Sx_dytz=— 1l ) # @ 6 6
. —-x—-y+z=2
From (1) and (2) eliminate ‘Z’ - -
-x+z=-1 .5
xX+2y—z=5 —
Solve (4) and (5)
xX=y+z=-2
- x—z=2
2x+y=3
_2+y=3 (&) e
From (2) and (3) eliminate ‘Z’ 0= 1

X—y+z=-2
H ®H 6@
-5x-4y+z=-11

6x+3y=9
divide by 3
2x+y=3 (5)
Solve (4) and (5)
2x+y=3
) ) &
2x+y=3
0=0

Here we arrive at an identity 0 = 0.

Hence the system has an infinite number of
solutions.

Example 3.6
Solve Ix+y-3z=1,-2x-y+2z=1;

- X-y+z=2
3x+y-3z=1 (1)
-2x—-y+2z=1 ...(2)
—x—y+z=2 ..(3)

From (1) & (2) eliminate ‘y’

Here we arrive at a contradiction as 0 # 1.

. The system is inconsistent and has no
solution.

2. (i) 2y+z=3(x+1);—x+3y—z=-4;

-1
3x+2y+z=7

2y+z=3(-x+1)
2y+z=-3x+3

3x+2y+z=3 (D)
—x+3y-z=-4 ..(2)
3x+2y+z=_—1
2
6x+4y+2z=—-1 ..(3)
From (1) and (2) eliminate ‘z’
3x+2y+2z=3
—x+3y—-z=-4
Zxrdy=-1 -4

From (2) & (3) eliminate ‘7’
B)Xx2=-2x+6y—2z=-28
B)=>6x+4y+2z=-1
4x+10y=-9 ..(5)
Solve (4) and (5)
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@Xx2=4x+10y=-2
) & ®
(5)=4x+10y=-9
0="7

Here we arrive at a contradiction as 0 # 1.

. The system is inconsistent and has no

solution.

y+z _z+x x+ty
4 3 2

2. (iii) sx+y+z=27

y+z ztx
4 3

Let

4z4+4x=3y+3z
4x—-3y—-3z+4z=0
4x-3y+z=0

z+x x+y

3 2
27+ 2x=3x+3y

Let

3x+3y—-2z-2x=0
x+3y—-2z=0
x+y+z=27
From (1) and (2) eliminate ‘y’
4x-3y+z=0
x+3y—-2z=0
Sx—z=0
From (2) and (3) eliminate ‘y’
x+3y—-2z=0
) &) )G
(3)x3=3x+3y+3z=81
—-2x—-5z=-281
2x+5z=281
Solve (4) and (5)
(4)x5=25x-5z=0
(5)=2x+5z=81
=81

(1)

..(2)
..(3)

..(4)

(5

@=53)-2z=0
15=2

B)=>3+y+15=27
y+18=27

y=27-18

y=9

~. It has unique solution

x=3;y=9;z=15

Type IV: Word problems

Q.No. 3, 4, 5, Example 3.4, 3.9

3. Vani, her father and her grand father
have an average age of 53, one half of her
grand father’s age plus one-third of her
father’s age plus one fourth of vani’s age
is 65. Four years ago if vani’s grandfather
was four times as old as vani then how

old are they all now?

Let vani’s age = ‘x’ years

Father’s age y’ years
grand father’s age = ‘7’ years
Given

X+y+z
3 =53

x+y+z=159

3x+4y+62=T80
z—=4=4(x-4)
z2—4=4x-16
dx—z=12

(1)

.(2)

.3
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From (1) and (2) eliminate ‘y’
()x=4x+4y+4z=0636
) &) )G
(2)=3x+4y+62=780

x-2z=-144 (4

Solve (3) and (4)
B)x2=8x-2z=24
) ®
4)=>x-2z=-144
Tx =168

168
7

x=24

B)=>424)-z=12
96 -z=12
96 -12=z¢

84=z

(1) =24 +y+ 84 =159
108 +y = 159
y=159 - 108

y=51

- Age of vani = 24 years
Her father’s age = 51 years
Her grandfather’s age = 84 years

4. The sum of the digits of a three-digit
number is 11. If the digits are reversed, the
new number is 46 more than five times the
former number. If the hundreds digit plus
twice the tens digits is equal to the unit digit
then find the original three digit number.

Let the three digit number
100x + 10y + z
Reversed number

100z + 10y + x

Given x+y+z=11 (D
100z + 10y + x =5 (100x + 10y + z) + 46
100z + 10y + x = 500x + 50y + 5z + 46
500x + 50y + 5z — 100z — 10y —x=—46

499x + 40y — 95z =— 46 (2)
xX+2y=¢
x+2y-2=0 NE)

From (1) and (2) eliminate ‘Z’
(1) X 95 = 95x + 95y + 95z = 1045
(2) = 499x + 40y — 957 = — 46

594x + 135y = 999

divide by 27; 22x+5y=37 (4
Solve (1) and (3)
x+y+z=11

x+2y—z=0

2x+3y=11 5)
Solve (4) and (5)
22x+ 5y =37
) 5 6
(5) x 11 = 22x + 33y =121

_ 84
=28

y=3

O)=2x+33)=11
2x+9=11
2x=11-9
2x=2

x=1

1H=1+3+z=11
4+z=11
z=11-4
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z="17

~. Three digit number is
100x + 10y +z=100 (1) + 10 (3) + 7
=100+30+7
=137

5. There are 12 pieces of five, ten and twenty
rupee currencies whose total value is Rs.
105. When the first 2 sorts are
interchanged in their numbers its value
will be increased by Rs. 20. Find the
number of currencies in each sort.

Let Five rupee note =x
Ten rupee note =y
Twenty rupee note =z
x+y+z=12 (D)
5x+ 10y + 20z = 105
Divide by 5
x+2y+4z=21 ..(2)
10x + 5y + 20z =105+ 20
10x + 5y + 20z =125

divide by 5

2x+y+4z=25 ...(3)

From (1) and (2) eliminate ‘7’
(D) x4d=4x+4y+47=48
) 5 6 6
Q)=>x+2y+4z=21
3x+2y=27

..(4)

From (2) and (3) eliminate ‘7z’
x+2y+4z=21
)6 E
2x+y+4z=25

-—x+y=-4 .5

Solve (4) and (5)
4)=>3x+2y=27
) xX3=—-3x+3y=—-12

S5y=15
y=3
S)=-x+3=-4
—x=—4-3
—x=-17
x=17

1H)=>7+3+z=12
z=12-10

z=2

. Number of Rs. 5 Note is 7
Number of Rs. 10 Note is 3
Number of Rs. 20 Note is 2

Example 3.4

In an interschool athletic meet, with 24
individual events, securing a total of 56 points,
a first place secures 5 points, a second place
secures 3 points and a third place secures 1
point. Having as many third place finishers as
first an second place finishers, find how many
athletes finished in each place.

Let
I place finishers =x
IT place finishers =y

IIT place finishers=z

Given
x+y+z=24 (D)
5x+3y+z=56 ..(2)
xX+y=z2 ...(3)
Put (3) in (1)
z+z7=24
2z=24

z=12
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B)=x+y=12 () (1)Xx3=9%+3y+6z=15
From (1) and (2) eliminate ‘7’ Q)=>x-3y+3z=2

x+y+z=24
o (i)(z) o 10x +9z=17 ()
Sx+3y+2=56 From (2) and (3) eliminate ‘y’
—4x—2y=-32 x—=3y+3z=2
Divide by 2 2x+3y—z=1
-2x—-y=-16 (3 3x+2z=3 (5
Solve (4) and (5) Solve (4) and (5)
x+y=12 (4)x 2 = 20x + 18z =34
-2x-y=-16
> RN
—-x=—4
B)x9=27x+18z=27
x=4
—-Tx=7
B)=4+y=12 7
xX=—"
y=12-4 -7
~. Number of I place finishers = 4 (5)=3(-1)+2z=3
Number of II place finishers = 8 342723
Number of III place finishers = 12
2z=3+3
Example 3.9 22=6
6
The sum of thrice the first number, second =5

number and twice the third number is 5. If thrice

the second number is subtracted from the sum z2=3

of first number and thrice the third we get 2. If

the third number is subtracted from the sum of B)=2DH+3y-3=1

twice the first, thrice the second we get 1. Find 243y-3=1

the numbers.

Let three numbers x, y, z respectively. 3y=1+2+3
Given _6
Y73
3x+y+2z=5 (D
x+3z-3y=2 y=2
x—=3y+3z=2 .2 .. The numbers are — 1,2, 3
2x+3y—-z=1 ..(3)

From (1) and (2) eliminate ‘y’
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Exercise 3.2 Here deg f(x) > deg g (x)

Type I: GCD of two given polynomials o f) g ()

by division algorithm x+11

Q.No. 1.(i) (i) (iii) (iv), Example 3.10, 3.11

1. Find the GCD of the given polynomials
@) 3t -x-3 ;x3+x2—5x+3

f(x)=x4+3x3—x—3
g(x)=x3+x2—5x+3
Here degree of f(x)> degree of g (x)
S f)+g ()

x+2

x3+x2—5x+3

A3 40 —x-3
)66
A d -5+ 3
200+ 5x° —dx -3
)66
200 +2x2 - 10x+ 6

3x2+6x—9

R=3 (x2 + 2x —3); Note that 3 is not a
divisior of g (x).
So let R (x)=x>+2x—3 only.

x—1
3

x2+2x—3 x+x2—5x+3
=) =&

x3 + 2x2 —3x

—x2—2x+3

+H & =)
—x—2x+3
0

GCD = (x* + 2x — 3)

Gi) -1, -1 +x-11
FO)=x+0x° + 02 +0x - 1

g(x)=x3—llx2+x—11

Arod 0 +ox-1
= O
A1+ 1P -
e -+ 11x—1
= ®H O
1% - 121x% + 11x - 121
120x% + 0x + 120

X -1 +x—11

11x

R (x) =120 (x* + Ox + 1) Note that 120 is not

a divisior of g (x)

Now g (x) + R (x)

x—11
o+l |- +x—11
) = )
x+0x+x
— ¥ +0x—11
H = &
—1Ix+0x-11
0
- GCD = (¥’ + 1)

Gii) 3+ 6x — 1267 - 24x,
4x* + 14x3 + 8% - 8x
) =3x"+6x° — 1207 — 24x
=3x [x° + 2x% — 4x — 8]
g (¥) = 4x* + 14 + 8x% — 8x
=2x 2 + 7% +4x - 4)

Here g (¥) +f (x)
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2
200+ 75 +4x—4
= H O
2 +4x* - 8x— 16
3%+ 12x+ 12

X 42 —4x—8

R0 =3 (% +4x+4)
Now f(x) + R (x)
x=2
S -ax-38
) ) &
X+ 4x% 4 4x
— 2" —8x—8

+H & &
—-2x—8x—38
0

Zdx+4

GCD = x (x* + 4x + 4)

(iv) 3 +3x%+3x+3;6x° +12x% + 6x + 12
F)=32+3%+3x+3

=3(x3+x2

+x+1)
gx)= 6x° + 12x° + 6x + 12
=6 +2°% +x+2)
Here g (x) +f(x)
[Also we can take f(x)+ g (x) since
deg f(x) = deg g ()]

X +x2+x+1

(o I G B o B )

x3+x2+x+1

X+ 0x+ 1

R(x)=x>+0x+1

Now f(x)+ R (x)

x+1

x3+x2+x+1

) & G

x+0x+x

x2+0x+1

4 0x+1
=) ) &)
4 0x+1
0
GCD of leading co-efficients 3 and 6 is 3

~ GCD=3(x*+1)

Example 3.10

Find the GCD of the
2 +x?—x+2 and 23 -5*+5x -3

f(x):x3+x2—x+2

polynomials

g(x):2x3—5x2+5x—3

Here g (x) +f(x)

2

20— 5% +5x -3

(NG NCINC

20+ 2% - 2x + 4
T+ Tx =1

X Ax—x+2

R®)=-7@-x+1)
Note that —7 is not a divisor of f(x)
Now f(x) =R (x)
x+2
Crdox+2
) ) )
O ix
2% - 2x+2
) B )
2% - 2x+2
0

GCD=(*-x+1)

X —x+1
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Example 3.11

Find the GCD of 6x> - 30x* + 60x — 48 and
33— 12 + 21x - 18
£(x) = 6x> = 30x% + 60x — 48

=6 (x° - 5x° + 10x — 8)
g (1) =32 — 12x% + 21x - 18

=3 (-4’ + Tx - 6)
Here f(x) +g (x)
1
x3—5x2+10x—8
B H @
x3—4x2+7x—6

2 +3x-2

x3—4x2+7x—6

R(x)=—[x* = 3x+2]
Now g (x) + R (x)
x-1
O -d?+7x-6
=) B )
=37+ 2x
X’ +5x-6
) = &)
R )
2x—4

x2—3x+2

Rx)=2(x-2);
divide

Remainder #0 so again

x-1
x2—3x+2
=) &)

x2—2x

—x+2
—x+2
0

. GCD of leading co-efficients 3 and 6 is 3.
~ GCD =3(x-2)

Type Il: LCM by factorization method
Q.No. 2(i) to (vi), Example 3.12(i) to (iv)

2. Find the LCM of the given expressions

@ 4x’y, 8y 2 4,8
3.2 2 (2,4
LCM =8
A 1,2
LCM =2x2x2
=8
i) -9°b%128°b*c 3 9,12
LCM =- 364> b ¢ 3, 4
LCM =3x3x4
=36
(i) 16m,—12m*n% 80> 2 |16, 12, 8
2, 2 | 864
LCM =-48m"n 2 432
2,3, 1
LCM =2X2Xx2X2%3

=48

(iv) PP-3P+2;P* -4
e PP-3P+2=(P-1)(P-2)
e PP—4={P+2)(P-2)
LCM =(P-2)(P-1) (P+2)

v) 2% —5x—3 ;4736 -6
o 2%-5x-3 /\
= (x—3) 2x+1) -6 1
o 4%-36 -6 1
2 2 2
:4(x _9) 1
—4(x+3) (x-3) -3 2

LCM =4 (x—3) (x+3) 2x + 1)

vi) (2¢% = 3xy)?; (4x — 6y)° ; 8 - 27y°
o @7 -3w)

=[x (2x = 3y)I°

=% (2x - 3y)?



www.nammakalvi.in

3.14 Nithish’s Mathematics - X Std
3 .
* (4x-0y) Exercise 3.3
3
=[22x-3
(2 (2x =3y Key points
=23 (2x-3y)°
Relationship between LCM and GCD

=8 (2x - 3y)°

; 3 Product of two polynomials = Product of
o 8x —27y their LCM and GCD

= (2x)° - 3y)°
= (2x - 3y) (4% + 6xy+ 9Y)
LCM = 8x% (2x — 3y)° (4x% + 6xy + 9?)

Example 3.12

Find the LCM of the following
(i) 8xty? a8’y
LCM = 48x* y4

f(x)g (x)=LCM xGCD

Note
. - LCM x GCD
g ()
f) g
* LOM=""G6p

Type I: Verify f(x) x g(x)=LCM x GCD
Q.No:1. (i) (ii) (iii)

(i) 5x - 10, 5x* - 20
e 5x—10=5(x-2)
o« SX¥-20=5(*-4)
=5(x+2) (x—2)
LCM =5(x-2)(x+2)

(i) x*-1,x*-2c+1
o Fo1=(2+D2-1)

=2+ D) (1) (x=1)
o XX-2x+l=(x-1)>

LCM =+ 1) (x+1) (x—1)°

(v) x*-27,(x=3)%x*-9
. )c?’—27=163—33
=(x—3) (@ +3x+9)
. (-3
o X¥-9=(x+3)(x-3)
LCM = (x - 3)% (x + 3) (\® + 3x + 9)

@) 21x?y, 351> 7 |21, 35
LCM = 105x% y? 3,5
GCD = Txy LCM =7x%x3X%x5
- 105
Verification

f(x) X g (x) =LCM x GCD
1% y) 35%7) = (105 y%) (Txy)
735x° y3 =735 y3

Hence verified.

) -+, +1)
« (FP-D@+1)
=-D @ +x+1) (x+1)
o« 41
=+ D) -x+1)
LCM =+ D) (=D +x+1) P —x+1)
e+ )P —x+ D) (=1 P +x+1)

=+ -1)
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4,2 2 2 2
-1 -2 —4
i) Multiply =2 by ¥ i) 2 s $-28 21’ 2
x-1 a’b b"+4b+4 b“-5p-14
P | b’ +3b-28 b°—5b—14
= X ﬁ Let ) X )
x=1 4°b b”+4b+4 b~ —49
_x4b2><(x+1)(x—1) _br D=4 (b-7)(b+2)
Tx—1 A (b +2)° (b+7)(b-T)
B At = %
a*b *
x+2_x2—x—6
Type ll: Division of rational expressions (ii) 4y 12y2
Q.No. 3() (ii) (iii) (iv), Example 3.16 (i) ) 12y2
ii) (iii), Q.No. 4,5 Let +
(i) (iii), Q y T2 e
3. Simplify: x+2 12y2

2°+5a+3  d*+6a+5

X
. 4y T (x=3) (x+2)
2% +7a+b —5a*—-35a—-50

@)

282 +5a+3  —5a%-35a—50 x-3
Let 3 X 7
2a°+Ta+ 6 a +6a+5
6 124 -22+8 3*+2-8
o 245 +5a+3 A (iv) «=
3t 2% + 4t
=(a+1)(2a+3) 2 3 ) )
2 3 L 12¢7 - 22t + 8 217 + 4t
o« 28°+7a+6 2 2 et 3 “ro-s|
3
=(@+2)(2a+3) bog e 12222248
. -3 -
2
* —5a"-35a-50 12 =2 (62— 11t +4) s
=—5(a®+7a+10) 4/\3 =2@2t-1)(3-4) 6 6
——5(a+2) (a+5) 43 |e 2P +4r=2(+2) ‘71 ‘74
o d’+6a+6 2 i o 3 +2-8
3 ~24
=(@+1)(@+5) 23 =(1+2) (3r-4) PN
2 2
2a° +5a+3 —5a%>-35a—50 Lol -2248 ?t + 41 6 -4
2a*+7a+6 @ +6a+5 3 3" +2t-8 6 -4
_ _ 3 3
_@+1)(Qa+3) -5(+2)(@+5) _2@ 13)(3t 4), 2+2) )
T(a+2)(2a+3) (a+1)(a+9) ! (t+2)Br=4) | , =
4
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Example 3.16 o 3¥¥-—1lx—4 —/12\
14 7x =(x—4) Gx+1) 5
Find (i) ——+—
Y Y —12 1
3 3
4 4
Let£x3i —4 l
y Tx 3
=2x" X3y o 8x“+11x+3 24
_z3.3 _ /\
=6x"y =(x+1) (8x+3) KGN
8 3
g8 8
(i) X’-16 x-4 .3
x+4 x+4 8
2-16 x+4 Qx=1)(8x+3) (=4)Gx+1)
Let =X 24 (x—1)GBx+1)  (x+1)(8x+3)
(x+4) (x—4) _x+4 _@=Dx=4)
T x+d x4 (x=1) (x+1)
=x+4 20— 8x-x+d
a 2
x =1
_2x2—9x+4
i 16:°—2x -3 $x°+1lx+3 =T 2
-2 —1 3xP-11x-4
Lot 16x2—2x—3x3x2—11x—4 ) ,
3 -2x—1 8%+ 1lx+3 4. Ifx=a+2£ andy=t12+2a—8 find
2 — 48 3a” -3 2a°-2a—4
solorm s /\ the value of xzy_2
=(2x—1) (8x+3) -8 6 t3a-4
_l—g 1% 3¢°-3
-1 3 (@4 (a-1)
2 8 3(a*-1)
__(atd(@=-1)
o 3P-2x-1 -3 T3+ 1) (@-1)
=(x—1)Bx+1) /\ __a+4
-3 01 3@+ 1)
-3 1 )
303 jo 28
1 1 2a* - 2a-4
3 _(at4)(@-2)

2@ -a-2)
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_ (atdH(@-2)
" 2@-2)(a+1)
__a+4
2(a+1)

at4  a+4
| 3(a+l) 2@+])

- 2
| _a+4 ><2(a+1)
| 3@+ a+4

5. If a polynomial p (x) =x*-5x—14 is
divided by another polynomial g (x) we get

x-17
—, find
x+2 ind ¢ (x)

Given
x—=17

P(X)ﬂ](x):m

x2—5x—14_x—7

g (x) S x+2
x-7Nkx+2) x-7
q (x) S x+2

q (0 =(+2)

q(x)=x2+4x+4

Exercise 3.6

Key points

1. Addition and substraction of rational
expressions with like denominators. - (No
LCM directly add or sub)

2. Addition and subtraction of
expressions with unlike denominators.

rational

Type |: Rational expression with

denominator

Q.No. 1(i) (iii), 2(i), Example 3.17, 6

like

x(x+1)+x(1—x)
x=2 x-2

1. Simplify (i)

_x(x+1)+x(l—x)
- ox=2 x-2

x(x+D+x(1-x
- x=2

- Take LCM of denominator then add or sub.

3.3
X7y

xX=y
_ =) (P rxy+yd)
xX—y

=xz+xy+y2

2. Simplify
@+l (x-2) (x*-5r+2)
x—4 x—4

e+ (x-2) (7 —5x+2)
- x—4 x—4

D) (x-2) - (2 -5x+2)
B x—4

_2x2—4x+x—2—2x2+5x—2
- x—4

(@)
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_2x-4 , (x—1 2 Aspe x+1
Cx—4 (A-B) :[ ]é T x+1 1

x+1
2(x-2) 5 —x
- )C—4 :(x_l)2
x+1)
. LHS
Example 3.17
P (A+B)’+(A-B)>
X +20x+36 xP+12c+4 A+B)
Find > - 5
x*=3x-28 x"-3x-28 2 (x-1)
" +—=
4200436 KP4+ 12x+4 G
= — X
2 -3x-28 x*—3x-28 , )
_(x+1) +(x-1) 1
_ X +20x+36 2" 12x—4 T ey X3
x2-3x-28 5 5
X+ 2+l +x" - 2x+ 1
_ 28x+32 x(x+1)2
x“—3x—-28 ) 2x2+2
:M x()c+1)2
x=7)(x+4) 2
Y 26241 gy
Cx—7 x(x+1)
6. If A=L, B=—— prove that || Type ll: Rational expressions with unlike
x+1 x+1 denominator
2 2 2
A+B)"+A-B)" _2@"+1) Q.No. 1(ii), 2(ii), 3, 4, 5, Example 3.18
A+B x (x + 1)? ; )
+2 x
1. Simplify (i) —+——
Given A=—*— B=—" Py 13 x2
x+1 x+1
| _x+2 x-1
A+B=—2 T x+3 x-2
x+1 x+1
x+2)(x—-2)+(x—1) (x+3)
x+1 =
= x+3)(x—-2)
x+1
o4+ +2x-3
X“+x-6
A-p=—2_1 2% +2x =7
x+1 x+1 =
X +x—6
x—1
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3.24
1
2. Simplify (i) —r—-X71
x*-1 x-1
_ 4x _x+l
S 2o1 x-1
4x x+1

:(x+l)(x—1)_x—1

-+ D)+ 1)
 (xk+D -1

Cdx— (P42t 1)
o+ D@E-1)

_4x—x2—2x—1
@+ D=1
B —x2+2x—1
S+ D(x-1)
- -2x+1]
S x+ D (x-1)
-1
S+ D(x-1)

_—(x=1
T ox+1

1-x

1+x

4. Which rational expression should be

2

subtracted from x?ﬁ to get
x +8

__3

x> =2x+4

Let the expression be P (x)

Given

x2+6x+8_p(x)_ 3
v +8 x> —2x+4

x2+6x+8_ 3
x3+8 x2—2x+4

x+2)(x+4) 3
(x+2) (X =2x+4) ¥ -2x+4

from

3. Subtract
x2+2 (x2 + 2)2

_2x3+x2+3_ 1
?+2° P +2

_2x3+x2+3—(x2+2)
o7 +2)

_2x3+x2+3—x2—2
o +2)?

B 2x3 +1
o +2)°

23+ x%43

“A-B (A+B)(A-B)
__A+B-2B
" (A+B)(A-B)
___A-B
" (A+B)(A-B)

1
A+B

2x+ 1 _2x—1
-1 2x+1

Put A =

2x+1 2x—-1

A+B= +
2x—-1 2x+1
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(i) 6x2+x-1) G2 +2x-1) 22 +3x+1) o TX*—13x-2 —/14\
Here =(x=2)(Ix+1) 141
2 — —_
o Ox"+x—-1=2x+1)(Bx-1) 141
A L
1
3 -2 -2 7
% %2 o 28x°—3x-—1 —28
1 —1 =@x-1)(Tx+1) /\
2 3 -7 4
o 3P +2x—1=(x+1)Gx-1) -7 4
28 28
A -1 1
/\ 4 7
3 -1
3 -1 V@ —9x +2) (757 — 13x - 2) 28%% — 3x — 1)
3 73
_1 =V(x-2) (dx—1) (x=2) Tx+ 1) dx— 1) Tx + 1)
1 —
3 =|x-2)@x-1)(Tx+1) ]
o 27 +3x+1=(x+1)2x+1)
) ) 2x2+1—67x+1J %x2+4x+2J
2/\1 4 5, 11
gx +?x+2 72
2 1
D) Here 9 8
) 17 9 8
1 % o 2x +?x+1 12 12
| 32
=g[12x2+17x+6] 4 3
s VO +x-1) B2 +2x— 1) 25> +3x + 1) 1 B
=& (4x+3) Gx+2) A
=VRx+1) Bx=1) (x+1) Gx—1) (x+ 1) 2x+1) 5 5 6
° EX +4x+2
=|(x+1)2x+1)Bx—-1)] % g
=%[3x2+8x+4] )
1 3 7
2. (iv) (4x%=9x+2) (Tx*—13x —2) g =5 (x+2) (x+2)
2
28x% - 3x -1 24
( x-1) /\ ° %x2+%x+2 /\
Here -8 -1 ] o
. 42 _0r+2 -8 -1 Ll tic 6 38
e 4 4 ; "
=(x=2)(4x-1) -1 =—(4x+3) (x+2) 3
-2 o 3 > 2
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V(2x2+%x+l

\/lxix%x(4x+3) BGx+2) Bx+2) (4x+3) (x+2)

32 4 2 11
J(Ex +4x+2j[§x +?x+2j

6" 2

| (x+2) Bx+2) (4x+3)|

[

Example 3.20

(i) [(VI5 x> + (VB +V10) x + V21 [\5 x° + (25 + 1) x + 2]
N3 x2+ (V2 +2\3) x +22]

o VI5X°+(3 +V10)x+V2
=V15 x> + V3 x+ V10 x +\2
=3 x(V5x+1)+V2 (5 x+1)
=(V5 x+1) (V3 x+1\2)

e 32+ V5+1)x+2
=V5 2 +2V5 x+x+2
=\V5x(x+2)+1(x+2)
=(x+2)(V5x+1)

o V3X2+(N2+2V3x+2V2
=32+ V2 x+2V3 x+2V2
=x(V3x+V2)+2 (3 x+2)
=3 x+V2) (x+2)

VETE 2+ (B V10 x4+V2) (5 2+ 25 + D) x +2)
32+ (2 +23 x+22)

=\/(\/§x+1)(V§x+\/5)(\/§x+1)(x+2)(x+2)(\/3—x+\/§)

=|(x+2) (V5 x+ 1) (V3 x+2 |

Exercise 3.8

Square root by long division method.

Type I: Find the square root
Q.No. 1(i) (ii) (iii) (iv), Example 3.21,
3.22, Q.No. 2

1. Find the square root of the following
polynomials by division method.
) xf—1203 + 4262 - 36x +7

x2—6x+3

| = 1223 + 4227 - 36x + 9
“)
x4

2% —6x| = 12x° + 4247
® O
— 127 + 36x°

2x2—12x+3 6x2—36x+9

CIOS)

6x2 —-36x+9

0

oo o128 427 - 36049 = | X7 — 6x + 3 |

Gi) 37x%—28¢ +4x? + 420 +9
Rearrange the given polynomial
degree in ascending or descending order

ax* — 283 +37x% + 42x 4 9

as per

2%~ 7x -3
do* —28x% +37% +42x + 9
)
4x4
—28x% +37x°
* )
—28x° + 49x
— 12 +42x+9
® G @
— 12 +42x+9
0

2x2

4x® —Tx

4x2 —14x-3

s N =283 4377 4420 +9 = | 247 — Tx - 3 |
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i) 16x* +8x%+1
Hence some terms are absent so let

16X+ 000 + 82+ Ox + 1

4x2+0x+1

16x + 0 + 8% + 0x + 1
)
16x*

4x?

Ox3+8x2+0x+1

G 6 6 6

8x% + 0x + 1

Ox3+8x2+0x+1

0

V16t + 87 +1 =42 +1|

(iv) 121x* - 198x> — 183x? + 216x + 144

1x2—9x— 12

1152 | 121x* - 198x° — 183x% + 216x + 144

)
1215

—198x> — 183x%
® O

20x% — Ox

— 198x3 + 81x2

—264x% + 216x + 144
® O O
—264x°% + 216x + 144

22x% —18x - 12

0

o V1216 - 198x° — 18322 + 216x + 144

=] 11x° - 9x — 12|

Example 3.21

Find the
4 3 2
64x" —16x" +17x“ - 2x +1

square root of

8% —x+1
82| 64x* — 16> + 176% = 2x + 1
)
6dx*
16x* — x — 167 + 174°
) )
16x* = 2x + 1 — 1687 + 4%
16x° - 2x + 1
() & O
16x° = 2x + 1
0

s Veax - 168 + 172 = 2x+ 1 = | 8x% —x + 1|

Example 3.22

Find the square root of the expression

2 2
eI L
yo 7 rox
y X
2x | 4,2 2
74%4_&4_13_&4_9%
y y X X
-
4x?
"2
y
ﬂ+5 20¢ 13
y
) O
&+25
y
2
Ao _p 30y 9
y X x x2
+H ) )
2
_12_&&%
X x
0
4% 20x 30y 9 | 2x 3y
ST+ 13-4 = 45 -
y y by X X
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2. Find the square root of the expression

2 2

yz y x 2
y X
X
—ﬁz—&+27 Oy ¥
Y0y X
=)
x2
2
y
L —10x >
y y
)
—10x | s
y
2
2 o4 510y, »°
y X X2
() B O
2
2 10y+y_2
Xy
0
2 2
x_z_&+27_10y+y_2 = | E-542
y Xy y X
Type ll: Given expressions are perfect

square find unknown values

Q.No. 3(i)(ii), Example 3.23, 4(i)(ii)

3. Find the values of a and b if the following
polynomials are perfect squares
() 4123+ 372 +bx +a

6% —3x+7

22 4t =128 + 37 + bx + a
-)

4t
dx® = 3x —12x° + 37x°
+ )
—12:° + 9x°
4x2—6x+7 28x% + bx +a

O B e
28x% — 42x + 49

0

Because the given polynomial is a perfect
square a—49=0;b+42=0

a=49 b=—-42

(i) ax? +bxd + 361x% + 220x + 100

10+ 11x + 1242
101100 + 220x + 36122 + bx° + ax*
)
100

220x + 361x°
@ ©
220x + 12157
240x% + bx> + ax?

240x° + 264x° + 144x"
0

20+ 11x

20+ 22x + 1247

a=144
b=264

Example 3.23

If ot+123+28 +ax+b is a perfect
square, find the values of a and b
3% +2x + 4

3x% 9x4 F12° + 28 +ax + b
=)

9x*
6x% + 2x 1257 + 28x%
=) O
1207 + 4x°
6x% + dox + 4 24 + ax + b

G O
24x% + 16x + 16
0

Because the given polynomial is a perfect

square
b-16=0
b=16

a-16=0
a=16
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4. Find the values of m and n if the following
expressions are perfect squares.
) i—£+£+m+n
2P x

| —

><N|N
|
‘ I
bR
—_
2| L

o[
= oy

m=-12
n=4

(i) x* -8 +mx?+nx+16

Exercise 3.9

Key points

1. Quadratic Expression
An expressions of degree 2 is called a

quadratic expression which is expressed as

P (x) = ax® + bx + c,az0 and a,b,c are real
numbers.

2. Zeros of a quadratic polynomial
Let P (x) be a polynomial x =a is called zero
of P(x) if P(a)=0.

3. Roots of quadratic equations

b+ \b - dac

o 2a
4. Formation of a quadratic equation
g (sum of roots) x + Product of roots = 0
e ¥ —(0+P)x+aB=0

5. Sum and product of the roots of a
quadratic equation

—co —eff of
(i) Sum of roots =M
co-eff of x
-b
="
(ii) Product of roots :%antz
co - eff of x
c
aB_a

Type I: [Determine the quadratic equations:
Q.No. 1(i) to (iv), Example 3.25(i) (ii) (iii)

x> —4x+4
=8+ ma + nx + 16
)
x4
2% —dx| -8 +mi
) )
—8x° + 16x°
247 - 8x + 4 (m—16) x* + mx+ 16
) B )
8x% - 32x + 16
0
m—-16-8=0 n+32=0
m=16+8 n=-232
m=24

1. Determine the quadratic equations whose
sum and product of roots are

i -9,20
Sum (a+p)=-9
Product (o) =20
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~. Equation Example 3.25
2
X —(@+PB)x+ap=0 Write down the quadratic equation is
2o (=9)x+20=0 general forr.n Jor which sum and product of the
roots are given below.
X +9x+20=0 i 9, 14
Sum =9
i) 3,4 "
Product = 14
Sum (a+f)= % Equation
2 —
Product(o. B) = 4 X~ —(sum) x + product =0
2
Equation xX"=9x+14=0
2 —
X —(a+B)x+ap=0 (i) _7’§
2°2
X2 — % x+4=0 -7
Sum (a0 + B) = 7
3 —5x+12=0 S
Product (o)==
Lo —3 2
(iii) EX 1
Equation

Sum (oc+B)=_73

Product(o B) =—1
Equation

- (+B)x+ap=0

xz—(_—;}c+(— 1)=0

x2+%x—1=0

2% +3x=2=0
(iv) —Q2-a) (@a+5)?
Sum (o +B)=- (2 - a)?
Product(c. B) = (a + 5)°
Equation
(@ +B)x+ap=0

C+2-alx+@+5%=0

g (sum) x + product =0

2.7 . 5_
X +2x+2—0

(multiply by 2)
2% +7x+5=0

=3 -1
i) 5

Sum (oc+B):_?3

-1

Product (o B) = B3
Equation

g (sum) x + product =0

2,3 1
X +5x 2—0
(Multiply by 10)

102 +6x-5=0
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Type II: Find the sum and product of Multiply by @
the quadratic equations 5
o e e . 3a+a-10=0
Q.No.2(i) (i) (iii) (iv), Example 3.26(i) (ii)
(iii), Example 3.24. Here A=3;B=1;C=-10
2. Find the sum and product of the roots for | , g,m of roots = ——
each of the following quadratic equation: A
N2
—28 = -1
(i x*+3x—-28=0 0°+B:T
X +3x-28=0 c
a=1:b=3:c=-28 e Product of roots =1
-b -
e Sum of roots = aﬁ:%
-3 . 2 _
——— (iv) Jy“"—y—4=0
1
a=3;b=—1;c=-4
a+pf=-3
Sum of roots =—
e Product of roots :g * Hm of Toots a
oc+B—l
_—28 =3
1
of=-28 e Product of roots = g
2
() x“"+3x=0 -4
“P=73

a=1;b=3;c=0

e Sum of roots =

Example 3.26

Find the sum and product of the roots for
each of the following quadratic equations.

a+f=-3 () X +8x—65=0

e Product of roots :g a=1;b=8;c=-65
=9 e Sum of roots =—
1 a
af=0 =-38
(iii) 3+l=1—(2) e Product of roots :2
a q
=—065
110
a i) 2x%+5x+7=0
3+l—m=0 a=2;b=5;¢c=7
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e Sum of roots =— Exercise 3.10
a
-5 Key points
2
Solving quadratic equations
C
* Product of roots = 1. Factorization method
7 2. Quadratic formula method
2 — b+ b —dac
X=—-—_-—
(i) kX -K*x-2k3=0 2a

a=k:b=—k:c=-2k

e Sum of roots =—
a
K
Tk
=k
c
. Product of roots =;
-2
Tk
=— 2%

Example 3.24

Find the zeroes of the quadratic expression
X2+ 8c+12

Let P (x)=x>+8x+ 12
=(x+2)(x+6)
P(-2)=(-2°+8(-2)+12
=4-16+12
=0
P(-6)=(—6)>+8(-6)+12
=36-48+ 12
=0

—2 and — 6 are zeroes of P (x).

3. Completing the square method

1. Solve the following quadratic equations by
factorization method

() 4x*-7x-2=0 _3
452 - Tx-2=0
-8 1
(x=2) (4x+1)=0
-8 l
x—2=0 4x+1=0 4 4
x=2 _-1 2 1
X= 4
. t: _2__1
. TOOlS are x = 2, 4
() 3@P*-6)=P(P+5) - 36
2 2
3P - 18=P*+5P o 4
3P*- 18- P>-5P=0 -9 4
5 2
2P*-5P-18=0 2
—9 2
2P-9) (P+2)=0 >
2P-9=0 |P+2=0
2P=9 |P=-2
9
P=2,

9
. roots are —2 and =

2
(i) Va@-7) =32
Na (a—"17) =32

Squaring on both sides
a(a-7)=(32)*



www.nammakalvi.in

3.36

Nithish’s Mathematics - X Std

a2—7a:18
2
a —T7a-18=0
(a-9)(a+2)=0
a—9=0
a=9

a+2=0
a=-2

‘. roots are a=—2,9

(@iv) V22 +7x+5V2 =0 10
V2 2 +7x+5V2 =0 2/\5
x+V2) V2 x+5)=0 5 s

x+¥2=0 [V2x+5=0 V2 2

x=-\2 V2 x=-5 S

27
]
2
‘. Toots are x=—\/§,_—5
2

v) a%-x %:0
Multiply by 8 16
16x> - 8x+1=0 -4 —4

(4x=1°=0 -4 -4
16 16
4x-1=0
-1 -1
dx=1 4 4
L
T4
. roots EII'Cll
' 44

V2 x=+3

R
e B
) V272

Example 3.28

Solve 2m2+19m + 30 =0

) 60
2m” +19m+30=0 /\\
Qm+15) (m+2)=0 15 4
15 4
2m+15=0 | m+2=0 2 )
2m=—-15 m=-2 15 5
_-15 2
M=
-15
. Toots are —Z,T
Example 3.29
Solve x*—13x* +42=0
A 13 +42=0 /42\
G- 132 +42=0 _¢g —7

Let a=x2
- 13a+42=0
(@a-6)(@-7)=0

Example 3.27

Solve 2x* —2V6 x +3=0
2% —2V6 x+3=0
2% -6 x—V6 x+3=0
V2 x(V2x-V3)-\V3 (V2 x=3)=0
(2 x=V3)(V2x-3)=0
V2 x-V3=0

a—6=0
a=6
x2=6

x=+V6

a—7=0
a="7
x2=7

x=+\7

‘. roots are xzi\/g,i\h_

Example 3.30

Solve
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Let y= X then 1_x- 1 Exercise 3.11
X—= y X
y+iool 4 KEY POINTS
o /N
2 II. Solving a Quadratic equation by
y+1 5 -4 -1 .
y =5 completing the square method.
2y2+ 2=5y _74 _71 Step 1: Write the quadratic equation in general
) form ax’ +bx+c=0
2y —=5y+2=0 -1
-2 — Step 2: Divide both sides of the equation by the
(-2 2y-1)=0 )
co-efficient of x” if it is not 1.
-2=0 2y-1=0
Y Y Step 3: Shift the constant term to the right hand
y=2 2y= side.
X 1
—1 =2 y=5 Step 4: Add the square of one-half of the
1 co-efficient of x to both sides.
x=2x-2 X _1
=2 x-1 2 Step 5: Write the left hand sides as a square and
Ix=x—1 simplify the right hand side.
xX=- Step 6: Take the square root on both sides and
solve for x.
. roots are x=—1,2

2. The numbers of volleyball games that
must be scheduled in a league with ‘n’

teams is given by G (n)=% where
each team plays with every other team
exactly once. A league schedules 15 games.

How many teams are in the league?

Given
G(n)_n2—n
2
n—n
15 = 3 ~30
nz—n=30 /\
n—n-30 =0 63

(n-6)(n+5)=0

n—-6=0 n+5=0
n==6 n=—-5 (not
possible)

-. Number of teams in the league is 6.

III. Solving a quadratic equation by
formula method.
- b=* \/b2 —4ac

= 2a

Type I: Completing the square method
Q.No. 1(i)(ii), Example 3.31, 3.32

1. Solve the following quadratic equations by
completing the square method:

(i) 9>-12x+4=0

9> —12x+4=0
Divide by 9
2 12 4
X 9 9—0
24 -4
3779
1 4 1 2
[§Co'effx_§><§_§}
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. The roots are x=

+7

(ii) 3x+2

Sx+7
x—1

=3x+2

Sx+7=0Gx+2) (x—1)
Sx+7=3x>—3x+2x—-2
Sx+7=3x"—x-2
3P —x—2-5x-7=0
32 —6x-9=0
Divided by 3
X —2x-3=0
2 -2x=3
[Add (1)> on both sides]
owr12=3+12
(x-1>=4
(x-1)*=2?

2

(x-1)>-2%=0

[use a®>—b>=(a+b)(a—Db)

x-14+2)(x—-1-2)=0
x+D)x-3)=0

x+1=0

. roots are x=—1,3

Example 3.31
Solve x2-3x-2=0
X —3x=2=0
x2—3x:2
3 2
Add(g) on both sides
2 2
2 ER 3
X —3x+(2 —2+[2J
2
3 9
[x—z —2+4
ARV
2|1 4
3 17
_ T 44l
T2 N
3 7 3_-N17
T2T T2
_N17 .3 _-V1I7 .3
S ) YT T
3+N17 3-N17
xX= xX=
2 2
34417 3-V17
.. Roots are x= 2
2 2
Example 3.32
Solve 2x* —x—-1=0
2x2—x—1:O
divide by 2
2_x_1_
X =) 2—0
2ox_1
22
1 2
Add (ZJ on both sides
2 2
2_X _1. (1
g3 -4(Y

g
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IV 11 _5%3
4172716 4
2 _5+35-3
)c—l zﬂ T 4 4
o0 282,01
1 2_2 44 2
4116
L3 () 2/ -6 +3V2=0
x_Z:iZ a=\2:b=—6;c=3\2
L3 L s —b+\b* - dac
— == - X=—"5
Xa=7 X=y= 4 2a
31 L3 _6:\36-4(2) 3\2)
X=Z+Z X_Z:T - 2\/5
4 3 _6£V36-24
Ta X=ty T 2V2
=1 _5 _6+N12
Y= - 2\2
1 _6+2V3
=7 S22
_2(3£1\3)
*. roots are _71,1 22
x_3+\/3— 3-V3
T2 A2
Type Il: Quadratic formula method
2
Q.No. 2(i) (ii) (iii), Example 3.33, 3.34, || (i) 3y~ -20y-23=0
3.35, 3.36, 2(iv), 3 a=3:b=-20;c=-23
N
2. Solve the following quadratic equations by = —bEND —dac
formula method: 2a
(i) 2*-5x+2=0 202400 -4 (3) (- 23)
22— 5x+2=0 20
a=2:b==5:¢c=2 _201\]400-{-276
b b —_— 6
_mbENE —dac _20+676
= 2a B 6
+
5:\25-4)0) B2
2@) 20426 20-26
5+V25-16 6 ' 6
- 4 46 -6 23
"6 6 3!
_5+\9

4
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Example 3.33 Example 3.35
Solve x*+2x—2=0 by formula method. Solve 3P2+2\V5P-5=0 by formula
Zi2r—2=0 method.
a=1,b=2,c=-2 3P2+2\5 P-5=0
b+ NP —dae a=3:b=2V5;c=-5
X=—7——
2a — b +\b* - dac
X=—"--—""
_—2+V4-4(1) (-2 2a
2@ —2V5 V5 -4(3) - 9)
-2k V4+8 2(3)
=
-25 £420+60
_—24N12 - 6
B 2
-25 +V80
_-23273 ==
B 2
25 +4\5
_2(=1%3) =
B 2
-5+
x=—1+\3;-1-V3 =M
_—\5+245
Example 3.34 B 3
Solve 2x* —3x —3 =0 by formula method xz_\/g';z\/—, _\/5—;2\@
2 _
2x°=3x-3=0 _£ _ 345
a=2;b=-3;¢c=-3 37 3
— b+ \b —dac LB E
X=—"—"—T[—"" 33
2a
_3£V9-4(2)(-3)
B 2(2)
Example 3.36
3+V9+24
- 4 Solve pgx>—(p+q)’x+ (@ +g)*=0
:3i\/§ Here a=pq
4 2
b=—(p+
34V 3-VE al
T4 0 4 c={p+q)’
—bi\jb2—4ac
X=—"-—"

2a
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2
(p+q)2i\/[_(p+q)2] ~4pg(p+q)
- 2pq

_ (P+q)2i\/(p+q)4—4pq(p+q)2
2pq

_p+ 0’ ENe+9’ [0+ - 4pq)
2pq

_ (0 +q)° t\Np+9)? P>+ 2pq + ¢ - 4pq]
2pq
_p+ 9’ ENe+9’ 0-a
2pq

_ 0+’ t @+ (-9
2pq

_pt+9p+9 (P-4
2pq

_ 12a+12b
N

_12(ath)
)

2Pt 0Pt -9l| _@0+t9w+t9-@-g)]
2pq 2pq

_p+4q (Cp) _p+glptqg-p+ql
2pq 2pq

_ptg _+9) g
q 2pq

_ptq

#> Solution:

2. (iv) 36y>—12ay+(@*-b*=0
A=36;B=-12a;C=d*-b°

_—-BE\B -44AC

= 2A

 12a (- 120) - 4 (36) (a* ~ 1)
*e 2 (36)

12a + \144d> — 1444° + 144b°
- 72

 12a+\144 7

72

3. A ball rolls down a slope and travels a

distance d=1*—0.75¢ feet in ¢ seconds.
Find the time when the distance travelled
by the ball is 11.25 feet.

Given
d=r-0751¢
1125=£-0.751¢
2 -075:-1125=0
a=1;b=-075;c=-11.25

_—bi \lbz—4ac

= 2a

|_075% V0.5625 — 4 (— 11.25)

2
0752 \0.5625 +45 675
2 6455625
_0.75 + V45,5625 36
- 2 127 956
0.75+6.75 889
- 2 1345 6725
|_0754675 075-675 #
=222l :
= 7.50 -6
T 22
~=375,-3

Negative not possible.

. Time taken 7= 3.75 seconds
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Exercise 3.12

Key points

Solving problems involving quadratic equations
Step 1: Convert the word problem to a quadratic
equation form.

Step 2: Solve the quadratic equation obtained in
any one of the above three methods.

Step 3: Relate the mathematical solution
obtained to the statement asked in the question.

Type I: Simple problems
Q.No. 1, 6, Example 3.39

1. If the difference between a number and

its reciprocal is %, find the number.

Let the number be x

Given x—l—% -25
x5 /\
x2—1_% -25 1

x 5 -25 1

5x% — 5= 24x 5009

2 -5 1
5x"—=24x-5=0 5

(x=5)(Gx+1)=0

x=5=0 |5x+1=0
x=5 S5x=-1
_-1

Y=

. The number is 5,_?1

6. From a group of 2x? black bees, square
root of half of the group went to a tree.
Again eight, ninth of the bees went to the
same tree. The remaining two got caught
up in a fragrant lotus. How many bees
were there in total?

Given

Number of black bees = 2x2 -36
. 2 8 -2 /\
Given 2x —x—§(2x)=2 -12 3
2 2 -2 3
18x“—9x —16x" =18 D) 2
262 - 9x - 18=0 -6 %

(x—6) (2x+3)=0

x—6=0 |2x+3=0
x=6 x=_73 (not possible)

~. Number of bees =2x
=2 (6)°
=2x36
=72

Example 3.39

A flock of swans contained x> members. As
the clouds gathered, 10x went to a lake and
one-eight of the members flew away to a garden.
The remaining three pairs played about in the
water. How many swans were there in total?

. 2
As given there are x~ swans.

Given data, x* - 10x — é X¥=6

8x% — 80x — x° = 48
Tx> — 80x — 48 =0
a=7;b=—80;c=-48

_—bi \]b2—4ac

r= 2a
88
80+ V6400 -4 (7) (- 48) 877,44
2(7) 64
80 + /6400 + 1344 1681344
= " 1344
_80£N7744 ’

14
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_80+£38 Two years ago, his age = (x—2) years fours
14 years from now,

_80+88 80-88 his age = (x+4) years

14~ 14 Given (x—2) (x+4)=1+2x
2@ -8 P +dx—2x—8-1-2x=0
14° 14 )
x"=9=0
-4 .

=12, - Not possible (x+3)(x-3)=0

<. Number of swans = (12)° = 144. x+3=0 x=3=0
x=-3 x=3
not possible

Type Il: Comparison based sums
Q.No. 4, Example 3.37, 9

4. A girl is twice as old as her sister. Five
years hence, the product of their ages (in
years) will be 375. Find their present ages.

Let the present age of the girl is ‘2x’ years
and her sister age is x years.

After five years
Given

(2x +5) (x+5) =375
22 + 10x + 5x +25-375=0
2%+ 15x =350 =0
(x—10) 2x+35)=0

x—10=0 |2x+35=0
= - —-700
x=10 e 35 AN
2 35 -20
not posible 35 —20
- Age of sister = 10 years 2 2
Age of girl =2 (10) % -10

=20 years

Example 3.37

The product of Kumaran’s age (in years)
two years ago and his age fours years from now
is one more than twice his present age. What is
his present age?

- present age of Kumaran is 3 years.

9. Two women together took 100 eggs to a
market, one had more than the other.
Both sold them for the same sum of
money. The first then said to the second:
“If I had your eggs, I would have earned
Rs. 157, to which the second replied: “If
I had your eggs, I would have earned Rs.

6 %”. How many eggs did each had in the

beginning?

Let the numbers of eggs of women 1 be x
and woman 2 is y, and their selling price be
D, q respectively.

Given x+y =100 (1)

y=100—-x

If both of them sold the eggs for the equal
sum of money

px=qy ..(2)
Given

2

py=15 cpc:63

py=15

P=" 1473

Given px =gqy

Let the present age of Kumaran be x years.

15._20
y ~3x”
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15x 20 (100 —x) 22 a2
X _ 5% = )%+ (31 -x)
100 — x 3x 2 2
625=x"+961 —-62x +x
455> =20 (100 — x)° 5
5 5 2x°—62x+961 —625=0
9x% = 4 (x* - 200x + 10000) )
, 2%~ 62x +336 =0
9x“ = 4x~ — 800x + 40000 )
5x2 + 800x — 40000 = 0 ¥ =34 168=0
x% + 160x — 8000 = 0 (=24 (x=7)=0
(x +200) (x—40) =0 x-24=0|x-7=0
— 8000 x=24 |x=7
x+200=0 x—40=0
_ . The sides of triangle are 7 cm, 24 cm and
x=—200 x=40 200 -40

not possible

(1)=>y=100—-x

=100 -40
y=60
. woman 1 had 40 eggs and woman 2 had
60 eggs.
Type lll: Phythagoras theorem based
sums:

Q.No. 10, Example 3.38, 5

10. The hypotenuse of a right angled triangle
is 25 cm and its perimeter 56 cm. Find the
length of the smallest side.

Given b=25cm
a+b+c=56cm
a+c+25=56
a+c=56-25 A

a+c=31
b
Let a=x a
c=31-a
. C
c=31-x B ¢

In AABC, by phythogaras theorem

2 2

b2=a +c

25 cm

Here smallest side = 7 cm.

Example 3.38

A ladder 17 feet long is leaning against a
wall. If the ladder, vertical wall and the floor
from the bottom of the wall to the ladder form
a right triangle, find the height of the wall where
the top of the ladder meets if the distance
between bottom of the wall to bottom of the
ladder is 7 feet less than the height of the wall?

Let height of the wall AB=‘x" feet
Given data BC = (x—7) feet
AC =171t

A
17f+

(wall) x Ladder

B x-7 c
by phythogaras theorem
AC?=AB? + BC?
(172 =x% + (x = 7)?
289 = x* + x> — 14x + 49
2x% — 14x + 49 — 289 = 0
2x% = 14x =240 =0
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X —Tx—120=0 OR=x-4
x—15)x+8)=0 =16-4
x-15=0 | x+8=0 =12cm
=15 x=—8 not possible. -. The pole should be erected at a distance

. Height of the wall = 15 ft.

5. A pole has to be erected at a point on the
boundary of a circular ground of diameter
20 m in such a way that the difference of
its distance from two diametrically
opposite fixed gates P and @ on the
boundary is 4m. Is it possible to do so? If
answer is yes at what distance from the
two gates should the pole be erected?

R

20m

PO=20m 1is a diameter of a circle.

. ZPRQO=90° (Angle in a semi-circle)
Given data PR=x then QR=x—-4
- In APRQ

PO? = PR* + OR?
20% =% + (x - 4)°
400 = x>+ x* — 8x + 16
2% —8x+ 16 —400=0
2x° —8x—384=0
X2 —4x-192=0
(x—16) (x+12) =0
x—16=0 x+12=0

x=16 x=—12 not possible.

of 16m and 12m from the two gates.

Type IV: Mensuration based sums

Q.No. 2, 8

2. A garden measuring 12m by 16m is to
have a pedestrian pathway that is ‘w’
meters wide installed all the way around
so that it increases the total area to

285 m% What is the width of the pathway.

w

16
w

Dimension of outer rectangle
L=16+2W
B=12+2W

Area of outer rectangle =285 m’
(16 + 2W) (12 + 2W) = 285
2(8+ W) 2 (6+W) =285
4 [48 + 8W + 6W + W?) = 285
4 (W?+ 14W + 48) — 285=0 3|93

\®)
—
0
(@)}

4W2 +56W + 192 — 285 =0 31
4W? —56W —93 =0 -

W +31)(2W=3)=0 _

(2W +31) @W - 3) S
DW+31=0 [2W-3=0 2 -6
DW=-31 |[2W=3 4 3

-31 _3 31 -3

-2 2 2 2

not possible

~. Width of the pathway is 1.5m
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There is a square field whose side is 10m.
A square flower bed is preparallel in its
centre leaving a gravel path all round the
flowed bed. The total cost of laying the
flower bed and gravelling the path at Rs. 3
and Rs. 4 per square metre respectively is
Rs. 364. Find the width of the gravel path.

10m

X

10m X X 10m

X

10m

Outer square Inner square

Side = 10 m Side = ‘X’ m

Area =10x10 Area =x° m?
=100 m

Area of the gravel path = (100—x2) m’

Given

Cost of laying flower bed =Rs. 3 per m’
Cost of laying gravel path =Rs. 4 per m’

Given data
3x% +4 (100 — x%) = 364
3% + 400 — 4x” — 364 =0
~ x> +36=0
=36
x=x6
-. Length of the flower bed = 6m
~. Width of the path = 6+2W=10
2W=10-6
2W=4

w=2

~. Width of the gravel path is 2m.

Type V: Distance speed, time based sums:

Q.No. 3, Example 3.40, 7

A bus covers a distance of 90 km at a
uniform speed. Had the speed been 15
km/hour more it would have taken 30
minutes less for the journey. Find the
original speed of the bus.

Let the original speed of the bus = ‘x’ km/hr

New speed = (x+ 15) km/hr

distance =90 km
Original
. distance
Time taken (7) = speed
= 20 hrs
X
New
Time taken (7,) = 20 hrs
x+15
512700
9x_0_ 9015 =30 minutes 51540
X 2108
1 1 1 2154
90| — - == ——
(x x+15 J 2 3127
319
90 x+15—x _ 1 3
x(x+15) | 2
- 2700
1350 _ 1
x2 + 15x 2 60 _ 45
X% + 15x =2700
X+ 15x-2700=0
(x+60) (x—45=0
x+60=0 x—45=0
x=-60 x=45

not possible

. Original speed of the bus is 45 km/hr.
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Example 3.40

A passenger train takes 1 hr more than an
express train to travel a distance of 240 km from
Chennai to Virudhachalam. The speed of
passenger train is less than that of an express
train by 20km per hour. Find the average speed
of both the trains.

Let
Average speed of passenger train =x km/hr
Average speed of express train
= (x + 20) km/hr
Distance = 240 km.

. Time taken by the passenger train =%hrs

Time taken by the express train = 240 hr
x+20
Given
20 240 _
x  x+20
240 L— =1
x x+20
40 x+20-x 1
X (x+20)
- 4800
4800
2 o0n
X7+ 20x 80 —60

X% + 20x = 4800
X2+ 20x — 4800 =0
(x+80)(x—=60)=0

x+80=0 x—60=0

x=-280 x=060

not possible

~. Speed of the passenger train = 60 km/hr
Speed of the express train =60 + 20
= 80 km/hr

7. Music is been played is two opposite
galleries with certain group of school. In
the first gallery a group of 4 singers were
singing and in the second gallery. 9 singers
were singing. The two galleries are
separated by the distance of 70m. Where
should a person for hearing the same
intensity of the singers voice? [Hint: The
ratio of the sound intensity is equal to the
square of the ratio of their corresponding

distances).
d 70-d
G, P G,
(4 persons) 70m (9 persons)

Here G| G, =70m
Let G; P=‘d’ m we get G, P= (70 —d) m.

Since the ratio of the sound intensity is equal
to the square of the ratio of their corresponding
distances.

4_ 4
9 (70 - a)
oV _(_a Y
3 70 -d
2__d
3 70-d
2(70-d)=3d
140 - 2d =3d
140 =3d + 2d
140=5d
140 _
0.
28=d
G, P=28m
G, P=70-28
=42 m

(or) (Another method)
4 (70 - d)* = 9d°
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2 o2 o2 _
4 (4900 — 140d + d°) =9d (i) x*-x-1=0
19600 — 560d + 4d” = 9d* a=1,b=-1c=-1
_ 12 _
5 + 560d — 19600 = 0 A=b"=dac
2
=-D"-4(1) (-1
d®+112d - 3920=0 CH=4MED
=1+4
(d+140) (d—-28)=0 —550
d+140=0 | d-28=0 Given roots are real and unequal.
d=-140 d=28
not possible (i) V2£2-3t+3V2=0
.. The person should stand 28m from gallery a=\2,b=-3,c=3\2
I (or) 42 m from gallery II.
(or) g Y A= b2 —4ac
=(-3)’-4(2) 3\2)
Exercise 3.13 —9-24
=-15<0

Key points
.. No real roots

Nature of roots of a quadratic equations:

. 2
Values of discriminant Nat  root (iv) 9*-6V2y+2=0
A=b*—4dac ature o roots a=9;b=—6\/§;c:2
A>0 Real and unequal roots A= b2 — dac
A=0 Real and equal roots —(-6 \/5)2 ~4(9)(2)
A<O No real roots —70_72
Type I: Nature of roots based sums A=0
Q.No.1(i)(i)(iii)(iv)(v), Example 3.41(i)(ii)(ii) .. roots are real and equal.
1. Determine the nature of the roots for the
following quadratic equations ) 94 b2 x* - 2dabedx +16¢> d*=0,a#0,b £ 0
() 15x*+1lx+2=0 A=94*b*
a=15;b=11;c=2 B =—-24abcd
)
A=p2—dge C=16¢c"d
A=B>—4AC

=(11)* -4 (15) (2)
=121-120

= (- 24abcd)” — 4 (9a° b2 (16¢% d°)
= 576> b* ¢ d* - 5764* b* * &
A=0
~. Given roots are real and unequal . toots are real and equal.

=1>0
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Example 3.48

Determine the nature of roots for the
following quadratic equations.

(i) x*-x-20=0
a=1;b=—-1;¢=-20
A=b> - dac
=(- 1)’ -4 (1) (- 20)
=1+380
=81>0

~. Roots are real and unequal.

(i) 9x*—24x+16=0
a=9;b=-24;c=16
A=b%—4dac
= (=24 -4 (9 (16)
=576 - 576
A=0

~. Roots are real and equal.

(i) 22-2x+9=0
a=2;b=-2;¢c=9
A=b> - dac

=(-2’-42) )
=4-72
A=-68<0

. No real roots.

Type II: Find the value of ‘K
Q.No. 2(i)(ii), Example 3.42(i)(ii)

2. Find the value(s) of ‘k’ for which the roots
of the following equations are real and
equal. (i) (Sk-6)x*+2kx+1=0
a=5k—-6
b=2k

c=1

Given roots are real and equal
A=0
b*—4ac=0
k)2 -4 (5k-6) (1)=0 6
4% =20k +24 =0
K —-5k+6=0
(k-2) (k-3)=0
k-2=0 |k-3=0
k=2 k=3

(i) kx®+(6k+2)x+16=0

a=k
b=06k+2
c=16
Given roots are real and equal
A=0 9
b* —4dac=0 /\\
(6k+2)2—4(k)(16)=0 -9 -1
36k” + 24k + 4 — 64k =0 -9 -1
9 9

36k% — 40k +4 =0
9%k* — 10k +1=0
(k=1) (9% - 1)=0

k=1=0 |[9%—1=0

\O | bt

Example 3.42

(i) Find the values of ‘k’ for which the

quadratic equation kx? - Bk +4)+81=0 has
real and equal roots?

kx? — (8k+4) +81=0
a=k
b=—(8k+4)
c=281
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Given roots are real and equal

A=0
b —dac =0
[ (8k +4)1> - 4 (k) (81) =0 64
641> + 64k + 16 — 324k =0 /N
) —64 -1
646 - 260k +16=0 | _
Divide by 4 16 16
16k —65k+4=0 | _, -1
(k—4) (16k—1)=0 16
k-4=0 |16k—1=0
k=4 1
k=1

(i)

Find the values of ‘.’ such that quadratic
equation (k +9) X+ (k+1)x +1=0 has no
real roots?

(k+9x>+(k+1)x+1=0
a=k+9
b=k+1
c=1

Given roots are no real roots

A<O

b —4ac <0

(k+1)> =4 (k+9) (1)< 0
K+ 2k +1 -4k —36 <0
K —2k-35<0
(k-7)(k+5)<0

v =5<k<T

Note

If a<P and if (x—o)(x—P)<0 then

o<x<p.

Type Ill:

(Prove the following)
Q.No. 3, 4, 5, Example 3.43

3.

If the roots of
@-b)x*+(®B—-c)x+(—a)=0 are real
and equal, then prove that b,a,c are in
arithmetic progression.

(@a-b)x’+(B-c)x+(c—-a)=0
A=a->
B=b-c
C=c—-a
Given roots are real and equal
A=0
B*-4AC=0

(b-c)-4(a-b)(c—a)=0

b = 2bc + ¢ — 4 (ac — a® — be + ab) =0

b2 = 2bc + ¢ — 4ac + 4a> + 4bc — dab =0

4% + b% + ¢ — dab - 2bc — dac =0
(-2a+b+c)?=0
-2a+b+c=0

2a=b+c

_b+c
“=7

b, a, c are in A.P.

Note

If b,a,c are in A.P then

_b+c
T2

If a,b are real then show that the roots
of the equation
@-b)x*-6@+b)x-9(@—-b)=0  are
real and unequal.
(a-b)x*—6(@+b)x-9(@-b)=0
A=a-D>
B=-6(a+b)

C=-9(a-b)
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A=B*-B*-4AC
S =6 @+ b)) =4 (a-b)(-9) (@-b)
=36 (a+b)> +36 (a—b) (a-b)
=36 [(a +b)* + (a—b)*]
=36[2 (a® + b)]
=72 (> +b%) >0
a,beR

Hence roots are real and unequal.

5. If the the
(*—ab)x*-2(@ -bc)x+b*—ac=0 are
real and equal prove that either ¢ =0 (or)
a®+b> + ¢ = 3abe

roots  of equation

(2 —abyx* =2 (a* - bc) x + b*> —ac=0
A=c?—ab
B=—2(a2—bc)
C=b*-ac
Given roots are real and equal
A=0
B*—4AC=0
[- 2 (a® = bo) > - 4 (¢® — ab) (B* —ac) =0
4[a2—bc]2—4[bzcz—ac3—ab3+a2bc]=0
divide by 4
a* =28 be+ b P - b> P +acd +ab’ - a be=0
a*=3a* b +ab® +ac’ =0

a[a3—3abc+b3+c3]=0

or a3—3abc+b3+c3=0

a®+b°+ ¢ =3abe proved

Example 3.43

Prove that the equation
x> (p2+q2) + 2x (pr+qs) +7% +5*=0 has no real
roots. If ps=qr, then show that the roots are

real and equal.
xz(p2+q2)+2x(pr+qs)+r2+s2:0
A=192+q2
B=2 (pr+gqs)

C=7'2+S2

A=B*—4AC
=2 (pr+gs)* -4 (> + D) (P +5%)

=4 [p2 P+ 2pgrs + q2 s2]

2 2

+q2r +q2s2]

2 2 22
r"—p°s

2 2
-q°r

-4 [p2 r2+p2s
:4[p2r2+2pqrs+q2s2—p
-5
=42pgrs—p* s = q" ]
=—4 [p2 s - 2pqrs + q2 r2]
=—4(ps—qn* <0 (1)

. since A= b2 —4ac <0, the roots are not
real.

o If ps=gr then
A=—4(ps—ps)2
A=0

Thus A=0 if ps=gr and so the roots will
be real and equal.

Exercise 3.14

Key points

1. The relation between roots and
co-efficients of a quadratic equation.

Let oo and P are the roots of the equation

ax’ +bx+c= 0, then
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. OH_B:—_b:—CO. efficients of x _ o PP+ o)
a co. efficient of x (o0 6)3
R o= < _ constant term oa+p
a o — efficients of x° B (o B)?

e Equation:
- (+B)x+ap=0
Note:
@) o +p*=(a+B)’-20p
(i) o-B=V@+p’-4ap
i) o+B =@+’ -3aB@+p)
(iv) o =p’=(@-B)]’+3ap(@-p)

) 0€4+B4=(062+B2)2—20€2 B2
= [+ B)* 2 B* ~ 2 (o B’
Type I: [Find the values of the following

based on q, f3]

3.45() to (vi), Example 3.46(i)(ii)

Q.No. 1(i)i)ii)(v), 2(i)(i)(ii), Example

1. Write each of the following expression in

terms of o+ and o3

N R
® 3B+3a
_o B
_3B+3a
307+3p°
T 9ap
3@ +PH) (@+B)P-2ap
C 9ap 3B
1 1
(i) —5—+—5—
B B’
_L L
B B o
oc+oc B
o B

(i) Ga-1)@BP-1)

=CBa-1)@Bp-1
=9af-3a-3p+1
=9afB-3(+pP)+1

(iv)

oa+3 p+3
+—
B o

+ +3
B e
_o(a+3)+B(P+3)

ap
_oc2+3oc+[32+3[?>

op
_oc2+[32+3oc+36

op
C(@+P)’-2aB+3(a+p)
ofp

2.

The roots of the equation 22— Tx+5=0

are oo and B without solving for the roots

find
o101 oa B
@) ” + B (ii) B + o (iii)

a+2 B+2
B+2 o+2
Given

2x2—7x+5=0
a=2;b=-7;¢c=5

Sum of roots =

a+B-%

c
Product of roots =

af=

|
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1 1 2
M —+3 7 5 7
o L) s 2 z
p M 2(3)]r4(3)s
1 1 P+a =
4= 5 (7
o B ap 2+2(2)+4
7
2 (£—5}+14+8
- 4
S =
2 S
2+7+4
_7
=3 29
% +22
5
=+11
(i) %+2 2
17
o, p_o’+p 4
B o ap 27
B’ -2ap :
o+ -2
= LB 7 2
4 27
2
) of2 _17
2 2 " 54
- S
2
49
—( 1 —5j><5 Example 3.45
ZQXZ If o and P are the roots of
43 2 +7x+10=0 find the values of (i) 0—B (ii)
_2 2, @2 3 o3 4, od a B
10 o + B @) o =B (iv) o +p (v) E+&
2 Q2
.o
veer, O+2 B2 @0——+E—
(iii) ———+ B «
B+2 o+2
a+2 B+2 K +7x+10=0
= 4+ —
B+2 oa+2 a=1;b=7;¢c=10
C(@+2*+(B+2)° _
B+2) (a+2) e Sum of roots =
_a2+4a+4+62+46+4
- af+20+2B+4 a+p=-7
2 a2
(T +B)+4 (e +B)+8 _c
= aB+2(0+P)+4 e Product of roots =

_[(@+B)*-20pl+4(a+P)+8
B aB+2(0+p)+4

af=10
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i a-B _(@+B)’-30B@+p)
a-B=V@+p)’-40p 5 of
_E=7"=-300) (=7
=\=7-4(10) 10
—-343+210
:V49—40 :T
_\9 —133
10
o—-P=3
@ o+ f’ Example 3.46
o +B2=(a+B)’-20apB xampze =
_(- 7)2_2 (10) If o,B are the roots of the equation
2 . a P
—49-20 x“+7x—-2=0, find the values of (i) E+a
— 2 2
=2 A
(iii) a3—|33 B«
o} B = (- +3 0B (0 p) 3+ 7x-2=0
a=3,b=T7,c=-2
=3’ +3100) -
e Sum of roots =—
[use ao— B =3 from(i)] a
=27+90 _7
o+pP=—
=117 3
(iv) (x4+ﬁ4 e Product of root =§
ol +Bt= (@’ +B) -2 (ap) 42
oap=—
[use o +B*=29 From (i)] | ¢ B
= (29)° - 2 (10) D gta o
= 841 -200 2, B _osb
=84l B o af
= 641
o B _(@+p)’-2ap
v) E+a ofp
o B ocz+[32 _72 5
L, P -7V _,(-2
T 5]
_2 -2 7
10 3
[use o+ P =29 from (ii)] (% %)x[?}
0(2 BZ
T 552 {7
P o |X| 2
O°_2+B_2_0(3+B3 _—61
B o af T 6
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2 Q2 o2 2
(i) % + % @ o andf
Sum Product
2 @2 3,3
o B_o+p —o?+ B o2 2
B« o 5 5
. =(+p’-2ap | =(@p)
o+ -3op(o+
— OLBB( . =(-6-2(-4) =(-4)°
3 =36+8 =16
il N e [ it — 44
3 3 3
= _7 . Equation
3 g (sum) x + product = 0
{ﬂ_&]x(ﬁ) X —44x+16=0
27 3 7
oy 2 2
—343-126) (-3 (i) - ando
_(=383-126) (-3 o™
27 7
Sum Product
__469 -3 2,2 2.2
27 7 o B o B
_67 2B+2a __4
9 o B o
_2(a+P) _4
Type ll: Form the equation based on ofd -4
roots o and f _2(=9) =-1
Q.No. 3(i)(ii)(iii), Example 3.47(i)(ii)(iii) -4
=3
3. The roots of the equation X +6x—4=0 Equation

are o and B. Find the quadratic equation
whose roots are

. 2 2 . 2 2
d = and £
(i) o and B (ii) o an 5
(i) o Bandp® o
C+6x-4=0

a=1;b=6;c=-4

e Sum of roots =7

c
e Product of roots =

¥ =3x-1=0
(i) opB and B’ a
Sum
o B+Ba
=ap(o+p)
——4(-6)
=24

Equation

g (sum) x + product =0

Product
o> Bxp’a
=(ap)’
=4’
=—64

g (sum) x + product =0

X2 —24x-64=0
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. 2 2
Example 3.47 (i) o B,p a
If o, P are the roots of the equation Sum Product
2 2 2 2
2x2—x—1=0, then form the equation whose =a”f+p"a =a” Bxp o
roots are =o.f (o +P) =0’ B’
. 11 ..
@ —,— (i) OLZB,BZOL(m) 20+B,2B+0 -1(1 =(aB)3
o B =—71| =
212
Given 1 X 3
22 -x-1=0 T4 :[TJ
a=2;b=-1;c=-1 -1
-b 8
e Sum of roots = Equation
0(+[3—% xz—(sum)x+product=0
x2+lx—l=0
c 4 8
e Product of roots =—
a Multiply by 8
ap= 82 +2x—1=0
(i) 2a+B,2p+a
W L1
o’ B Sum
Sum Product 200+PB+2B+0
1 1 1 1
o pB a B
=3 (o+
B+a 1 o+ )
Ca op = 1
p 3(2)
1 __L
_2 |- =3
-1 2 ?
2
Product
:—1 :—2
=Qaoa+p 2R+
. Equation ) 5
) =4oB+2a”+2pf +aP
x~ = (sum) x + product =0 s 5
=5apP+2 @+
P +x-2=0 B+2(+H)
=5aB+2[(0+B)’-2ap]
2
-1 1 -1

-5 1
= +2[Z+1}
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Step 2: To solve Xtx+l= 0, subtract

X +x+1=0 from y=x2+4x+3

that is y:x2+4x+3 =)
0=x’+x+1
y=3x+2
The equation represent a straight line. Draw
the graph of y=3x+2 by forming the table of
values as below.

X -2 -1 0 1 2
3x -6 -3 0 3 6
2 2 2 2 2 2
y=3x+2| -4 | -1 2 5 8

Step 3: Observe that the graph of y=3x+2
does not intersect or touch the graph of the

parabola y = Z+4x+3

Thus x2 +x+ 1=0 has no real roots.

Example 3.51

Draw the graph of y =x*+x -2 and hence

2 x-2=0

solve x
#> Solution:

Step 1: Draw the graph of y =X +x-2 by
preparing the table of values as below

ry L [ [ |
7 Scale -
x-axis: 1cm = 1 unit
6 y-axis: 1cm = 1 unit
A 5 4
(-3 4) A 4
5 “ (2,4
2 (aV]
J ]
\ |
2 +
\ "/
1
P ('2’ 0) (15 0) >
¥ 83 A -10 2 3 4 5 x

2) 2 &(0-2
(Vs &«

3.61
X -3 =-21-1 0 1 2
2 9 4 1 0 1 4
X -3 -21-1 0 1 2
-2 -2 =-2|=-2]|=-2]|=-21=-2
y:x2+x—2 4 0 |-2/-2]0 4
Step 2: To solve x2 +x—2=0, subtract

X +x-2=0 from y:x2+x—2

)

that is y=x2+x—2
O=x"+x+2
y=0

The equation y =0 represents the X axis.

Step 3: Mark the point of intersection of the

curve x> +x—2 with the X axis. That is (-2,0)
and (1, 0)

Step 4: The x coordinates of the respective

points form the solution set {-2,1} for

x2+x—2=0

Example 3.52

Draw the graph of y =x*—4x +3 and use
it to solve x> —6x+9=0

# Solution:

Step 1: Draw the graph of y=x2—4x+3 by
preparing the table of values as below

x -2|-1]0 1 2| 3| 4
P 4 L |0 1| 4] 9]16
—4x 8 | 4 | 0 |-4|-8|-12]|-16
3 3 3 3 3 3 3 3
y= P —dx+3 15 8 3 0 -1 0 3
Step 2:
To solve x2 —6x+9=0, subtract

X —6x+9=0 from y=x"—4x+3



www.nammakalvi.in

3.62 Nithish’s Mathematics - X Std
1y L |
A Exercise 3.15
16 Scale -
\(—2, 15) x-axis: fom = 1 unit 1. Graph the following quadratic equations
% \ 14 y-axis: fom =2 units | and state their nature of solutions
%
T2 () x*-9x+20=0 (i) x*—4x+4=0
*\ 0 i) +x+7=0Gv) x*-9=0
RN (V) X>—6x+9=0 (vi) 2x-3)(x+2)=0
74 ©) [
p v=2%+6 # Solution:
2 @ x*-9xr+20=0
B\ / 5:4) )
XD 4’3)/“ R Let y=x"—9x+ 20
2 (&, 2,
. 1,0) (3,0) . X: |-2|-1|o 1| 2|3 |4]5]|6]7
x 2 -1 2_1)’ E 4 5 6 x e 411101 4 9 | 16 | 25 | 36 | 49
-2 (P R) ~9x: (189 | 0 [-9|-18|-27|-36|-45|-54|-63
4 L 20: [20/20[20]20| 20 [ 20 | 20| 20 | 20 | 20
-4 =4
y=x'-
64 (0-L6) 4230 [20[12] 6 | 2 0] 0] 2]6
O U5 T9) 9x + 20:
vy
that i 2 _4x+3 2] | ‘ll |
-y~ _ _ 32 Scale
atis y=x * ( ) (-1,30) \,m x-axs: fom= 1 unit
0= xz —6x+9 \ y-axis: 1cm = 4 units
y=2x-06 203 (0,20)
The equation y=2x—6 represents a straight 16
line. Draw the graph of y=2x-—6 forming the 2 {-12)
table of values as below. 8 N2 b) -5
X o 1| 21]3]4]s ) ) 32N 60060
<’ 1 0 Y- r -
2x 0 > 4 6 8 10 X-5 -4 -3 -2 - 4 1l 2 3 4 6 T x
-6 -6 -6 | -6 | -6|-6|-6 -8
y=2x-6| -6 | -4 | -2 | O 2 4 712
The line y=2x—6 intersect y= x> —4x+3 =20
only at one point. =24
Step 3: Mark the point of intersection of the 28
curve y=x*>—4x+3 and y=2x—6 that is (3, 0) ¥
e Plot the points (-1, 30),(0,20),(1,12),

Therefore, the x coordinate 3 is the only

solution for the equation P —6x+9=0

(2,6),(3,2),(4,0),(5,0),(6,2),(7,6) on the
graph.

e Join all the points by a free-hand smooth
curve. This the

y=x2—9x+20.

curve is graph  of
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e Here, the curve meets x— axis at (4, 0), | (iii) Prx+7=0
5, 0).
Let y= tx+7
The equation has real roots and
x — coordinates of the points are x=4,x=15 * A el B N ! 2
] b 9 4 1 0 1 4
~. Solution ={4,5} . S P I Bt . 5
(i) x*—dx+4=0 7 BEEERERERE
2 y=x"+x+7: 13 9 7 7 9 13
Let y=x"-4x+4
X 2l -11] o 1 2 3 4 Plot the points (=3,13),(-2,9),(-1,7),
2 4 1 0 1 4 9 16 0,7),(1,9), (2, 13), (3, 19) on the graph.
—dx 8 | 4 | 0 | -4 )-8 -12/-16 Join all the points by a free-hand smooth
4 S I N S S O OO N curve. This curve is the graph of
2 .
y=x"—4x+4: 16 9 4 1 0 1 4 y=x2+x+7
e Plot the points (-2, 16), (- 1,9), (0, 4), (1, 1), Here, the curve does not meets the x — axis
(2,0), (3, 1),(4,4) on the graph. and the curve has no real roots.
3 [ T T 1
(0116 14 y | | | 14 y Scale |
== 106) 16 Scale 1 1o x-axis: 1cm = 1 unit
14 x-a)gis_:11cm_= 21 ur!i; 14 -axis: 1cm = 2 units
\ i, y-axis: 1cm = 2 uni (3,13) . @ 13)
\ 14 \ 14 /
Lot @9\ | .| fa.p
\( ('l> %K;/(O’ 7)
A\
4} 0.4 “,4) 4
2 2
< 1’ 1}' (2, 0) /(3’ 1) > < »
X6 -5 -4 -3-2-0 2 34 5 6x X6 54 3 2 -0 > 3 4 5 6 x
2 =2
-4 4
=6 =6
-8 =8
10 10
2T 21—
vy v?Y
e Join all the points by a free-hand smooth | (iv) x2-9=0
curve. This curve is the graph of Let y= x*-9
2
y=x"—4x+4. x: -4 -3 |-2]-1l0 |12 4
2,
e Here, the curve meets x — axis at (2, 0) Sl 1619 41101 ]4]9]16
-9: -9(-9|-9|-9|-9[-9[-9]-9]-9
~. The equation 2 equal roots. y=x*-9:| 7 | 0 |-5|[-8|-9|-8|-5]| 0 |7

~. The x — coordinates of the points is x=2

- Solution ={2,2}
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5] [ L 1] £y
9 Scale — 18 -
weaxis: om = 1 unit _ Scale
8 y-axis: 1em = 1 unit [ (-1,16)¢ 16 xeaxs: fem = 1 unit
y-axis: 1cm = 2 units
4+ 7 4D 4
\\ 4 / 10
\\ 2 // . 5.4
-3,0 i 3,0 2
<« 3.9 5 G40 > @, 1} (3,0) /(4, 1)
X6 5 4 3 2 - ) B 4 6 X < >
\ -t / X6 -5 4 3 210 2 3 4 5 6x
-2 -
U
L / 5
@25y s @19 8
-6 01—
\l 1/ vy
H-8)\8 ;18 e Plot the points (-1, 16),(0,9),(1,4), (2, 1),
o5 (3,0), (4, 1), (5, 4) on the graph.
Sy e Join all the points by a free-hand smooth
_ curve. This curve is the graph of
e Plot the points (-4,7),(-3,0),(-2,-5), 5
y=x"—-6x+09.

(-1,-8),(0,-9),(1,-8),(2,-5),(3,0), (4, 7)
on the graph.

Join all the points by a free-hand smooth

curve. This curve is the graph of y =x*-09.

Here, the curve meets x— axis at 2 points
(-3,0),(3,0)

. The equation has real and unequal roots.

.. The x — coordinates are 3, — 3 will be the

solution.

- Solution ={-3,3}

v) x*-6x+9=0
# Solution:
2
Let y=x"-6x+9
X —2|-1] o | 1|2 |3]4]|s5s
Pl 4 10 1] 41]9]16]2s
—6x: 12 0 | -6 |-12]|-18]-24|-30
9: 9 9 9 1 99 |9
y=x —6x+9:| 25 |16 | 9 | 4 [ 1 |0 | 1| 4

Here, the curve meets x — axis at only one
point (3, 0) and the equation has real and
equal roots.

. The x — coordinate 3 will be the solution.

-. Solution ={3,3}

(vi) 2x=3)(x+2)=0

2% +4x -3x-6=0
= X 4+x-6=0

#> Solution:

Let y=2x2+x—6

X -3 -2 -1 0 1 2
27 18 8 2 0 2 8
x: -3 | -2 | -1 0 1 2
-6: -6 | -6 | -6 | -6 | -6 | -6
y=2+x-6:| 9 0 -5 | -6 | -3 4
e Plot the points (-3,9),(-2,0),(-1,-5),

(0,-6),(1,-3),(2,4) on the graph.
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iy Ay
18 S e Scale
16 x-axis: fem =1 unit | 16 x-axis: 1cm = 1 unit |—|
y-axis: 1cm = 2 units y-axis: 1em = 2 units
4 14
12 ¢4:12) 12 G512y
10 10
3,9 . \ q /
D ATy
\ ) e LA |, 3.5
. (2,0 / 1L 29 .9 R
;(’_o 5 4 3 A0 ) 3 4 5 ;; X6 -5 4 @) 2N\-10 2 3 4)5 6 x
=2 =2
\ L £0,13) (-1)-3) 1,13)
= =+
st / ©, 4
35-47(0;-6) =6
-8 =8
01— o
vy vY
e Join all the points by a free-hand smooth | ¢ To solve Pox—12= 0, subtract
rve. Thi r i h raph f
cuve2 s curve is the graph o xz—x—12:0fromy=x2—4
y=2x"+x-6. )
from y=x"-4
e Here, the curve meets x — axis at two points 2
y=x"+0x-4
(=2,0),(1.5,0) and ’
0=x"-x-12sub
. The equations has real and unequal roots. y=x+8
.. The x — coordinates are x=—2,— 1.5 will | ¢ We draw the graph of y=x+8
be the solution. x|l -4] 3] 21-1T o 1 2 3 4

- Solution ={-2,3/2}

2. Draw the graph of y =x*—4 and hence

solve xz—x—12=0

#> Solution:

First, we draw the graph of y =x*-9

4 s e[ 78910112
e The line meets the curve at (-3, 5), (4, 12)

. The x— coordinates x=—3,x=4 will be
the solution of x2 -x—12=0.

o Solution ={-3,4}

3. Draw the graph of y= x*+x and hence
solve x> +1=0

x: -4|-3]-2|-1] 0 1 2 3 4 # Solution:

X 69 |41 |0]|1|4]09]16 )

_a- CalcalcalcaloalcalcalalZa First, we draw the graph of y=x"+x
y=x*-4: | 12| 5] 0 |-3]|-4/-3]0 5|12 x 3 | -2 | -1 0 1 2
e Plot the points (—4,12),(-3,5),(-2,0), a o | 4 ! 0 ! 4

(= 1,=3),00,-4), (1,-3),(2,0), (3,5), (4, 12) : S A A L O A

on the graph. y=x+x:| 6 2 0 0 2 6
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Aky

Scale
-axis: 1em = 1 unit |—|
-axis: 1em = 1 unit

oo O

x

[r<

A

{2
&

=)}
N
3

A £

—
Y

/
E'S
~__|
o
H
N

4, )
3,2)
1)

N W
~
—
N

2
L52)

~

—_—

L0 @,
y 4 -3 2 - 2 3 4 5 6

(-1,-3)

A
&

1
Y

’

v Y
e Plot the points (=3,6),(-2,2),(-1,0),
0,0, (1,2),(2,6) on the graph.

To solve x>+ 1= 0, subtract X’ +1=0 from

y:x2+x
y:x2+x
0=x>—0x+ 1 sub)
y=x-1

Draw the graph of y=x-1

x | =4 |-3|-2|-1 0 1 2 3 4 5

y | =5|-4|-3]|-2|-1] 0] 1|2 |3]|4

Ky I -

Scale |
x-axis: 1cm = 1 unit
-axis: 1cm = 2 units

£O1)
(2 12)

NN
p» B

-
==}
~—

=2}

1

N\
L)

,
I
g
i~
N

(-3)2) | , /(O

N

tal 4

4 3 210 ) 3 4 5 6

A
S
'

——
N D oo

T
—_—

v Y

Join all the points to draw a free-hand smooth
curve.

e To solve x2 +2x+1=0, subtract
2 +2x+1=0 from y=x2+3x+2

y=x2+3x+2
0=x2+2x+1(sub)
y=x+1

Draw the graph of y=x+1

X -4 | -3 ]| -2 -1 0 1 2 3
-3 | -2 -1 0 1 2 3 4 5

The line y=x—-1 does not meet the curve

y =x*+x and the equation has no real roots.

4. Draw the graph of y =x*+3x +2 and use
it to solve x> +2x+1=0

#> Solution:

First, we draw the graph of y= 342

e The line y=x+1 meets the curve
y =X’ +3x+2 at (-=1,0) only and the
equation x> +2x+1=0 has 2 equal roots.

- Solution ={—-1,—-1}

5. Draw the graph of y= x>+3x—4 and
hence use it to solve x2 +3x—-4=0

# Solution:

;2:; _1g _93 _42 _11 g i i 3 First, we draw the graph of y —x*+3x—4
3;:: _212 _29 _26 '23 g g g 3 x: -5 | -4 [-3]-2|-1|0 |1 ]2]3
y=x*+3x+2: ] 6 | 20| 0| 2]|6][12]2 X 25 | 16 |94 | 1|01 ]|4]09
e Plot the points (—4,6),(-3,2),(-2,0), 3x: —15|-12|-9|-6|-3]0|3|6]09
(- 1,0),(0,2), (1, 6), (2,12),(3,20) on the —4 —4 | -4 |-4|-4|-4|-4|-4|-4|-4
graph. y=x"+3x-4:| 6 0 |-4|-6|-6|-4] 0] 6|14
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A
] e [T T]
14 cale || 16 |
b x-axis: 1cm = 1 unit - >ca|e_ .
14 -axis: 1cm = 2 units 14 x-axis: 1om = 1 unit
o 15 y-axis: 1cm = 2 units
12 12
10 10
Q P ('23 ;) o y= 8 R
O W [s] |
€4:6) 6 @6 \ 6 f
\ T/ - /
2 2
) (-4,0) ((]0)] R . -L0 06 |
< > <« ] ] 0 I " >
X6 -5 4\ -3 -2 -10 2 3 4 5 6x x-4 3 2 - > 3 4 5 6 T 8x
=2 \2 /
(34 A £A—LAN
2= =4 A (V) =
~ o\ pa LO-—LE (s )
(=2,6) =0 =6%1(9;16) (5:[-6)
1,6
Q Q
-8 -8
EWaY 10O Fan| 10 (4 10)
rtv =10 510 (4: 1)
10 19 oY 1.0 {2 120
= ' =12-7(2,+12) 3;-12)
v Y .
I

e Plot the points (-4,0),(-3,—-4),(-2,-06),
(-1,-6),(0,-4),(1,0), (2,6), (3, 14), (4, 24)
on the graph.

e Join all the points to draw a free-hand smooth curve.

e To solve x2+ 3x—4=0, subtract
x> +3x-4=0 from y=x2+3x—4
y:x2+3x—4
0=+ 3x — 4 (sub)
y=0

which is the equation of x — axis.

e The curve meets x— axis at (—4,0),(1,0)
and the x co-ordinates of the points
x=—4,x=1 will be the solution of
P 4+3x-4=0

- Solution ={—-4,1}

6. Draw the graph of y= x*-5x-6 and
hence solve x* - 5x —14=0

# Solution:
First, we draw the graph of y =x*—5x+6

’

e Plot the points and join them by a hand-free
smooth curve.

e To solve X —5x—14= 0, subtract
x> —5x—14=0 from y=x"—5x—6
y= P -5¢-6
0=x> - 5x— 14 (sub)
y=8
a line parallel to x — axis.
e The line y=8 meets the curve
y=x>—5x+6 at (—2,8),(7,8)
The x co-ordinates of the points
x=—-2,x=7 will be the solution of
x> —5x—14=0.

- Solution ={-2,7}

7. Draw the graph of y= 26 -3x-5 and
hence solve 2x> —4x —6=0

# Solution:

First, we draw the graph of y= 2% -3x-5

xt |-3|-2]-1fo 1|23 [4a][s5]6 |7 x: -2 | -1 0 1 2 3
i 9410 1|49 |16]25]36]|4 22 3 2 0 5 8 18
=5 [15]10( 5| 0 | -5 |-10]-15[-20|-25|-30|-35 3 6 5 o | -3 | —6 | —9
-6: |-6|-6|-6|/-6|-6|-6|-6|-6|-6|-6]|-6

- -5: -5 | -5 | -5 | -5 | -5 ]| -5
Corrg. | 1B 8|0 |-6]-10/-12/-12/-10) -6 | 0 | 8 v=2-3x-5: | 9 o | =5 | —6 | —3 1
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Exercise 3.16

Key points

1. Addition and substraction of matrices

Two matrices can be added or subtracted if
they have the same order. To add or subtract two
matrices, simply add or subtract the corresponding
elements.

2. Multiplication of matrix by a scalar

We can multiply the elements of the given
matrix A by a non-zero number k to obtain a new
matrix kA whose elements are multiplied by k.
The matrix kA is called scalar multiplication of A

Thus is A =(a;),, x , then, kA = (ka),,  ,

for all i=1,2,... m and for

all j=1,2,...n

Properties of Matrix Addition and Scalar
Multiplication

Let A, B, C be mxn matrices and p and ¢
be two non-zero scalars (numbers). Then we have
the following properties.

[Commutative property of
matrix addition]

(i) A+B=B+A

(ii) A+(B+C)=(A+B)+ C |[Associative property of
matrix addition]
(iii) (pq) A=p (gA) [Associative  property  of

scalar multiplication]

(iv) IA=A [Scalar Identity property
where I is the unit matrix]

V) p(A+B)=pA+pB [Distributive  property of
scalar and two matrices]

i) (p+qg)A=pA+qA [Distributive  property of

two scalars with a matrix]

Additive Identity

The null matrix or zero matrix is the identity
for matrix addition.

Then, A+ O=0+ A=A where O is the null
matrix or zero matrix of same order as that of
A.

Additive Inverse

If A be any given matrix then —A is the
additive inverse of A.

In fact we have A+ (-A)=(-A)+A=0

Let A be any matrix.

Type I: Addition, subtraction based sums
Q.No. 1, 2, 4, Example 3.63
1 [5 7]

1. If A=[3 4| B=|3 3| then verify
8 -3 L1 0]

that
i) A+B=B+A
i) A+(-A)=-A)+A=0

1 9 [5 7]

A=|3 4| B=|3 3|

8 -3 L1 0]

[1+5 9+7 6 16

e A+B=|3+3 443 |=]6 7
8+1 -3+0 9 -3

(541 7+9 6 16

e B+A=|3+3 3+41|=|6 7
1+8 0-3 9 -3

Hence A+ B=B + A is verified.

1 9 -1 -9
A= 3 4 | then —A=| -3 -4
8§ -3 -8 3
1-1 9-9 [0 0]
e [A+(-A)=|3-3 4-4 |=]0 0]=0
8§-8 —-3+3| L0 0]
-1+1 -9+9 1 [0 0]
e (-A)+A=|-343 —-4+4|=|0 0]=0
~8+3 3-3| L0 0]

Here A+ (—A)=(—A)+ A =0is verified.




www.nammakalvi.in

3.76 Nithish’s Mathematics - X Std
4 3 1 2 3 4 _(7 3 8)Y (0 20 45
2. If A=|2 3 -8|B=| 1 9 2 1 4 9 40 15 35
1 0 -4 -7 1 -1 7 —-17 =37
8§ 3 4] -39 -11 -26
and c=(1 -2 3 | then verify that
y _A(0 4 9) (7 3 8
2 4 _1_ (ii) 3A—9B—3(8 3 7] 9(1 4 9]
A+EB+O=A+B)+C (0 12 27\ (63 271 T2
LHS: A+ (B+C) 124 9 21 9 36 81
23 4| [8 3 4 —63 —15 —45
B+C=| 1 9 2 |+/1 -2 3 15 —27 —60
-7 1 -1 2 4 -1
(10 6 8]
-l 2 7 5 Example 3.63
-5 S -2 (1 8 3] 8 -6 —4
(4 3 1 10 6 8 If A=[3 5 0B=|2 11 -3}
A+(B+0O)=|2 3 -8 |+| 2 7 5 \876) [0 1 5
1 0 -4 -5 5 =2 5 3 0
r 4 9 9 C=|-1 -7 2 compute the following:
= 4 10 -3 I 43
-4 5 -6 (1) | (i) 34+2B-C (ii) %A—%B
RH
S@ArB+C # Solution:
4 3 1 2 3 4
ArB=12 3 -84 192 (')BAZBCB(ég(S))Zi_l?_:
1 0 -4] |-71 -1 ! teb—mC= * -
|8 7 6) 0 1 5
6 6 5
= 3 12 -6 5 30
-6 1 -5 --1 =7 2
1 4 3
6 6 5 8 3 4
A+B)+C=| 3 12 -6 [+]1 -2 3 (3 24 9) 16 —-12 -8
-6 1 =5 2 4 -1 = 9 15 0 + 4 22 -6
I | 24 21 18) | 0 2 10
14 9 9
=l 4 10 -3 -5 =3 0
-4 5 —6 Q) + 1 7 =2
L . -1 -4 -3
From (1) and 2) A+ (B+C)=(A+B) +C is
o 14 9 1
verified.
=| 14 44 -8
23 19 25
(0 4 9, (7 3 8
4. IfA‘Ks 3 7}3‘(1 4 9) find the | iy Ja-2p=1@-38)
value of (i) B—5A4 (i) 34-9
7 3 8 049 (L83 8 -6 -4
(i) B-5A= -5 == (3 5 0)—3 2 11 -3
1 4 9 8 3 7 2
|8 7 6) o 1 5
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1 8 3 -24 18 12 4 0
L ) 2 2
=5 3 5 0]+ -6 -33 9 Y=
|8 7 6 0 -3 —15 31
2 2
1 -23 26 15
== -3 -28 9 2 0
2
8 4 -9 Y= 3 1
23 15 2 2
o B
3 9
=l -2 —14 2 -
2 g 6. Findxandyifx(i3 +y[32J=(‘61J
4 2 -5
A )L (24
~3 |73 7|6
Type Il: [Find the values of x, y based o) (T4
sums] =3x | | 3y 6
Q.No. 3, 6, 8, 5(i)(ii), 7, Example 3.62 4x -2y _(4
—3x+3y 6
. . 7 0
3. Find X d Y if X+Y= d
n an ' (3 SJ MO 4x—2y=4 C3x+3y=6
X —Y=(g g) divide by 2 divide by 3
2x—y=2 () —x+y=2 ..(2)
7 0
X+Y=
35 Solve (1) and (2)
_y=(3 0 2x—y=2
X-v=|g 4j (Add) y
-x+y=2
(10 0 _—
2X = 3 9J x=4
Put x=4 in (2)
10 0
Y= 2 2 -44+y=2
32 =244
2 2 y=
y=6
50
X= 3 9 .. Solution:
2 2 x=4;y=6

2 -
8. Solve for x,y: x2 +2 z = g
y -y

oo

Y
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X —4x 5 (Hh=x+14=4
v =2y _(8) x=4-14
P —4x=5 V2 -2y=8 x=-10
¥ —dx-5=0 Y —2y-8=0
+ 1) (x=5)=0 (v=4) (y+2)=0 7. Find the. non-zel:o values of x satisfying
the matrix equation
x+1=0 x-5=0|y-4=0 y+2=0 20 2, ,(8 50 _, “+8 24
x=-1 x=5 y=4 y==2 3 x 4 4 10  6x
20 2, (8 Sx\_,[**+8 24
5. Find the values of x,y,z if 3 0x 4 4x 10 6x
) x-3 3x-z )\ (1 0 2 2
x+y+7 x4y+z| |1 6 [2}( 2§]+(186 180x (27416 48
Given matrices are equal. So comparing 3x  x * 20 12x
corresponding elements. 22416 2x+ 10x ~ 22416 48
v_3=1 3x—z=0 3x+8 X%+ 8x 20 12x
x=1+3 3(4)-z=0 Comparing we get
x=4 12=z 2x+ 10x =48 (or) 3x+8=20
12x =48 3x=20-8
x+y+7=1
x:ﬁ 3x=2
4+y+7=1 2
12
=1-11 — £
y X 3
y=—10 x=4 x=4

() (x y-z z+3)+( 4 3)=(4 8 16)
x y—z z+3)+( 4 3)=¢4 8 16)
(x+y y—z+4 z+3+3)=(4 8 16)

Comparing we get

x+ty=4 (1)
y—z+4=28 ..(2)
z+6=16
z=16-6
z=10

2)=y-10+4=8
y—6=8
y=8+6

y=14

Example 3.62

Find the value of a,b,c,d,x,y from the
following matrix equation
1
)

d 8 3 a) (2 2a 0
E L B R
d 8 3 a) (2 2a 0 1
(5 83 G 5 )
d+3 8+a) [ 2 2a+1
3b-2 a-4| | b-5 4c

Comparing corresponding elements we get

d+3=2 8+a=2a+1
d=2-3 8—1=2a-a
d=-1 T=a

3b-2=b-5



www.nammakalvi.in

3.79

Algebra
3b—-b=—5+2
2b=-3
_-3
T2
a-4=4c
7—-4=4c
3=4c
é—c
1=
T3 3
a=7;b= 2 ,c—4,d— 1

Exercise 3.18

KEY POINTS

Multiplication of Matrices

To multiply two matrices, the number of
columns in the first matrix must be equal to the
number or row in the second matrix.

If the order of matrix A is mXn and B is

n X p then the order of AB is m X p

A B

mxn nxp

AB

mxp

Properties of multiplication of matrix

(a) Matrix multiplication is not
commutative in general

AB # BA

(b) Matrix multiplication is distributive
over matrix addition

(i) IfA,B,Care mxXn,nxXp and nXp matrices
respectively then A (B+ C) =AB + AC (Right
Distributive Property)

(i) If A, B, C are mXn,mXn and n X p matrices

respectively then (A+B) C=AC+ BC (Left
Distributive Property)

(¢) Matrix multiplication is always associative
If A,B, C are mXn,nXp and p X g matrices

respectively then (AB) C=A (BC)

(d) Multiplication of a matrix by a unit matrix

If A is a square matrix of order nX#n and [

is the wunit matrix of same order then
Al=]A=A.
Note:

e If x and y are two real numbers such that
xy=0 then either x=0 or y=0. But the
condition may not be true with respect to two
matrices.

e AB=0 does not necessarily imply that A=0
or B=0 or both A, B=0

e If A and B are any two non-zero matrices then

(A+B)?>#A*+2AB + B
e However if AB=BA then
(A+B)?=A>+2AB+B*

Type II: Multiplication of matrices with
same order

QNo. 1, 2,3,4,5,7, 8,9, 10, 11, 13
Example 3.65, 3.66, 3.69

1. Find the order of the product matrix AB

if
(1) (ii) @)  @Av) (V)
Order of A 3x3 4x3 4x2 4x5 1x1
Order of B 3x3 3x2 2x2 5x1 1x3

(i) Order of A=3X%3; Order of B=3X3
o Order of AB=3x3

(i1)) Order of A=4x3; Order of B=3x2
Order of AB=4x2

(i1i) Order of A=4x2; Order of B=2x2
Order of AB=4x2

(iv) Order of A=4x5; Order of B=5x1
Order of AB=4x1
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(v) Order of A=1x1; Order of B=1x3
Order of AB=1x3

2. If A is of order pxq and B is of order

q Xr what is the order of AB and BA?
Ap xq > B
Byxrifpxg

Here BA is not possible.

ZABpxr

qXxr

3. A has ‘@’ rows and ‘a + 3’ columns B has

‘b> rows and 17 — b columns and if both
products AB and BA exist, find a, b

Auxa+3):Bpx17-p)
Product AB is possible when

a+3=>b
a-b=-3 (1)
Product BA is possible when
17-b=a
a+b=17 ..(2)
Solve (1) and (2)
a-b=-3
a+b=17
2a=14
=14
7
a=2
2)=a+b=17
2+b=17
b=17-2
b=15
4. If A= i g,B= ; _:]ﬁmlABzmd

BA. Check if AB=BA?

R )

2410 —-6+25
446 -12+15

m; Yot

2-12 5-9
4+20 10+15
-4

- 10
24 25
Here AB # BA

e PBA

6. Show that the matrices

(1 2), [ 1 -2
ot e 1

commutative property AB = BA.

N

(1-6 —2+2}

satisfy

L] AB:

3-3 —-6+1
(-5 0
| 0 -5

1 -2\(1 2
-3 1131

[ 1-6 2-2
1 =3+3 —6+1

(-5 0
0 -5

Hence AB = BA verified.

Example 3.65

(2 1 (2 0
If A= 1 32,3—(1 3)ﬁnd AB and

BA. Check if AB=BA

Y

(4+1 0+3]

o AB:

2+3 049

(5 3
15 9
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(2 0)Y(2 1 (8 O
© BA=l 3](1 3) ‘(7 10]
440 2+0 1 28 0
= o A BC =
243 1+9) FO= 3)(7 10)
(4 2 _ 8+14 0+20
15 10 8+21 0+30
Here AB # BA (22 20
129 30 (1)
1 2\(4 O
Example 3.66 * AB=| 3 ]( 1 5 j
2 —2\2 2 2\2 (4+2 0+10
va=yg 2]“”13‘[-2 2] Tl 443 0+15J
Show that A and B satisfy commutative property 6 10
with respect to matrix multiplication. 7 5
(2 -2v\2 2 242 6 10)(2 0
A N 2)(—v5 2} © “BC=y 15)(1 2]
_ 4+4 42 —4\2 _(12+10 0+20
1 2V2-2V2  4+4 14+15 0+30
(8 0 (22 20
10 8 129 30 ..(2)
. BA= 2 2\2 2 -2\2 From (1) and (2) A (BC) =(AB) C is verified.
-2 2| V2 2
4+4 —4N2 +42 .
=l _ov2 4242 4+4J (ii) A-B)C=AC-BC
(1 2) (4 O
(3 Y) +amn=(1 3T S)

Here AB = BA verified.

1 2 4 0 20
7. LetA=[1 3}3=(1 5),C=(1 ZJ
show that (i) A (BC)=(AB)C
(ii) A-B)C=AC-BC

Gii) A-B)=aT-BT

HE I

(i) A(BC)=(AB)C
4 0Y(2 0
° Bcz[l 5}(1 2]

(8+0 0+0
1 2+5 0+10

(-3 2

0 =2

-3 2\Y(2 0
0 -2l 1 2

[(-6+2 0+4

| 0-2 0-4

(-4 4
-2 -4
I 23(2 O
I 3] 1 2
(2+2 0+4
2+3 0+6

(4 4
“15 6

(1)
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4 02 O sin O 0 sin O 0
1 5}(1 2] 0 sinG)( 0 sinGJ
_ §+2 00+18J (sin®0+0 040
R 040 0+sin%0
(8 0
=17 10

4 4) (8 0
. AC_BCZ(S 6J_(7 10)
(-4 4
-2 -4 (2

From (1) & (2) (A-B)C=AC-BC is
verified.

i) @A-B)!=aT-BT
1 2) (4 0
. A_Bz(l 3}‘(1 5]
(-3 2
| 0 -2
-3 0
° A — T:
“@-5) [ 2 —2J (D)
T (1 1)\ ,7_(4 1
- A ‘(2 3]’3 ‘(0 5]
T T (1 1 4 1
A -8B ‘[2 3}‘(0 5]
(-3 0
2 =2 (2

From (1) & (2)

A-B)=AT- BT is verified.

cos O 0 sin 6 0
8. It A_[ 0 COSG}B_( 0 sineJ

then show that A2 +B“=1.

A2 cos 0 0 )( cos© 0
a 0 cosHO 0 cosHO

[cos’0+0 040
0+0 O+cosO

B 00526 0 }

0 cos26

_ sin26 0
0 sin29

o) cos20 0 N sin’0 0
0 cos’® 0 sin°
_ cos0 + sin’0 0+0 ]
- 0+0 cos’0 +sin’0
_(1 0)
0 1

A+ B =1 proved

cosO sin0
9. If A= that
—sin® cos 9] prove a
AAT =1
A= cos 0 sin0O
—sin® cosO
AT = cosO® —sin0
| sin® cos©
AAT = cosO sinO |[{cosO —sin®
—sin® cosO sin®@ cos©
_ [ c0526 + sin26 —cos 0sin O+ cos OsinO —I
| —cos 0sin 0+ cos 0 sin © sin2 0+ cos26 |
(1 0
10 1
A AT =T verified
10. Verify that A>=1 when A = 2 _:

2 [5 -4 ][5 -4
A=l —5}{6 —5}
[25-24 -20+20
1 30-30 -24+25
10
1o 1

A% =Tis verified
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31 1 1)-6 8
13. IfA—(_1 2}show that AB+0)= _1 3}(_1 4J
A2-5A+7,=0 (-6-1 8+4]
| 6-3 -8+12
.o 31 301
-1 2)[-1 2 (-7 12
e 3+2] 3 4 (1)
~3-2 —1+4 RES
8 5
= 5 3 AB+AC
11 1 2
301 -
° SA:S(_I 2) AB -1 3}(—4 2]
5 s ([ 1-4 242
=(_5 10] -1-12 -2+6
(10 _[ =304
« ML=, | - 13 4)
70 1 1)(-7 6
= AC =
(0 7) S 3}[ 3 2]
LHS _ -74+3 6+2
7+9 —-6+6
o A= 5A 4TI,
‘ (-4 8
| 8 5}_{15 5}+[7 0} 1160
= _ - 0 7
- > > 10 . AB+AC=| T2 ][4 8
[ =7 0}+[7 0} " 1 -13 4 16 0
= - 0 7
2 0 7 Hence _[=7 12
_ 8 8}=0 W A=5A+7L=0 34 -(2)

Proved

Example 3.69

11

lfA:(—l 3

]B(

1 2
4 27

C=(_; g]‘@@@tMnA(B+c3=AB+AC

LHS

AB+0O)

From (1) & (2) AB+C)=AB+AC is

{4 3]

_ a b
A—a+d(c d)

verified.
(a b (1 0
11. IfA—(c d)andl— 0 1
Show that A”—(a +d) A = (bc —ad) I,
_(a b
A= c d
2 (a b\(a b
¢ A= c d](c d}
_ & +bc ab+bd
ac + cd bc+d2
e (at+d
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cla+d) d(a+d

B a2+ad ab + bd
ac +cd ad+d2

_|aa+d) b(a+d 2 -1
‘[ } . AB= ; f i] 1 4
B 0 2

[(2-2+0 —-1+8+2
| 4+1+0 -2-4+2

LHS
A—(@a+d)A _(0 9
| a+bc ab+bd | a +ad ab+bd
ac+bd be+d ac+cd ad+d o (AB)T: 0 S
bc —ad 0 o 4 (1)
Olbco—ad RHS
:bc—ad{o 1 BT AT
= (bc — ad) I, RHS .
BT=[ f _i gJ;AT: 2 -1
Type |II: (Multiplication with different B 1 1
order matrices) 1 5
Example 3.64, Example 3.70, 12, Example | | g7 AT _ 2 -10 2 —1
3.68, 3.67 -4 2)
Example 3.64 [ 2-2+0 4+1+0
s 3 1 | -1+8+2 —2-4+2
RERI
IfA—(3 1 SJ,B_ g g i find AB. | . 7 (0 s
\ J 9 -4 )

Here Order of A is 2x3
Order of B is 3 X3

Here AB is defined of order 2 X3

From (1) & (2)

AB) =BT AT is verified.

8 3 1
(1303 41 o
|5 3 1) 2 wa=[] 3 JkB=l1 2
[ 8+4+0 3+8+0 1+2+0) 5 1
24+2+25 9+4+15 3+1+5 Verify that (AB)T=BT-AT.
(12 11 3
51 28 9 LHS
AB)T
Example 3.70 (AB)
17
2 -2 (529
¥ a=[Y 2 1) sa B=|-1 4 AB‘lzgjlz
2 -1 1 5 4
0 2
Show that (AB)" =BT AT _(5+2+45 35+4-9
1+2+40 7+4-38
LHS
4B’ AB=(22 3‘3?)
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T (52 43 1 -1
(AB) _(30 3} (1) BC=| 2 1 (; f)
1 3 T ax2
RHS 3x2
1-2 2+1
T T
B -A =l 242 4-1
5 1 1+6 2-3
B=[2 0 2 [ 2] 13
T2t o s I
gl.oaT=[ 1 1 3 (; ;W T =1k
(542445 1+2+40 ABO=1=12)1x3 3 X
1 35+4-9 7+4-38 T Bx2
_(52 43} =(-1-4+14 3-3-2)
303 ~(2) =0 -2ix2 (2

From (1) & (2) (AB)T =BT - AT is verified.

Example 3.68

1 -1
If A=(1-12),B=|2 1 and
1 3
1 2
C=(2 B 1) show that (AB) C =A (BC).
LHS
(AB)C
1 -1
AB=(1-12); 43| 2 1
1 33><2
=(1-2+2 —-1-1+4+6)
=(1 4)1><2
1 2
<AB>C=(14>1x2(2 _J
22
=(1+8 2-4)
=0 -2)1x2 (1)

RHS
A (BO)

From (1), (2) (AB) C=A (BC) is verified.

Example 3.67

2 1\(x)_(4
Solve12 y || s

o
23K

x+y=4 (D)
x+2y=5 (2
(1)x2=>4x+2y=8
=) ) )
Q)= x+2y=5

3x=3

W | W

X =

Put x=1 in (1)
2()+y=4
y=4-2

y=2

~. Solution x=1;y=2
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1 0 0 1 ()=>x—-2y+3z=5
BC = 3 _; (_2 5) (Q)X2= —dx+2y -2 =—22
-3x+z=-17 (4
0-0 1+0 < “4)
=l 0+2 2-5 Solve (3), (4)
0-4 0+10 3x+27=20
0 1 -3x+z=-617
=l 2 -3
3z=3
—4 10 <
. . z=1
.. Ans (1) (i) and (ii) onl
B3)=3x+2(1)=20
UNIT EXERCISE 3 3x=20-2
1. Solve 3x=18
%(x+y—5)=y—z=2x—11=9—(x+2z) 18
=3
# Solution:
x=6
Solve

%(x+y—5):y—z=2x—11=9—(x+22)
Let
1
Fty=5)=y-z
x+y-5=3(-2)
x+y—-5=3y-3z
x+y-3y+3z=5
x—2y+3z=5
Let
y—z=2x-11
y—z—2x=—-11
-2x+y-z=-11
Let
2x—11=9—-(x+22)
2x-11=9-x-2z2
2x+x+2z=9+11
3x+2z=20
Eliminate ‘y’ from (1) & (2)

(D)

(2)

..(3)

(1H)=x-2y+3z=5
6-2y+3(1)=5
9-2y=5

9-5=2y

4_
2_y

2=y

s Ans. x=6;y=2;z=1

2. One hundred and fifty students are
admitted to a school. They are distributed
over three sections A,B and C. If 6
students are shifted from section A to
section C, the sections will have equal
number of students. If 4 times of students
of section C exceeds the number of
students of section A by the number of
students in section B, find the number of
students in the three sections.

# Solution:

Let no. of students in three sections A, B, C
is x, v,z
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Algebra 391
Given The Reversed number =100z + 10y +x
x+y+z=150 (D Given
x—6=z+6 100y + 10x + z =3 (100x + 10y + z) + 54
100y + 10x + z = 300x + 30y + 37 + 54
x—7z=6+6
10x — 300x + 100y — 30y + z — 32 = 54
—z=12
T ~(2) —290x + 70y — 2z = 54
dz=x+y -(3) divide by —2
Put (3) in (1) 145x - 36y +2=-27 (1)
x+y+z=150 Given 100z + 10y +x = 100x + 10y + 7 + 198
4z+2=150 x—100x + 100z — z = 198
52=150 — 99x + 99z = 198
. 150 divide by 99
5 —x+z=2 (2)
z=30 Given (y—x)=2(y—2z)

2)=x-30=12
x=12+30

x=42

(1) =42 +y+30=150
y=150-"72

y=178

. Number of students in Sec - A = 42, Sec
-B =78, Sec - C =30

3. In a three-digit number, when the tens
and the hundreds digit are interchanged
the new number is 54 more than three
times the original number. If 198 is added
to the number, the digits are reversed. The
tens digit exceeds the hundreds digit by
twice as that of the tens digit exceeds the
unit digit. Find the original number.

# Solution:
Let unit place =z
tenth place =y
hundred place =x

-. The number =100x+ 10y + z

y—-x=2y-2z
—x+y—-2y+25s=0
-x-y+2z=0
x+y—-2z=0 ..(3)
Solve (1) & (3)
(1)=145x =35y +z=-27
(3) X35 =35x+35y—-70z=0
180x — 69z =—27 (4
Solve (2) & (4)
(2) X 69 = — 69x + 69z = 138
(4) = 180x — 69z =-27
1T1x=111

x=1

2=14z=2

z=2+1

z=3

B)=>x+y—-2z=0
1+y-2@3)=0
y—=5=0

y=5
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~. The number is
=100x+ 10y + z
=100 (1)+10(5)+3
=100+50+3
=153

4. Find the least common multiple of
xy (k2 +1)+k (x2 + y2) and
xy (P =1 +k (= y?)

£ Solution:

Xy (k2 +1)+k (x2 +y2) and

xy (k2 -1)+k (x2 —y2)

. xy(k2+1)+k(x2+y2)
=k2xy+xy+x2k+y2k
:kzxy+y2k+xy+x2k
=vk (xk+y) + x (xk+y)
= (xk+y) (x+ yk)

o (I -1)+kE -y
=k2xy—xy+x2k—y2k
:kzxy—yzk—xy+x2k
=ky (kx —y) +x (kx =)
= (kx—y) (x + ky)

o LCM = (x + ky) (xk +y) (xk—y)

= (x+ky) (Z K =)D

5. Find the GCD of the following by division

algorithm

2+ 1323 + 2767 + 23x + 7,
x3+3x2+3x+1,x2+2x+1

GCD
2t 132 + 27x% + 23x + 7,

x3+3x2+3x+1,x2+2x+1

2x+7
A3+ 3+ 1 |2t 1130 + 27X 4+ 23x + 7
)

2x4 + 6x3 + 6x2 + 2x

76+ 2107 + 21x + 7

76 +21x° + 21x + 7 (sub)
0

x+1

A2+l | +3%+3x+1
-)

C2dx

x2+2x+1

x> +2x+1 (sub)
0

. GCD =% +2x+1)=(x+1)?

6. Reduce the given Rational expressions to
its lowest form

x3_8
x4+ 2x +4
10x° — 25x% + 4x — 10
—4-10x*

(@)

(ii)

#  Solution:
Simplify
' x3a -8
» 42" + 4

Let x“ =7y then, we get
» -8
2
y +2y+4

2
_0=2) 0 +2y+4)
y2+2y+4
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Let x, y, z be the working speed of Arul, Ravi
and Ram respectively.

Algebra 3.93
1063 = 25x2 +4x — 10 W - be the total work done.
(ii) = W
—4-10x x+y+z=g (1)
10x% = 25x% + 4x — 10 Given
5 e Ravi takes twice as Arul does
=5x"(2x-5)+2(2x-5) W (W
=(2x-5)(5x> +2) y o
—4-10% =-2(2+59) 1.2
X
(x5 (" +2) Y
O —22+59 y=3
5-2x
2 e Ram takes thrice as Arul does
W_ (W
1.1 4 X
- 2,2 2 1 3
_ e e P qtr q + D —==
= 7. Simplify 11 x| 1+ 2r J . x
P q+r x
z=3
Simplify: 3
1 1
—+ x, x_ W
P q+r qz+r2—p2 D=x+T+3="—
—X| 1+—F—— 2 3 6
1 1 2qr
P_q+r 6x+3x+2x W
6 6
+r+P
L 2 2 2 11x w
_plg+n | 2qr+q +r-p 6 "6
GLr L 2ar lx=W
X =
p(g+r)
_ptqtr | (@+r’-p’ =7
- X 2 11
q +r -p qr
ptqg+r (q+r+p)(g+r-p) y=2--W
= X 2 11x2
q+tr—p 2qr w
_(ptg+ r)2 )
2gr . w
3 11x3
8. Arul, Ravi and Ram working together can 7=
clean a store in 6 hours. Working alone, 33
Ravi takes twice as long to clean the store
_ W W
as Arul does. Ram needs three times as - Arul above does = a7 T 11 hrs
long as Arul does. How long would it take ) w
each if they are working alone? Ravi above does = W2 22 hrs
#  Solution: _w__Ww
Ram above does = S =WA3 33 hrs
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3.94
9. Find4 th§ sguare root of y=3=0 y-63=0
289x™ — 612x" + 970x” — 684x + 361.
y=3 y=63
#  Solution:
Square root of
4 3 2
289x" — 612" + 970x" — 684x + 361 11. A boat takes 1.6 hours longer to go 36
17 =18 19 kms up a river than down the river. If the
f the water current is 4 km per hr
17 _ B speed o p y
289 =612 970 - 684 361 what is the speed of the boat in still
) water?
289 Let speed of the boat in still water = ‘x’
34-18 -612 970 km/hr
+ ) Distance = 36 km
—612 324 Time difference = 1.6 hrs
34-36 19 646 — 684 361 g
SIGIS =5 s
646 — 684 361 Given data
0
36 36 _8
= V289x* - 612x° + 97027 — 684x + 361 x—4 x+4 5
=| 17x% — 18x + 19 | (Time taken to upstream - time taken to
down stream)
10. Solve Vy+1+V2y-5=3
L1 )-8
#5 Solution: x—4 x+4 1| 5
Solve: Vy+1 +v2y—-5=3 x+d-x+4 8
Vy+1+V2y-5=3 [(x—4)(x+4)):§
V2y—-5=3-\y+1 36 8 _8
Squaring on both sides X -16 5
2y =57=3-\y+1) 36 _1
2_ 5
2y-5=9-6\y+ 1 +y+1 x—-16
2y-5-9-y—1=—6\y+1 - 16=1.80
y-15=-63y+1 =180+ 16
Squaring on both sides
0=157=(6\y+1)? =196
¥ =30y +225=36(y+ 1) x=114
V% — 66y +189 =0 /12 (negative not possible)
-3 -63

0-3)

~63)=0
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12. Is it possible to design a rectangular park Given data
of perimeter 320 m and area 4800 m?? If p —252
so find its length and breadth. 7 ~3=060-1 18/\
- 14
#  Solution: - 12 =240 - 4¢
Perimeter of a Rectangular 212 -240 + 41 =0
Park =320m )
) " +4r-252=0
Area =4800
rea m (t+18) (1 —14)=0
Let the dimension of the park length = ‘x’
m; breadth = ‘y’ m. f+18=0 —14=0
e Perimeter =320m .
t=—18 t =14 min

2 (x+y)=320
x+y=160
y=160-x (1)

e Area =4800m’
xy=4800
x (160 — x) = 4800
160x — x* = 4800
x2 = 160x + 4800 =0
(x — 120) (x — 40) = 0

x=120
(1)=>y=160-120
=40
x=40
y=160-40
=120

- Length =120 m
breadth =40 m

13. At ¢ minutes past 2 pm, the time needed
2

to 3 pm is 3 minutes less than IZ Find t¢.

# Solution:

2

Time needed by the minutes hand show tz— 3

not possible

14. The number of seats in a row is equal to
the total number of rows in a hall. The
total number of seats in the hall will
increase by 375 if the number of rows is
doubled and the number of seats in each
row is reduced by 5. Find the number of
rows in the hall at the beginning.

#> Solution:
Let the number of rows be x
Number of seats in each row =x

. Total number of seats in the hall =x-x
—
Given
2x (x - 5) = x> + 375
2% — 10x = x* + 375
2% - 10x - x* = 375=0
= 10x-375=0
x=25) (x+15)=0

x=25=0
x=25

x+15=0
x=-15
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not possible

Number of rows in the hall at the
beginning is 25.

15. If o and P are the roots of the polynomial
S =x*—2x + 3, find the polynomial
whose roots are i oa+2,p+2

-1p-1
iy 21 B-1

o+l B+1

#3 Solution:
f@)=x*-2x+3
a=1;b=-2;¢c=3

Sum of roots =

oa+p=2

. c
Product of ratios :;

oaf=3

(i) Given roots o+ 2, +2

Sum
(a+2)+PB+2) =a+p+4
=2+4
=6
Product
=(a+2)(B+2)
=af+20+20+4
=afB+2(+P)+4
=3+2(2)+4
=34+4+4
=11
*. equation
K- (sum) x + product =0

X —6x+11=0

(i)

Given roots

a-1 p-1
o+l B+1
Sum
oa-1 B-1
oa+1 B+1
_(a-DE+H+B-D@+1)
(a+1)(B+1)

_oB+ra-B-l+af+B-oa-1
B ap+o+p+1

. 20B-2

CaBt+a+P+1

_2(3)-2

34241

Wi s

Product

o-1 B-1 af-oa-B+1
a+1 B+1 af+oa+p+1

_aB-(a+PB)+1
Caf+(a+p)+1

_3-2+1
T 342+1

N

W | =

equation

K- (sum) x + product =0

2 2 1_
X 3x-i-?)—O

3x2—2x+1=0
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Algebra 3.97
16. If -4 is a root of the equation | 17. Two farmers Senthil and Ravi cultivates
2+ px—4=0 and if the equation three varieties of grains namely rice,

x>+ px+q=0 has equal roots, find the
values of p and g¢.

#3 Solution:
Given:
—4 is a root of x2+px—4=0
W Hp(-4)-4=0
16-4p-4=0
12-4p=0
12=4p

4

3=p

Given:
2 —
X +px+qg=0

= +3x+ g =0 has equal roots

e Sum of roots =—
a
o+o=—
200=—73
=3
2 (D
e Product of roots =§
() ()=¢g
o =gq
2
-3\ _
( 2 J 1 From (1)
9_
4_q

wheat and ragi. If the sale (in Rs) of three
varieties of grains by both the farmers in
the month of April is given by the matrix.
April sale in Rs

rice wheat ragi

A= 500 1000 1500\ Senthil
~1 2500 1500 500 Ravi
and the May month salé (in Rs.) is exactly

twice as that of the April month sale for
each variety.

(i) What is the average sales of the
months April and May.

(ii) If the sales continues to increase in
the same way in the successive months,
what will be sales in the month of August?

#> Solution:

April sale in Rs
rice wheat ragi

500 1000 1500)

A= Senthil
~| 2500 1500 500

Ravi

Given sale of male month is twice of April

month
s (1000 2000 3000
E B‘M‘(sooo 3000 1000)
(i) Average sales of April and May

(i)

1500 3000 4500

A+B | 2 2 2
2 | 7500 4500 1500
2 2 2
750 1500 2250
3750 2250 750

Sales in the month of August

=2X2X2X2XA

(500
=16 ( 2500

_( 8000 16000
=| 40000 24000

1000

1500 500

24000 ]

ISOOJ

8000
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0 sin 0O . - 0
18. I coso 0 :;‘;estme(ms; “°sx]=12, 2. 4=(3 2}B=(§ 2)0{1’ ‘15] find
find x. the matrix D, such that CD-AB =0
# Solution: &  Solution:
cosO® sin0 i x —cosB)_ 3 0 6 3 3 6
Cose(—sine cose}_sme(cose x]_lz A:(4 S}BZ[S SJ Cz(l 1) and
( cos> 0 cosesinﬁ) xsin® —sinBcos®) [1 0 CD-AB=0
0 2 * sin O cos 0 xsin 0 _|:0 1}
kcosesmﬁ cos 9) Let Do a b
[cos26+xsin6 0}_(1 o) ¢ _(c d
2 . 10 1 3 0)\6 3
0 cos“"O+xsinB o —
2 A (4 5](8 5)
cos“O+xsinf=1
[ 18+0 9+0) (18 9
xsin®=1—cos” 0 | 24440 12425 | 4 37
xsinS:sin26 Given CD-AB=0
sin® 0 CD=AB
x=" 3 6\(a b) (18 9
1 1|lc d| |64 37
x=sin0 3a+6c 3b+6d) (18 9
a+c b+d | | 64 37
19. Given A=[€’) g),3=((1) Tﬁ}c:{i _;] Comparing we get
5 3a+6¢c=18
and if BA =C%, find p and g. a+2c=6 (1)
# Solution: =) =) E)
P O 0 -1 2 =2 a+c=64 2)
A:( JBz( ]Cz[ J .
0 27 1 0/ 2 2
c=—158
Given BA=C? 2)=a+c=64
0 —gq\(p O 2 =232 -2 a—>58=064
1 01(l0 2 2 212 2 a=64+58
0-0 0-2¢) (4-4 —4-4 a=122
p+0 0+0 | |4+4 —4+4 o 3b+bd=9
(o -2q)_(0 —8} b+2d=3 ..(3)
0 8 0
b ) ) )
P=8 b+d=37 ..(4)
—2g=-8 d=-734
3 b+d=37
=5 b-34=37
g=4 b=37+34
b=T1 122 71

-58 —-34

S
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CHAPTER 4
GEOMETRY
. AB _BC _CA
Exercise 4.1 @ = OR ™ RP >lor<1
KEY POINTS

I. Congruency and Similarity of Triangles

1. Two triangles said to be congruent if they
have same shape and same size.

A P

B C Q R
A ABC = A PQR, then
* /A= ,P (Corresponding angles are equal).

£ZB=Z0
ZLC=4R
* AB=PQ (Corresponding sides are equal)
BC=0QR
CA =RP
AB _BC _AC_,
PO OR PR

2. Two triangles said to be similar if they same
shape but not same size.

A

B C Q R
AABC ~ A PQR, then

* /A =,/P (Corresponding angles are equal).
ZB=/0Q
LC=/R

* AB# PQ (Corresponding sides are not equal).
BC # QR
AC# PR

Corresponding sides are proportional.

Criteria of Similarity

AA Criterion of similarity

In AABC and A PQOR
if LZA=4ZP and 4ZB=ZQ [any two

corresponding angles are equal]

then A ABC ~ A PQR

SAS Criterian of similarity

In AABC and A POR
if ZA=_/P and

(one corresponding angle two corresponding

sides are equal)

A ABC ~ A POR

SSS Criterian of Similarity

In AABC and A PQR

. AB _BC _AC
PO OR PR

(Corresponding sides are proportional)

then AABC ~ A PQR

Some results on similar triangles

1.

A ABC right angled at B, and BD L AC, then
AADB ~ A BDC
AABC ~AADB
AABC ~A BDC
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C

B
2. If two triangles are similar, then the ratio of
the corresponding sides are equal to the ratio
of their corresponding altitudes and
(Medians) also.

A ABC ~ A POR, then
AB BC AC AD

PO QR PR _PS

A

B D C Q S R

3. If two triangles are similar, then the ratio of
the corresponding sides are equal to the ratio
of the corresponding perimeters.

A ABC ~ A POR then

Perimeter AABC AB _BC AC
Perimeter A POR PO OR PR
4. If two triangle are similar, then the area of

two similar triangles are equal to the ratio of
the squares of their corresponding sides.

area (AABC) _AB* _BC* _AC?
area (A POR) P> OR® PR®
5. If two triangles have common vertex and
their bases are on the same straight line, the
ratio between their areas is equal to the ratio
between the length of their bases.

B A

e Two

area (AABD) AD
area (A BDC) DC

6. Two triangles are said to be similar if their
corresponding sides are proportional.

triangles are equiangular if the

corresponding angles are equal.

e If two triangles are similar, then they are

equiangular.

Exercise 4.1

Type I: Problems Based on Similarity
Q.No. 1(i)(ii)), Example 4.1, 4.2, 4.3, 4.5,
4.6, 44, 2, 3,5,6, 8, 4.7, 4.8

1. Check whether the which triangles are
similar and find the value of x.

@i

#> Solution:

In AABC and A ADE
.. AE 2 2 4
(1)

AD _ 3 _3
AB 345 8
AE , AD
AC AB

-. the 2 triangles are not similar.
(i) Given In AABC and A PQC

ZPOB=110° = /PQC=70°=/QBA

. Corresponding angles are equal.

AABC ~ A POC
AB _BC
PO  OC
5_6
x 3
2x=5
x=2.5cm
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Geometry 4.3
Example 4.1 P
Show that A PST ~ A POR A 3[;
Q
. P 4 R
0] ]
4
2
T B 10 C
S 2
1 ince Lx2 PO OR
Q R Since > # S AB # BC

#> Solution:
(i) In A PST and A POR,
PS 2 2 PT 4 4 2

PO 2+1 3PR 442 6 3

PS PT .
Thus, PO~ PR and /P i1s common

Therefore, by SAS similarity,
A PST ~ A POR
(i) In APST and A POR,
PS 2 2 PT 2 2

PS PT .
Thus, PO PR and ZP i1s common

Therefore, by SAS similarity,
A PST ~ A POR

The corresponding sides are not proportional.

Therefore A ABC is not similar to A POR

Example 4.2

Is AABC ~ A POR?

# Solution:
In AABC and A PQOR,

Example 4.3

Observe Fig. 4.18 and find £P

# Solution:
In A BAC and A PRQ,

A 9
h:')s /\CQ
60°
6cm o R
S
o0 %,

P 12 cm Q
AB _3_1
RO 6 2

QP 12 2°PR 643 2

AB BC CA
Therefore, RO~ OP " PR
By SSS similarity, we have A BAC ~ A ORP

ZP=/C (since the corresponding parts of
similar triangle)

ZP=/C=180°— (LA + ZB)
= 180° — (90° + 60°)
ZP =180° — 150° = 30°
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Example 4.5 ZAOQ = ZBOP (Vertically opposite angles)
In Fig LA=LCED prove that le:gefore,AtZOAPA Criterion of similarity,

A CAB ~ A CED. Also find the value of x. Q-
A0 _0Q _AQ
#5 Solution: BO OP BP
In ACAB and ACED,/C is common, 1?0 _ % gives AQ = 106>< 9 15 cm
LA =ZCED
C
Example 4.4
g A boy a height 90cm is walking away from
§ the base of a lamp post at a speed of 1.2m/sec.
If the lamp post is 3.6m above the ground, find
the length of his shadow cast after 4 seconds.
E
8 #3 Solution:
A 90 cm B” Given, speed = 1.2 m/s,
Therefore, ACAB~ACED (By AA A
similarity) m\
Hence \\\\
g N
CA AB CB 2 T~
— == = o ~
CE DE CD R
o \\\
AB_CE . 9 _10+12 =,
DE~CD*® 8 B 438 D x E
9 12 time =4 seconds
x 8 distance = speed X time
8x9 =12%x4=48m
SO, X = =6cm
12 Let x be the length of the shadow after 4 seconds.
. BE AB
Since, A ABE ~ CDE, DE-CD
Example 4.6 48+x 36
In Fig. QA and PB are perpendicular to X 0.9
AB. If AO=10cm,BO=6cmand PB=9 cm. 4.8+)c_4
Find AQ. X
dx=4.8+x
# Solution:
4dx—x=4.8
In AAOQ and A BOP, ZOAQ = LOBP =90°
A 3x=4.38
4.8
< Y=
0 P x=16
Q
6 9 DE=1.6m
B
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4.5

2. A girl looks the reflection of the top of the
lamp post on the mirror which is 66 m
away from the foot of the lamppost. The girl
whose height is 12.5 m is standing 2.5 m
away from the mirror. Assuming the mirror
is placed on the ground facing the sky and
the girl, mirror and the lamppost are in a
same line, find the height of the lamp post.

#> Solution:

L
A Lamp Post

Girl
h

1.5m
B [ P

04m C 87.6 m
Mirror

Given AB = height of girl = 1.5 m

BC = Dist. between girl and Mirror = 0.4 m
LP = height of lamp post =h

CP = dist. between Mirror and Post = 87.6 m
In AABC,ALPC, £ B=LP=90°,

ZACB = ZLCP (angle of incidence and angle
of reflection)

A ABC and A LPC are similar.

AB _BC

Lp CP (By AA similarity)

_, Ls_o4
h 876

o]

- h_87.6><1.5
T 04

1314

4

0
1314
T4

=3285

. Height of the lamp post = 328.5 m

3. A vertical stick of length 6 m casts a
shadow 400 cm long on the ground and at
the same time a tower casts a shadow 28
m long. Using similarity, find the height of

the tower.
#  Solution:
P
A
h
6m

B 4m C Q
In AABC and A PQOR

/B=/0=90°
Z/C=/R

28 m R

(AC|| PR)
- By AA similarity, A ABC ~ A POR
AB BC

PO~ OR

= h=42m
. Height of the tower = 42 m.

5. In the adjacent figure, AABC is right
angled at C and DE L AB. Prove that
AABC ~ AADE and hence find the lengths

of AE and DE.
E A
3
D
2
B 12 C
#> Solution:

In AABC and A ADE,
(i) ZAED=/ZACB=90°

(i) Z£A is common
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~. By AA similarly, 8. If AABC ~ADEF such that area of
AABC ~AADE AABC is 9 cm® and the area of A DEF is
Also, AB®=AC*+BC? 16 cm? and BC=2.1cm. Find the length
— 52,192 of EF.
=25+ 144 # Solution:
=169
. AB=13
~. By similarily,
AB _BC _AC
AD DE AE
C
B_12_5 ; g !
3 " DE_AE Given AABC ~ A DEF
13 12 13 5 Area ofAABC_BC2
3 DE 3 AE Area of ADEF  EF?
13DE =36 AE:% 9 _@1’
pE=3% 16 gr?
13 ) )
3y _(21
4 | | EF
6. In the adjacent figure, AACB ~ AAPQ. If 3 1
BC =8 cm, PQ =4 cm, BA =6.5 cm and 4°EF
AP =2.8cm, find CA and AQ. 201 X 4
EF =
B 3
P =2.8cm
Example 4.7
Q
C The perimeters of two similar triangles
4 Solution: ABC and PQR are respectively 36 cm and 24
Given AACB ~AAPQ cm. If PQ=10cm , find AB.
AC _CB _AB # Solution:
AP PO AQ The ratio of the corresponding sides of similar
AC 8 65 triangle is same as the ratio of their 1Perimeters,
28 4 AQ
AC 8 8_65 &
29 4 47 AQ B S R
AC 2 2_65
871 1~ 40 ?
AC=56cm 6.5 Q
- 10= :
AQ=325cm
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4.7

Since AABC ~ A POR,

AB _BC _AC_36
PO OR PR 24
AB_36 . AB_36
PO 248V T10 " 24
36%10

AB="4

15cm

Example 4.8

If AABC is similar to ADEF such that

BC=3cm,EF =4 cm and area of
AABC =54 cm®. Find the area of ADEF.
# Solution:

Since the ratio of area of two similar

triangles is equal to the ratio of the squares of
any two corresponding sides, we have
Area (AABC) BC* | 54 32
= gives ==
Area (A DEF) Egp? Area (A DEF) 42

16 x 54
9

Area (A DEF) = =96 cm’

Type II:
similarity
Q.No. 4, 7, 9, Example 4.9

Prove the following based on

4. Two triangles QPR and QSR, right angled
at P and S respectively are drawn on the
same base QR and on the same side of
OR. If PR and SQ intersect at 7, prove
that PT X TR =ST X TQ.

# Solution:

Q
Consider A PQT and A SRT

(1) £LP=4S=90°

(i) ZLPTQ = ZSTR (Vertically Opp.angle)
- By AA similarity,
A PQOT ~ A SRT
or_prT
TR ST
= PTXTR=STXTQ

Hence proved.

7. It figure OPRQ is a
ZMLN =90°. Prove that
(i) ALOP~AQMO
(i) ALOP~ARPN
(iiii A QMO ~ ARPN
(iv) OR*=MQ xRN
L

square and

0/ 90° \P

M N

#3 Solution:
i) In ALOP,A QMO
ZOLP = Z00M =90°
ZLLOP = Z0MQ (Corresponding angles)
- By AA similarity,
ALOP ~A QMO
(ii) In ALOP,A RPN
ZOLP = ZPRN =90°
ZLPO = ZPNR (Corresponding angles)
- By AA similarity,
A LOP ~ A RPN
- From (i) and (ii)
A OMO ~ A RPN

oM _Q0 _, oM _ OR
RP ~ RN ~ QR RN

(RP = QR) Square sides are equal.
= QR>=MQ x RN
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9. Two vertical poles of heights 6m and 3m
are erected above a horizontal ground
AC. Find the value of y.

P
g
O
Q R
y g
A B C
# Solution:

From the fig.
A PAC and A OBC)
ZPAC = ZQBC =90°
ZC is common
. by AA similarity
A PAC ~ QBC

CB_0B
CA~ PA

CB_y

= CAT 6

(1)

A RCA and A QBA

ZRCA = ZQBA =90°

ZA is common

. by AA similarity

ARCA ~A QBA
AB_BQ _ AB_y
AC RC " BC 3

Adding (1) and (2),

(2)

. ab
U f la y=
(or) Using formula y P
6x3 18
= :—:21’1’1
6+3 9

Example 4.9

Two poles of height ‘a’ meters and ‘b’
meters are °‘p’ meters apart. Prove that the
height of the point of intersection of the lines
Jjoining the top of each pole of the foot of the

. . ab
opposite pole is given by —— meters.
a+b

£ Solution:

Let AB and CD be two poles of height ‘a’
meters and ‘b’ meters respectively such that the
poles are ‘p’ meters apart. That is AC = p meters.
Suppose the lines AD and BC meet at O, such
that OL = h meters

D

h
C A
. x P L y

Let CL=x and LA =y.

Then, x+y=p

In AABC ALOC,
ZCAB = ZCLO [each equals to 90°]

and we  have

ZC=/C [C is common]

A CAB ~ A CLO [By AA similarity]
CA AB . p_a
CL= 1o &ves (=3

5 xz%h ()

In AALO and A ACD, we have

LALO = ZACD [each equal to 90°]

ZA=/A [A is common]
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Construction: Draw CE | DA. Extend BA to
meet at E.
No. Statement Reason
I. |ZBAD= /1 Assumption
ZDAC= A2
2. |ZBAD= ZAEC Since DA || CE and B c
=/1 AC is transversal, Let AE=x=— EC=15—x
corresponding angles
AD AE
are equal. . arz _ a4k
q o By BPTpp="c
3. |ZDAC=ZACE Since DA || CE and 3 X
) AC is transversal. = 4T 15—4
Alternat 1
ernate angles are Ly Ay 45— 3x
equals.
= Tx=45
4. [BA_BD . |In ABCE by Thales * 15
AE DC theorem x=—r= 6.428
5. |AB _BD From (1) B
AC DC G B 2‘43 3
ii) Given AD=8x—7, DB =5x-
6. |[AB_BA From (1) and (2) @) Given e *
AC AE AE=4x-3,EC=3x-1
7. |AC=AE...(3 Cancelling AB AD _AE
8 ) 3) . e By BPT 7 p ="
- [ L1=22 bAC3‘I)E is isosceles . 8x—7 4x3
y( 5x—3 3x—1
9. i Si
AD bisects £A inee = (8x=7) Bx—1)=(4x—3) (5x = 3)
Hence proved.

Type |: (Problems Based on Thales
Theorem or BPT)

Q.No. 1(i)(ii), Example 4.12, 2, 3(i)(ii),

Example 4.13, 5

1. In AABC,D and E are points on the sides
AB and AC respectively such that DE || BC

. AD 3 _

G If DB-4 and AC=15cm find AE.
(ii) If AD=8x-7,DB=5x -3,
AE =4x —3 and EC = 3x — 1, find the value

of x.

# Solution:

. . AD 3
(i) Given DB——4,AC—15

24x% —8x - 21x+7 =20x% — 12x — 15x + 9
= 24x% —29x+7=20x% - 27x+9

= 4> -2x-0=0 )
2 @

= 2" -x-1=0 -2 1
-1 -2 1
¥=15 20 2
(negative not possible) -1, 1
2

s x=1only

Example 4.12

In AABC if DE||BC,AD=x,DB=x-2,
and EC =x — 1 then find the lengths of the sides
AB and AC.

# Solution:
In AABC we have DE || BC
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AC=AE+EC=6+3=9
Therefore, AB=6,AC=9

ABCD is a trapezium in which AB | DC
and P,Q are points on AD and BC
respectively, such that PQ|DC if
PD=18cm,BQ=35cm and QC=15cm,
find AD

Solution:

AXT
X\ .
\ .. 35
R
P Q
:é\\ IRNNEAT

D " C

\4
v}

In trapezium ABCD, AB || DC || PQ
Join AC, meet PQ at R.
In AACD, PR || DC

AP AR
*. By BPT pp ="

x AR

18 RC (1)

In AABC, RQ || AB

Geometry 4.15
: BO _AR
..ByABTQC—RC
35 _AR
15 RC
7 AR
- —==
3 RC ..(2)
CAD AE -. From (1) and (2)
By Thales theorem, we have DB - EC x 7
5 18 3
+
x 2 gives x(x—1)=(x—-2) (x+2) x 7
x—2 x-1 =7
6 1
Hence, P -x=x>—4 so, x=4 = x=42
When x=4,AD=4,DB=x-2=2, AD = AP + PD
AE=x+2=6,EC=x—-1=3 =42 +18
Hence, AB=AD+DB=4+2=6 =60m

In AABC, D and E are points on the sides
AB and AC respectively. For each of the
following cases show that DE || BC

(i) AB=12cm,AD=8cm,AE =12 cm
and AC=18 cm

(ii) AB=5.6cm,AD=14cm,AC=7.2cm
and AE =1.8 cm

# Solution:

B i C
In AABC, To Prove: DE || BC

~. By converse of BPT DE || BC
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-. By Converse of BPT, DE || BC

Example 4.13

D and E are respectively the points on the
sides AB and AC of a AABC such that
AB=5.6cm,AD =14 cm,AC=7.2 cm AND
AE =1.8 cm show that DE || BC.

#> Solution:

We AB=56cm,AD=1.4cm,
AC=72cm and AE=1.8cm

have

14

42 ©

BD=AB-AD=56-14=42cm
and EC=AC—-AE=72-18=54cm

AD _14 1 AE_18_1
DB 42 3MYECT5473
AD _AE
DB~ EC

Therefore, by converse of Basic Proportionality
Theorem, we have DE is parallel to BC.
Hence proved.

B x R
Let the side of the rhombus be x

. AB=12cmAP=12—x

6-x C

BC=6cmRC=6—-x
In AABC, PQ || BC
AP AQ

PB~ OC
In A ABC, OR || AB
BR AQ

RC QC
-. From (1) and (2)

_, AP_BR
PB~ RC

(1)

(2)

12—x_ X
X 6-x

= x*=(6-x)(12-x)

:>x2

= x> —18x+72
= 18x=72
= x=4cm

PO=RB=4cm

Type II:
BPT)

Q.No. 4, 6, 7, Example 4.14

(Prove the followings based on

5. Rhombus PQRB is inscribed in AABC
such that ZB is one of its angle. P, 0 and
R lie on AB,AC and BC respectively. If
AB=12cm and BC =6 cm, find the sides
PQ, RB of the rhombus.

#> Solution:

Rhombus PQRS is inscribed in A ABC

4. In fig. PQ || BC and PR || CD prove that
. AR _AQ .. OB_DR

© 4p=aB W 40~ ar

#  Solution:
(i) In AABC, PQ| BC

: AQ _ AP
~ By BPT 2 =207

(1)
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B BF AP
/Q<\ By BPT. ¢ = pC (2
A P c From (1) and (2)
< ED~ FC
In AADC. PR || DC Hence proved.
. AR AP
- By BPT 5 ="¢ .(2)| 7 In figure DE||BC and CD | EF. Prove
2
- From (1) and (2)’ that AD"=AB X AF
AQ AR # Solution:
AB AD In figure DE|| BC and CD || EF
3 .. AB AD .
(i1)) From (i) A0 = AR (reciprocal) A
AB | _AD | A
AQ AR D E
AB-AQ AD-AR
ey =
AQ AR
BQ _DR B c
AQ AR In AACD, by BPT,%:% 1
Hence proved. (1)
AD AE
In AABC, by BPT, ="~ 2

6. In trapezium ABCD,AB ||DC, E and F are
points on non-parallel sides AD and BC
respectively, such that EF || AB. Show that
AE BF

ED  FC

# Solution:

In trapezium ABCD, AB || DC || EF

Join AC to meet EF at P
In AADC, EP || DC

AE AP
By BPT, D - PC e

In AABC, PR || AB

- From (1) and (2)
AF AD

AD ~ AB
— AD?=AF-AB

Example 4.14

In the Fig. DE| ACand DC || AP. Prove

#> Solution:

In ABPA, we have DC| AP. By Basic
Proportionality Theorem,
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BC BD

We have op =14 ()

In ABCA, we have DE| AC. By Basic
Proportionality Theorem,
BE BD

We have EC:DA

..(2)
BE BC

From (1) and (2) we get, EC-CP

Hence proved.

Type lll: (Problems based on ABT)
Q.No. 8, Example 4.15, 4.16, 9(i)(ii)

8. In AABC,AD is the bisector of <A
meeting side BC at D, if
AB=10cm,AC=14cm and BC=6cm,
find BD and DC

# Solution:

In AABC, AD is the bisector of LA

AB _BD
s By ABT. 7 5=~

BD=25cm and DC=6—-x=6-2.5
DC=3.5cm

Example 4.15

In the Fig., AD is the bisector of ZA. If
BD=4cm,DC=3cm and AB =6 cm, find AC.

# Solution:
In AABC, AD is the bisector of LA

A
I’
bb
B™4cm D 3cm c
Therefore by Angle Bisector Theorem
BD _AB
DC AC
4.6 ives 4 AC =18
3-4Ac® -

Hence AC = % =4.5cm

Example 4.16

In the Fig. AD is the bisector of £LBAC. If
AB=10cm,AC=14cm and BC=6cm, find

BD and DC.

#  Solution:
Let BD =xcm, then DC= (6 —x)cm

AD is the bisector of LA
Therefore by Angle Bisector Theorem
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So, 12x =30 we get, x=%:2.5 cm

Therefore, BD=2.5cm, DC=6 —x
=6-25=35cm

9. Check whether AD is bisector of ZA of
AABC in each of the following
i) AB=5cm,AC=10cm, BD =1.5cm
and CD =3.5 cm.
(ii) AB=4cm,AC=6cm,BD =1.6.cm
and CD=24cm

# Solution:
6) A

AB_ 5 1BD 15 3

ACT 10 2°DC~ 35 7
AB_, BD
AC  DC
-. AD 1is not the bisector of ZA.
(ii) A

B 16 D 24 C

AB 4 2 BD
AC 6 3'DC 24 3
AB _BD

AC DC

~. By Converse of ABT,
AD 1is the bisector of ZA

Type IV: (Prove the following based on ABT)
Q.No. 10, 11
10. In figure ZQPR =90°, PS is its bisector if

ST 1 PR. Prove that
ST X (PQ + PR)=PQ X PR

P

Q S R
Here ST=PT
Area of APQOR = Area of (dSTPQ + Area of ASTR

%PQ : PRz% [PT(ST+PQ)+%(ST' TR)]

PQ-PR=PT-ST+PT-PQ+ST-TR
=ST (PT+TR) + PT- PQ
=ST- PR+ PT- PQ
=ST-PR+ST- PQ
= ST (PR + PQ)

Hence proved.

11. ABCD is a quadrilateral in which
AB=AD, the bisector of /BAC and
ZCAD intersect the sides BC and CD at
the points £ and F respectively. Prove that
EF || BD.

# Solution:
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In AACD, AF is the angle bisector
AD DF

- By ABT,AC—FC

In A ABC, AE is the angle bisector

AB _ BE

AC EC

AD BE

= ACTEC

(1)

. By ABT,

..(2)
-. From (1) and (2),
BE DF

EC FC
». By Converse of BPT,
EF || BD

Hence proved.

(Given AB=AD)

Construction of Triangle

Type I. Given base, vertical angle and median
Q.No. 12, 13, Example 4.17, 4.18
12. Construct a APQR which the base

PO=45cm, ZR=35° and the median

from R to PQ is 6 cm.

# Solution:

Construction

Step 1: Draw a line segment PQ =4.5 cm

Step 2: At P, draw PE such that ZQPE =35°.
Step 3: At P, draw PE such that ZEPF =90°
Step 4: Draw the perpendicular bisector to PQ,

meets PF at O and PQ at G.

Step 5: With O as centre and OP as radius draw
a circle.

Step 6: From G mark arcs of 6 cm on the circle

at RAS.

Step 7: Join PR,RQ. Then A PQR is the
required A.

Step 8: Join RG, which is the median.

13. Construct a A POR in which
PO =5cm, LP=40° and the median PG
from P to QR is 4.4 cm. Find the length
of the altitude from P to QR.

#> Solution:

Rough Diagram
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Construction Construction
Step 1: Draw a line segment PO =5cm Step 1: Draw a line segment PQ =8 cm
Step 2: At P, draw PE such that ZQPE = 40° Step 2: At P, draw PE such that ZQPE =60
Step 3: At P, draw PF such that ZEPF =90°.
Step 3: At P, draw PF such that ZEPF =90° ) .
Step 4: Draw the perpendicular bisector to PQ,
Step 4: Draw the perpendicular bisector to PQ, | which intersects PF at O and PO at G.

meets PF at O and PQ at G.

Step 5: With O as centre and OP as radius draw
a circle.

Step 6: From G mark arc of 4.4 cm on the circle
radius 4.4 m.

Step 7: Join PR,RQ. Then APQR is the
required A.
Step 8: Length of altitude is RM =3 cm
Example 4.17

Construct a A POR in which

PO =8cm, ZR =60° and the median RG from
R to PQ is 5.8 cm. Find the length of the altitude
from R to PQ.

# Solution:

G 8cm Q

Cy
=
=
(=)
S

[+

Step 5: With O as centre and OP as radius draw
a circle.

Step 6: From G mark arcs of radius 5.8 cm on
the circle. Mark them as R and S.

Step 7: Join PR and RQ. Then A PQOR is the
required triangle.

Step 8: From R draw a line RN perpendicular
to LQ. LQ meets RN at M

Step 9: The length of the altitude is RM = 3.5 cm

Example 4.18

Construct a triangle A PQR such that
OR =5 cm, ZP =30° and the altitude from P to
OR is of length 4.2 cm. Rough Diagram

# Solution:

m\
302
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Construction

Step 1: Draw a line segment QR =5 cm

Step 2: At Q, draw QF such that ZRQE = 30°
Step 3:

Step 4: Draw the perpendicular bisector XY to
OR, which intersects QF at O and OR at G.

Step 5: With O as centre and OQ as radius draw
a circle.

At Q, draw QF such that ZEQF =90°.

Step 6: From G mark an arc in the line XY at
M, such that GM =4.2 cm

Step 7: Draw AB through M which is parallel
to OR.

Step 8: AB meets the circle at P and S

Step 9: Join QP and RP. Then A PQOR is the
required triangle.

Type Il. Given base, vertical angle and
altitude
Q.No. 14, 15

14. Construct a A POR such that QR =6.5 cm,
ZP =60° and the altitude from P to QR is
of length 4.5 cm.

#> Solution:

Construction

Step 1: Draw a line segment QR =6.5 cm

Step 2: At Q, draw QF such that ZRQE = 60°

Step 3: At Q, draw QF such that ZEQF =90°

Step 4: Draw the perpendicular bisector XY to
OR intersects QF at O and QR at G.

Step 5: With O as centre and OQ as radius draw
a circle.

Step 6: XY intersects QR at G. On XY, from
G, mark arc M such that GM =4.5 cm.

Step 7: Draw AB, through M which is parallel
to OR.

Step 8: AB meets the circle at P and S.

P

Rough diagram

Step 9: Join QP,RP. Then A PQR is
required A.

the

15. Construct a AABC such that AB =5.5 cm,
ZC =25° and the altitude from C to AB is
4 cm.

# Solution:

Construction

Step 1: Draw a line segment AB=5.5 cm

Step 2: At A, draw AE such that ZBAF =25°
Step 3: At A, draw AF such that ZFEAF =90°

Step 4: Draw the perpendicular bisector XY to
AB intersects AF at O and AB at G.

Step 5: With O as centre and OA as radius draw
a circle.
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C A
Rough diagram ]
250 40
4 4 cm
[ il
A G B B D C
55cm 5.6 cm
Rough diagram

gé\tHx

4 ~/

>Q
25° D
4 cm
G
3 B
Y\\AE

)2

Step 6: XY intersects AB at G. On XY, from G,
mark arc M such that GM =4 cm

Step 7: Draw PQ, through M parallel to AB
meets the circle at C and D.

Step 8: Join AC,BC. Then AABC is the
required A.
Type lll. Given base, vertical angle and

bisector of the vertical angle
Q.No. 16, 17, Example 4.19

16. Draw a triangle ABC of base BC =5.6 cm,
ZA =40° and the bisector of ZA meets
BC at D such that CD =4 cm

#> Solution:

Construction

Step 1: Draw a line segment BC =5.6 cm

Step 2: At B, draw BE such that ZCBE =40°
Step 3: At B, draw BF such that ZCBF =90°

Step 4: Draw the perpendicular bisector to BC
meets BF at O and BC at G

Step 5: With O as centre and OB as radius draw
a circle.

Step 6: From B, mark an arc of 4 cm on BC at
D.

Step 7: The L r bisector meets the circle at [
and Join ID.

Step 8: ID produced meets the circle at A. Join
AB and AC.

Step 9: Then A ABC is the required triangle.
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17. Draw A PQOR that PQ =6.8 cm,
vertical angle is 50° and the bisector of the
vertical angle meets the base at D where

such

PD =5.2cm
# Solution:

R

S
52 cm
-

P D R
6.8 cm
Rough diagram

Construction

Step 1:
Step 2:

Draw a line segment PO =6.8 cm

At P, draw PE such that ZQPE =50°
Step 3: At P, draw PF such that ZQPF =90°
Step 4: Draw the perpendicular bisector to PQ
meets PF at O and PQ at G.

Step 5: With O as centre and OP as radius draw
a circle.

Step 6: From P mark an arc of 5.2 cm on PQ
at D.

Step 7: The perpendicular bisector meets the
circle at R. Join PR and QR.

Step 8: Then A POR is the required triangle.

Example 4.19

Draw a triangle ABC of base
BC=8cm, ZA =60° and the bisector of LA
meets BC at D such that BD =6 cm

#> Solution:

(7))

6 cm
B 8m C

Rough Diagram

EXg60°c 8cm |G D C
1
E

Construction
Step 1: Draw a line segment BC =8 cm
Step 2: At B, draw BE such that ZCBE = 60°
Step 3: At B, draw BF such that ZEBF =90°
Step 4: Draw the perpendicular bisector to BC,

which intersects BF at O and BC at G.

Step 5: With O as centre and OB as radius draw
a circle.

Step 6: From B mark an arcs of 6 cm on BC
at D.

Step 7: The perpendicular bisector intersects the
circle at /. Join ID.

Step 8: ID produced meets the circle at A. Now
join AB and AC. Then A ABC is the required triangle.
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1. Pythagoras Theorem
Theorem 5: Pythagoras Theorem
Statement

A

B D C
In a right angle triangle, the square on the
hypotenuse is equal to the sum of the squares on
the other two sides.

Proof
Given: In A ABC, ZA =90°
To prove: AB*>+AC? =BC?

Construction: Draw AD 1 BC
No. Statement Reason

I. |Compare = AABC|Given ZBAC=90°
and AABD and by construction
ZB is common 4BDA =90°
Z/BAC = ZBDA

=90°

Therefore, By AA similarity
AABC~AABD
AB _BC
BD AB
AB? =BCx BD

(1)
AABC|Given ZBAC =90°
and by construction
ZCDA =90°

2. |Compare
and AADC
ZC is common
Z/BAC = ZADC
=90°
Therefore
AABC~AADC
BC _AC
AC DC
AC?*=BCxDC

By AA similarity

(2)

3. AR+ AC? Add (1) and (2)

BCxBD+BCxDC

=BC(BD+ DC)
=BCxBC

=BC

Converse of Pythagoras Theorem

Statement

If the square of the longest side of a triangle
is equal to sum of squares of other two sides, then
the triangle is a right angle triangle.

Exercise 4.3

Type I: (Problems based on Pythagoras
Theorem)

Q.No. 1, 2, 3, 4, 5, 6, Example 4.20, 4.21,
4.22, 4.23

N

24 m

P 18m E

1. A man goes 18m due east and then 24 m
due north. Find the distance of his current
position from the starting point?

#  Solution:
P — Starting Point
By Pythagoras Theorem,

PN =187 + 247

=V324+576

=v900
=30m

. Distance of his current position from the
starting point = 30 m
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There are two paths that one can choose
to go from Sarah’s house to James house.
One way is to take C street, and the other
way requires to take A street and then B
street. How much shorter is the direct
path along C street? (Using figure)

Saran . .
house Eﬁa‘ﬁ i
8
James g
house n
i
#  Solution:
S
1.5 miles
.
J 2 miles P
Path - 1 (Direct C Street)
ST=(1.57+2°
=V\225+4
=V6.25
=2.5 miles
Path = 2 (B Street and then A Street)
SP+PJ=15+2
= 3.5 miles
. Required =35-25
=1 mile

. 1 mile is shorter along C Street.

To get from point A to point B you must

avoid walking through a pond. You must

walk 34 m south and 41 m east. To the
nearest meter, how many meters would be
saved if it were possible to make a way
through the pond?

# Solution:

A

ond
34m

S 41 m B
Path - 1 (Through pond)

AB =\34% + 41°
= V1156 + 1681

=V2837
=53.26m
Path - 2 (South and then East)
Total dist. covered
AB=AS+SB
=34 +41
=75m
-. Reqd. time saving =75 -53.26
=21.74 m

4. In the rectangle WXYZ, XY+ YZ=17 cm,

and XZ + YW =26 cm. Calculate the length
and breadth of the rectangle.

V4 Y
w X
sl ion:
Solution Z I y
b b




www.nammakalvi.in

Geometry

4.33

= x+y+z=15
= 12+z=15
z=3

= y+3=8
= y=35
x+5=12

= x=7

. AD=T7cm,BE=5cm, CF=3cm

4. PQ is a tangent drawn from a point P to
a circle with centre O and QOR is a

diameter of the circle such that
Z/PQOR =120°. Find Z0PQ
#> Solution:
R P
120°
(0)
Q

Given ZPOR =120°
= ZPOQ=60° (linear pair)
Also ZOQP =90° (Radius L tangent)
Z0OPQ =90° - 60°
=30°

5. A tangent ST to a circle touches it at B.
AB is a chord such that ZABT = 65°. Find
ZAOB, where “0” is the centre of the
circle.

# Solution:

T
Given £TBA =65° = ZAPB =65°
(angles in ultimate segment).
ZAOB =2 ZAPB =2 (65°) = 130°
circumference)

(Angle substantiate at the centre is twice the
angle subtended at any point on the remaining.

6. In figure, O is the centre of the circle with
radius 5 cm. T is a point such that
OT=13cm and OT intersects the circle
E, if AB is the tangent to the circle at E,
find the length of AB.

# Solution:In the figure, given
OP=5,0T=13

13- 5°

=V169-25 @
T
0

Also, OE=5=ET=13-5=8

PT=

Let AP=AE=x=TA=12-x
. In AAET, ZAET =90°
x2+82=(12—x)2

— X+ 8% =144+ — 24x
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= 64 =144 — 24x
= 24x=80

_380
T 24
_10
-3

. AB=2x

X

X

Length of tangent AB = % cm

7. In two concentric circles, a chord of
length 16 cm of larger circle becomes a
tangent to the smaller circle whose radius
is 6 cm. Find the radius of the larger
circle.

# Solution:

Given the chord AB of larger circle is a
tangent for the smaller circle and OT is radius.

OT is perpendicular to AB.
. AT=TB=8cm, OT=6cm
-. In A OBT,

OB =8 +6

=V64 + 36
=v100

=10cm

~. Radius of the larger circle = 10 cm

8. Two circles with centers O and O’ of radii
3 cm and 4 cm, respectively intersect at
two point P and @, such that OP and
O’ P are tangents to the two circles. Find
the length of the common chord PQ.

# Solution:

Q

Given OP=4 cm (radius of 1st circle)
O’ P=3cm (radius of 2nd circle)
Clearly OP L O’ P (tangent and radius are
1
00 =\4*+ 37

=\25
=5
Let R be a point of PQ such that
OR=xand O'R=5-x
Also, AOPO’ ~ A OQO’ and
A OPR ~ A OQR (by similarity)
ZORP = 90°
In AORP, PR = 16 - x*
In AO'RP,PR*=9—(5-x)°
16-x>=9—(5-x)?
16— x> =9 — (25— 10x + %)
16 -x>=9-25+10x - x°
16 -9 +25=10x
32=10x
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=
I

=
Il

ulx 38

=24
PO =2 (PR)
=2(24)

=4.8 cm

Example 4.24

Find the length of the tangent drawn from
a point whose distance from the centre of a
circle is 5 cm and radius of the circle is 3 cm.

#> Solution:
Given OP =5 cm, radius r=3 cm
AN

P

To find the length of tangent PT.
In right angled A OTP,

OP? = OT* + PT* (by Pythagoras theorem)
52=32+pPr° gives PT?=25-9=16
Length of the tangent PT =4 cm

Example 4.25

PQ is a chord of length 8 cm to a circle of
radius 5 cm. The tangents at P and Q intersect
at a point T. Find the length of the tangent TP.
#3 Solution:

Let TR=y. Since,
bisector of PQ.

OT is perpendicular

PR=0QR=4cm
In A ORP, OP* = OR® + PR’
OR® = OP? - PR?
OR*=5"-4>=25-16=9=0R=3cm
OT=OR+RT=3+y (1)
In A PRT, TP* = TR® + PR® (2)
and A OPT we have, OT* = TP* + OP*
OT? = (TR? + PR?) + OP? (substitute for TP* from
(2)
2_.2 2 2 .
(B+y)"=y"+4"+5° (substitute for OT from (1))
9+6y+y°=y>+16+25

Therefore y=TR = 1—36

6y=41-9 we gety=13—6

From (2), TP? = TR* + PR

2
2 (16 2 256 ~ 400
TP —(—3 j +4 =79 +16——9 SO,
TP=23—Ocm

Example 4.26

In figure O is the centre of a circle. PQ is

a chord and the tangent PR and P makes an
angle of 50° with PQ. Find £ZPOQ
P R

—
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# Solution: # Solution:

ZOPQ =90° — 50°=40° (angle between the OA=4cm, OB=5cm ;also OA L BC
radius and tangent is 90°) OB2 = OA% + AB>

OP = 0Q (Radii of a circle are equal)
ZOPQ = Z00P =40° (A OPQ is isosceles)
ZPOQ =180° — ZOPQ — ZOQP

ZPOQ = 180° — 40° — 40° = 100°

52=4% 1+ AB? gives AB*>=9
Therefore AB =3 cm
BC=2AB hence BC=2Xx3=6cm

Type II: (Construction of a tangent)

Example 4.27

I. Using centre one tangent
In Fig., AABC is circumscribing a circle. || Q.No. 12, Example 4.29

Find the length of BC. 12. Draw a tangent at any point R on the
circle of radius 3.4 cm and centre at P?

#3 Solution:
P
#  Solution: 34om
AN=M =3 cm (Tangents drawn from same f’ R T g
external point are equal)
BN=BL=4cm
CL=CM=AC-AM=9-3=6cm
Gives BC=BL+CL+4+6=10cm T
Example 4.28 /
R
If radii of two concentric circles are 4 cm
and 5 cm then find the length of the chord of
one circle which is a tangent to the other circle.
T
Construction

Step 1: Draw a circle with centre at P of radius
34 cm.

Step 2: Take a point R on the circle and Join PR.
Step 3: Draw perpendicular line 77" to PR
A which passes through R.

S~ A

Step 4: TT is the required tangent.
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Example 4.29

Draw a circle of radius 3 cm. Take a point
P on this circle and draw a tangent at P.

#> Solution:

Given, radius r=3 cm

o Rough Diagram

TI

Construction

Step 1: Draw a circle with centre at O of radius

3 cm.
Step 2: Take a point P on the circle. Join OP.

Step 3: Draw perpendicular line TT° to OP
which passes through P.

Step 4: TT is the required tangent.

II. Using alternate segment theorem
Q.No. 13, Example 4.30

13. Draw a circle of radius 4.5 cm. Take a
point on the circle. Draw the tangent at
that point using the alternate segment
theorem.

# Solution:

Construction

Step 1: With O as the centre, draw a circle of
radius 4.5 cm.

Step 2: Take a point L on the circle. Through
L draw any chord LM.

Step 3: Take a point M distinct from L and N
on the circle, so that L,M and N are in
anti-clockwise direction. Join LN and NM.

Step 4: Through L draw a tangent 77" such that
ZTILM = ZMNL

Step 5: TT is the required tangent.

Example 4.30

Draw a circle of radius 4 cm. At a point
L on it draw a tangent to the circle using the
alternate segment.

# Solution:

Given, radius = 4 cm

T Rough Diagram
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Tl

Construction
Step 1: With O as the centre, draw a circle of
radius 4 cm.

Step 2: Take a point L on the circle. Through
L draw any chord LM.

Step 3: Take a point M distinct from L and N
on the circle, so that L,M and N are in
anticlockwise direction. Join LN and NM.

Step 4: Through L draw a tangement 7T such
that £TLM = ZMNL.

Step 5: TT is the required tangent.

lll. Using centre two tangent
Q.No. 14, 15, 16, 17, Example 4.31.

14. Draw the two tangents from a point which
is 10 cm away from the centre of a circle
of radius 5 cm. Also, measure the lengths
of the tangents.

# Solution:

Construction

Step 1:
5 cm.

Step 2: Draw a line OP=10cm

With centre at O, draw a circle of radius

wd (]
&

*

2
Q
®

D
Step 3: Draw a perpendicular bisector of OP,
which cuts OP at M.
Step 4: With M as centre and MO as radius,
draw a circle which cuts previous circle at A and
B.

Step 5: Join AP and BP. AP and BP are the
required tangents. Thus length of the tangents are
PA=PB=8.7cm

Verification: In the right triangle

A OAP,

angle

PA% =\oP? - 042
=Y100-25 =V75 =8.7cm

15. Take a point which is 11 cm away from
the centre of a circle of radius 4 cm and
draw the two tangents to the circle from
that point.

# Solution:

Construction

Step 1:
4 cm.

With centre at O, draw a circle of radius

Step 2: Draw a line OP=11cm

Step 3: Draw a perpendicular bisector of OP,
which cuts OP at M.
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wo I
6"0[

.
% §
%

Step 4: With M as centre and MO as radius,
draw a circle which cuts previous circle at A and
B.
Step 5: Joint AP and BP. They are the required
tangents AP =BP =103 cm

Verification: angle triangle

A OAP,
AP =\OP’ - 0A°
=V121-16 =V105 =103 cm

In the right

16. Draw the two tangents from a point which
is 5 cm away from the centre of a circle
of diameter 6 cm. Also, measure the
lengths of the tangents.

# Solution: N

Construction

Step 1: With centre at O, draw a circle of radius
3 cm. with centre at O.

Step 2: Draw a line OP=5cm

Step 3: Draw a perpendicular bisector of OP,
which cuts OP at M.

Step 4: With M as centre and OM as radius,
draw a circle which cuts previous circle at A and
B.

Step S: Join AP and BP. They are the required
tangents AP=BP=4cm

Verification:

AP =\OP’ - 0A°

_\52_32

=YV25-9
=V16 =4 cm

17. Draw a tangent to the circle from the
point P having radius 3.6 cm, and centre
at 0. Point P is at a distance 7.2 cm from
the centre.

# Solution:

Construction

Step 1: Draw a circle of radius 3.6 cm. with

centre at O.
Step 2: Draw a line OP=7.2cm

Step 3: Draw a perpendicular bisector of OP,
which cuts it M.
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Step 4: With M as centre and OM as radius,
draw a circle which cuts previous circle at A and
B.

Step 5: Join AP and BP. They are the required
tangents AP =BP=6.3 cm

Verification:

AP =\ OP’ - OA®
=(7.2)* - (3.6)

=V51.84-12.96
=V38.88 = 6.3 (approx)

Example 4.31

Draw a circle of diameter 6 cm from a point
P, which is 8 cm away from its centre. Draw the
two tangents PA and PB to the circle and
measure their lengths.

#3 Solution:
Given, diameter (d)=6cm, we find radius

(r)=g=3cm

B Rough Diagram

Construction

Step 1:
3 cm.

With centre at O, draw a circle of radius

Step 2: Draw a line OP of length 8 cm.

Step 3: Draw a perpendicular bisector of OP,
which cuts OP at M.

Step 4: With M as centre and MO as radius,
draw a circle which cuts previous circle at A and
B.

Step 5: Join AP and BP. AP and BP are the
required tangents. Thus length of the tangents are
PA=PB=74cm

Verification: In the right angle triangle OAP,
PA?=OP* - 0A>=64-9=55
PA =55 =7.4 cm (approximately)

Type lll: Concurrency theorems

Q.No. 9. Example 432, 10, 11,

Example 4.33, 4.34, 4.35

9. Show that the angle bisectors of a triangle
are concurrent.

# Solution:

2]

B D C
Consider a AABC and let the angular
bisectors of A and B meet at ‘O’.
From O, draw perpendicular OD, OF, OF to
BC, CA, AB respectively.

Now A BOD = BOF

(. £ODB = ZOFB =90° ZOBD = LOBF)
OD =O0OF
Iy in A OAEand A OAF, we can prove
OE = OF
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OD = OE = OF Thus, multiplying (1), (2) and (3) we get,
Now, join OC, BD Q ﬁ_ —
pC ¥ EA “Fp= ¥ Ix1=1

Consider A OCD, A OCE
Here (i) ZODC=ZOEC=90° and OC is
common
(i) OD=OE
AOCD=AOCE
Z0CD = ZOCE
CO is angle bisector of ZC

Angle bisectors of a triangle are

concurrent.

Example 4.32

Show that in a triangle, the medians are
concurrent.
#  Solution:

Medians are line segments joining each
vertex to the midpoint of the corresponding
opposite sides.

A

D
B

Thus medians are the cevians where D, E, F
are midpoints of BC, CA and AB respectively.

Since D is a mid point of

BD

BC,BD=DC so —=1
DC (D
Since, E is a midpoint of
CA, CE=FEA so Q:I
EA (2

Since, F is a midpoint of AB,

AB,AF =FB so M—1
FB ...(3)

And so, Ceva’s theorem is satisfied.

Hence the Medians are concurrent.

10. In AABC, with B=90°,BC=6cm and
AB=8cm,D is a point on AC such that
AD=2cm and E is the midpoint of AB.
Join D to E and extend it to meet at F.

Find BF.
# Solution:
A
4
B
4
.
F B 6 C

Given In AABC,AB=8 cm, BC=6cm
AC=V64+36 =V100 =10

Also AD=2= CD=8cm
E is the mid point of AB

= AE=EB=4cm
By Menelaus Theorem,

AE BF CD _
EB FC DA~
4 BF 8

= X—=1
4% BF+6 2

= 4BF=BF+6
= 3BF=6
BF =2cm
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CHAPTER 5

CO-ORDINATE GEOMETRY

Exercise 5.1

KEY POINTS
(IX-Std formulae)
1. Distance between A (xq,y;) and B (x;, y,) is

|AB| =d= \/(Xz - xl)z + (- )’1)2

Recall:

2. Midpoint of the line segment joining
A (xla yl) and B ()Cz, y2) is
Xp+Xx yit»n
(12 512)
3. Section formula:
(i) If a point P (x,y) divide the line

segment A (x;,y;) and B (x,,y,) in-ternally

in the ratio m : n then

p (mx2+nxl my, + nyy )

m+n m+n

m-—n

mx~>» —nxy my, —n
(ii) Externally P :( 2 1 My, —nyp }
m-—-n

4. Centroid of a triangle whose vertices are
A (x1, y1), B (%2, yp) and C (x3, y3)

G_(X1+X2+X3 y1+y2+y3)

3 ’ 3
Area of a triangle
1. Area of a triangle whose vertices are
A (x1,¥1), B (x2,y7) and C (x3,y3)
A= %I:«‘ﬁ 02—y +x, 03—y +x301-¥2) ]
sq.units.

Another form

1 | X1\ P2\ 73 1
A

{yl 3} y3><;1}

[(X1 Y2 +x3y3+x31)

N[— N

— (¥ +x3y, +x }’3)]

2. Area of a Quadrilateral whose vertices are
A (xl, yl), B (x2’ y2) C (x3’ y3) and D (x4’ y4)'

1
Area=> [ (x1=x3) 02 —y4) — (2 —xg) (01 - ¥3) :I

sq.units.

Another form

1] X1 2 3><‘4><’<1
A==

2{y1><)’2 V37 \V4 )’1}
1
5{(X1y2+x2Y3+x3Y4+x4)’1)

{ = (X ¥ + X3y +X4 Y3+ X1 Vg) } sg.units.

Note

(i) If area of the triangle is zero, then given
points are collinear (lie on the same line).
If A(x;,y1),B(x,y) and C(x3,y3) are

collinear points, then

o X (M =y3)+x(3—y) a3 —y2)=0
(Or)

* XpyatXpy3tazyp =X Y3t ¥tz

(ii)) The area of the triangle and quadrilateral is
never negative. That is, we always take the
area as positive. (Absolute value)

(iii) Plot the points in the Rough Graph, and take

anticlockwise points as order. (Here always

area will come positive)
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Type I: Area of triangle based sums. Example 5.1
Q.No: 1. (i) (ii)), Example 5.1, 5.2, 2. Find th be trianele wh .
G) (i), 3. (i) (ii), Example 5.3, 5.4, 4. (i) (ii), ind the area of the triangle whose vertices
7. are (- 3,5), (5, 6) and (5, — 2).
1. Find the area of the triangle formed by pY
the points
@ (1,-1),(-4,6) and (-3,-5) 3 5,6)
Areg 21| 1 4 -3 01 \
2l -1 6 -5 -1
X'e > X
(0]
5[(6+20+3) 4-18-5)] \J>(5,-2)
1
=5 [(29) = (- 19)]
1 .
= 5 [29 + 19] vy
Here
_1 x 48
2 Let A (5,6),B(-3,5) andC (5,-2)
= 24 sq.units 1/5 -3 5 5
Area = 2{6 5 _2 6
(i) (-10,—4),(-8,~1)and (-3,-5) |
v =5 [(25+6+30)—(—18+25-10)]
A
1
X' < B B S o o > X 25[(61)_(_3)]
-10-9-8-7-6 -5-4-3-2-1 | 4 1
-8,-1) L 5 [61 + 3]
- -3 1
=—-X64
(-10,-4) -4 2%°
T3 = 32 sq.units
(3,-5 {6
v Example 5.2
v’
Here A (-8,-1), B(—10,-4),C(-3,-5) Show that the points P (-1.5,3), 0 (6,—2)
-8 —10 -3 -8 R (-3,4) are collinear.
Area =+
2/ -1 -4 -5 -1 Arca _l{—l.S 6 -3 —1.5}
1 2] 3 -2 4 3
=5 [ (32+50+3)—-(10+ 12 +40) ]
) 5 [B+24-9)—-(18+6-6)]
=5 189~ (62)] 1
1 =5 [(18) = (18)]
= [23]
2 Area =0
= 11.5 sq.units Given points are collinear.
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2. Determine whether the sets of points are
collinear?

0 (—%,3 (- 5,6) and (-8,8)

Areg L[ 12 -5 -8 -2
"2 3 6 8 3

Area =%[(—3—40—24)—(—15—48—4)]

1
=5 (- 67) = (= 67)

. Given points are collinear.

(i) (a,b+c),(b,c+a) and (c,a +b)

Area 1 e b ¢ “
"2l b+c¢ c+a a+b b+c

2

=%[(ac+a +ab+b2+bc+cz)

—(b2+bc+62+ac+a2+ab)}

%[(a2+b2+c2+ab+bc+ca)

—(a2+b2+c2+ab+bc+ca)]
1
=50

Area =0

. Given points are collinear.

3. Vertices of given triangles are taken in
order and their areas are provided aside.
In each case, find the value of ‘p’.

S.No. Vertices Area (sq.Units)
1) (0,0),(p,8),(6,2) 20
(i1) (p-p),(5,6),(5-2) 32
@ (0,0),(»,8),(6,2) Area =20 sq.units.

_ 110 p 6 0
Area ‘2{0 8§ 2 0}

20=%[(0+2p+0)—(0+48+0)]

20x2=2p - 48
40 =2p — 48

40 +48=2p
88=2p

88 _
=

44 =p

(i) (p,p), (5,6), (5,—2) Area =32 sq.units.

Areazlp5 Sop
2 -2 p

32:% [(6p — 10+ 5p) — (5p + 30 = 2p)]

32x2=6p—-10+5p-5p—-30+2p
64 =8p —40

64 +40=28p
104 =8p
104

8

13=p

Example 5.3

If the area of the triangle formed by the
vertices A (—1,2),B (k,—2) and C (7,4) (taken
in order) is 22 sq.units. Find the value of K.

A(-1,2),B(k —-2),C(7,4)
Area =22 sq.units.
-1 K 7

1 —1
Area‘z{z ~2 4 2}

22 =% [+ 4k +14) - 2k - 14 - 4)]

2 x2=2+4k+14-2k+14+4
44 =2k + 34
44 — 34 =2k
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10 =2k 7. If the points A (-3,9),B(a,b) and
10 L C(4,-5) are collinear and if a+b=1)
2~ then find a and b.
5=k Given points are collinear.
-3 a 4 -3
9 b -5 9
EXample 5.4 —-3b—-5a+36=9a+4b+ 15

If the points P(—1,-4),0 (b,c) and
R (5,—1) are collinear and if 2b+c=4, then
find the values of b and c.

P(-1,-4),0(,c),R(5,-1)

Given points are collinear

-1 b 5 -1
4 ¢ -1 -4

Product of downward values = product of
upward values.
—c—b—-20=-4b+5c+1
—c—b+4b-5¢=1+20
3b-6c=21 e
Given
2b+c=4 (2

Solve (1) and (2)
(I)=3b-bc=21
(2)X5=12b+6¢c =24
156 =45

_ 45

b=135

b=3

2)=>203)+c=4
6+c=4
c=4-6

c=-2

36 -15=9a+4b+3b+ 5a
21=14a+7b
divide by 7
2a+b=3 (1)
Given
Solve (1) & (2)
2a+b=3
) ) &)
a+b=1

a=2

a+b=1 (2

Q)=2+b=1
b=1-2

b=-1

4. 1In each of the following find the value of
‘a’> for which the given points are

collinear. (i) (2,3), (4,a) and (6, —3)
Given points are collinear.
{2 4 6 2}
3 a -3 3
2a—-12+18=12+6a—-6
2a+6=6a+6
2a—6a=6-6
-4a=0

a=0

(i) (a,2-2a),(-a+1,2a) and
(-4-a,6-2a).

Given points are collinear.



www.nammakalvi.in

Co-ordinate Geometry 5.5
a —a+1l —-4-a a 1
=~ [(58) - (- 12
{2—241 2a  6-2a 2-2a 2 (08 =12
aa)+(6-2a)(-a+1)+(2-2a) (-4-a) Z%[ngz]
=2-2a)(—a+1)+2a(-4-a)+a(6-2a) 1
2 2 2 =5 %70
2a°—-6a+6+2a”"—2a—-8—-2a+ 8a+2a 2
= 2a+2+2d% - 2a~8a-2d* + 6a-2d* =35 sq.wnits
6a* —2a—2=—2a" - 6a +2 B
5 5 @ii) (=9,0), (-8, 6)’ (-1,-2)and (- 6,-3)
6a”"—-2a-2+2a"+6a—-2=0 -2 .
8a*+4a—4=0 (-8, 6) Y
) 2 -1
2a+a-1=0 7 —1 X (-9, 0) -
== < 5 >
(a+1)(2a-1)=0 22
-1
a+1=0] 2a-1=0 1,7 (-1,-2)
a=-1 2a=1 (-6,-3) )
VY
1
a=35 Here Let
A(-8,6),B(-9,0),C(-6,-3) and
Type: Il Area of Quadrilateral based sums.| | D (- 1,-2)
Q.No: 5. (i) (i), Example 5.6, 6 Area _l{ -8 -9 -6 -1 - 8}
5. Find the area of the Quadrilateral whose 2L 6 0 -3 -2 6
vertices are at L 0+27+12-6)=(=54+0+3+16)]
® -9,-2),(-8,-4),(2,2)and (1,-3) 2
2 Y = 21633 - (- 35))
1
==[33+35
/7) 2,2 2! ]
1
X': O /J > X = 5 X 68
-9, -2)(& ,-3) = 34 sq.units

(8, -4)
vy’
Here
Let A(2,2),B(-9,-2),C(-8,-4) and
D (1,-3)
2 -9 - 1 2
2328102

:%[(—4+36+24+2)—(—18+16—4—6)]

6. Find the value of k£ if the area of a
Quadrilateral is 28 sq.units whose vertices
are (—4,-2),(-3,k),(3,-2) and (2,3)

-4 -3 3 2 -4
-2 k -2 3 -2

[(—4k+6+9—-4)—(6+3k—4-12)]

1
Area )
1

28

2
28 x2=(—4dk+11)— (- 10+ 3k)
56=—4k+ 11+ 10— 3k
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5.6
56=—-T7k+21
56-21=-"Tk
35=-"Tk
35 _,
-7
—5=k

Example 5.6

Find the area of the Quadrilateral formed
by the points (8,6), (5,11), (—5,12) and (-4, 3)

AY

-3 12) 5, 11)

(8,6)

('4a 3)

v Y'
A(5,11), B(=5,12),C(-4,3)

5 -5 -4 8 5
11 12 3 6 11

[(60 — 15 — 24 + 88)

Let and

D (8, 6)

N [ =

Area =

N [ —

— (— 55— 48 +24 +30)]

[(109) - (= 49)]

=79 sq.units

Type: Il Word problems based on area
concept.
Q.No: Example 5.5, 5.7 9. 10, 11, 8

Example 5.5

The floor of a hall is covered with identical
tiles which are in the shapes of triangles. One
such triangle has the vertices at
(-3,2),(—=1,-1) and (1,2). If the floor of the
hall is completely covered by 110 tiles. Find the
area of the floor.

Vertices of one triangular tile are at

(-=3,2), (=1, 1) and (1,2)
-1 1 -3

-1 2 2

[(3-2+2)-(-2-1-6)]

[(3) - (=9)]

No.of tiles covered in the floor =110
Total Area of the floor =110X 6
= 660 sq.units

Example 5.7

The given diagram shows a plan for
constructing a new parking lot at a campus. It
is estimated that such construction would cost
Rs.1300 per square feet what will be the total
cost for making the parking lot.

The parking lot is a quadrilateral whose
vertices at A (2,2),B(5,5), C(4,9)and D (1,7)

. Area of parking lot

aoif2 5 41 2
212 59 7 2
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N[—= N—= N

AY

97 4,9

(1,7)
D

(,3)

e

A

v
>

v

[(10+45+28+2)—-(10+20+9 + 14)]

[85 —53]

—~
W
N

~

16 sq units
Construction rate per sq.feet = Rs.1300
Total cost =1300x 16
=Rs.20,800

10.

A triangular shaped glass with vertices at
A (—5,—-4),B (1,6) and C (7,—4) has to be
painted. If one bucket of paint covers 6
square feets, how many buckets of paint
will be required to paint the whole glass,
if only one coat of paint is applied.

Vertices of the triangular glass

A(=5,-4),B(1,6),C(7,-4)
-5 1 7 -5
—4

2 -4 6 -4
[(—30 —4 —28) — (— 4 + 42 +20)]

Area = l{

N|—= N~

[(=62) - (58)]

[- 62— 58]

N [—= N~

(- 120)

= 60 sq units
[Area +ve only]

6 square feets covers of paint =1 bucket

60 square feet covers of paint =%0

= 10 buckets

10.

In the figure find the area of
(i) triangle AGF (ii) triangle FED
(iii) Quadrilateral BCEG.

(i) Area of triangle AGF

A(=5,3)G(-45,05)F(-2,3)

Area =l{_5

-45 =2

-5
21 3 05 3 3

=% [(=2.5-135-6)— (= 1351 —15)]

=2 1-22) - (-29.9)]
1

[-22+29.5]

X 7.5

I Iy

= 3.75 sq.units

(i) Area of triangle FED

F(=2,3)E(5,1)D(1,3)
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1[-2 15 1 -2 [-4 8 6 -10 -4
Area_z{s 13 3} Area {—8 410 6 -8
1
=5 [(=2+45+3)-(45+1-06)] :%[(16+80+36+80)—(—64—24—100—24)]
_1 1
=5 1(5:5) = (=0.5)] =5 1(212) - (-212)]
1
=3 x6 _ 4
T2
= 3 sq.units

(iii) Area of quadrilateral BCEG
B(-4,-2)C(2,-1) E(1.5,1),.G(—4.5,0.5)

Areg cL[ -4 2 15 45 -4
T2(-2 -1 1 05 -2
=%[(4+2+0.75+9)—(—4—1.5—4.5—2)]
1
=5 1(15.75) - (- 12)]
1
= [15.75+ 12]
2
~L12775)
=21
= 13.875

= 13.88 squunits

9. In the figure, the Quadrilateral
swimmingpool shown is surrounded by
concrete patio. Find the area of the patio.

e Area of quadrilateral ABCD
A(-4,-8),B(8,—-4), C(6,10),D (-10,6)

=212 sq.units
Area of quadrilateral EFGH
E(=3,-5F(6,-2)G3,T)H(-6,4)

Apeg <L[-3 6 3 -6 -3
T2 -5 -2 7 4 -5
=%[(6+42+12+30)—(—30—6—42—12)]
1
=5 190) = (= 90)]
—1(90+90)
T2
=%><180
=90 sq.units

. Area of the patio = Area of quadrilateral

ABCD - Area of Quadrilateral EFGH.

=212-90

= 122 sq.units

8. Let P(11,7),0 (13.5,4) and R (9.5,4) be

the midpoints of the sides AB, BC and AC
respectively of AABC. Find the
co-ordinates of the vertices A, B and C.
find the area of AABC and
compare this with area of A POR

Hence

P = mid point of AB

Xp+x y1+Y2]

(11,7)=( )
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A
XpY)
(11, )P R (9.5,4)
B 5 C
X Yy) (13.5, 4) X3 Y3)

e (= mid point of BC

_ X2+X3 y2+y3
(13.5,4)_(—2 A J

e R= mid point of AC

95,4) = [ 5

x1+x3 y1+y3)

Comparing ‘x’ values
X1 +x2
T2 -
x1+x2=22 ..(1)
X2 +Xx3
2
x2+x3=27 ..(2)
X1 +x3
T2 -
x1+x3=19 ..(3)
Add (D(Q2) & (3)
2 (x1 +x2+ x3)
=22+274+19

11

=135

9.5

x1+x2+x3=7

x1+x2+x3=34 ..4)
Put (1) in (4)
22+ x3=34
x3=34-22
x3=12
Put (2) in (4)
x1+27=34
x1=34-27
x1=7
Put (3) in (4)
x2+19=34
x=34-19
x2=15

2

Comparing ‘y values
yity2
==
yi+tyn=14 ..(1)
2ty

2
v+y3=8 ..(2)
yitys
==
yi+y3=8 ..(3)
Add (1), )& (3)
2(y1+y2+y3)=14+8+38

7

30
y1+y2+y3:7

vi+n+y=15 .4
Put (1) in (4)
14+y3=15

y3=15-14
y3=1
Put (2) in (4)
yi+8=15
yi=15-8
»n=17
Put (3) in (4)
n+8=15
n=15-8
y2=17

A1, TYB(15,7),C(12,1)
e Area of AABC

Areg cL[7 15 127
207 7 107
= 2149 + 15 +84) - (105 + 84+ 7)]
=1 1148 - 196]
2
1
=5 (=48)
=24 sq.units [Area not negative]

e Area of APQOR

Areg ~L[11 135 95 11
27 4 4 7
=% [(44 + 54 + 66.5) — (94.5 + 38 + 44)]
1
=5 [164.5 - 176.5]
L.
= 6 sq.units [Area not negative]

Hence, we get

Area of AABC =4 (Area of A POR)

Exercise 5.2

KEY POINTS

1. Inclination of a line

A straight line which makes an angle with

x-axis measured in the counter - clockwise
direction to the part of the line above the x-axis
is called inclination of a line or the angle of

inclination. It is denoted by 0

e The inclination of X-axis and every line
parallel to X-axis is 0°

e The inclination of Y-axis and every line
parallel to Y-axis is 90°
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2. Slope of a line

The tangent value of angle of inclination

known as slope of a line m=tan0

0<06<180°0%#90°

3. Slope of a line when two points are given

A (x1, 1), B (x2, y7)

y2=)1
m=——
Xy — X1

Note that x; # x,

e Slope of X-axis (or) slope of a line parallel
to X-axis is ‘0O’ (zero)

m = tan 0°
m=0

e Slope of y-axis (or) slope of a line parallel to

y-axis is not defined
m = tan 90°
m = oo

e tan30°=1A3
tan 45° =1

tan 60° =3

4. Slope of parallel lines

Two lines [ and [, are parallel if my=m,

g

Slopes of perpendicular lines

Slope of a line is ‘m’ then its perpendicular
. =1

line slope is -

e [, is perpendicular to [, if and only if

myXm,=-1

Type: 1 [Problems based on slope]

Q.No: 1. () (i), 2. () (ii), Example 5.8
(i) (i), Example 5.9 (i) (i) (ii), 3. (@) (i), 7

1. What is the slope of a line whose
inclination with positive direction of x-axis

is (i) 90° (i) 0°
(i) Slope m=tan 0
m = tan 90°
m = o (not defined)
(i) Slope m =tan 0
m = tan 0°
m=0
2. What is the inclination of a line whose
slope is (i) 0 (i) 1
(i) Slope m=tan 0
O=tan O

0=0°

(i) Slope m=tan 6

1=tan O
0=tan ! (1)
0=45°
Example 5.8
(i) What is the slope of a line whose

inclination is 30°?
Slope m =tan 6

m = tan 30°

1
"B

(ii) What is the inclination of a line whose
slope is \3?
Given m=V3
tan 6 =3
0 =tan ! (3)

0=60°
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Example 5.9

Find the slope of a line joining the given

(_ 6s 1) and (_ 3, 2)

points (i) X ¥ X3 ¥

Y2 =1
m:
X~ X

_-t.2
“147°13

-3
m=—_

26
(i) (14, 10) and (14, - b)

Y2—=M
m:
Xy — X

_-6-10
C14-14

-16
0

m = o (not defined)

>i) S \/§) and
X1 N

Y2 =1
m:
X~ X

cos O +cos O

—sin O —sin O

_ 2cosB
~ —2sin0

m=-cot0

©, 0
X2 )2
Y2—Yi
Xy = X1
0-v5
0-5
51
5 5

(ii) (sin O, — cos 0) and (— sin 0, cos 6)

3. Find the slope of a line joining the points
(i) (5,V5) with the origin.

(_ 2’ Cl)
a
X1 351

_-1
T2
Y2 =1
X=X

7. The line through the points (-2, a)and

-1
(9,3) has slope > Find the value of ‘a’.

9 3
od O 3)
X2
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Type: Il Parallel, Perpendicular based sums.

Q.No: 5, Example 5.12 ,~ 6, 4, 8,
Example 5.10, 5.11

5. Show that the given points are collinear:
(-3,-4),(7,2)and (12, 5)

Let A (-3,-4) B (7,2)and C (12, 5)

Slope of AB Slope of BC
L P VAR P G RO ()
X1 Y1 X1 Y1 X1y X2 y2
y2— )1 y2—Jy1
m=—-—-—- m=-——-
X2 — X1 X2 — X1
_2+4 _5-2
S 7+3 C12-7
_6 _3
10 ”5
o
”s5

slope of AB = slope of BC andB is common
point.

Given points A, B, C are collinear.

Example 5.12

Show that the points (-2,5),(6,—1) and
(2,2) are collinear.

Let A(=2,5),B(6,—1)C(2,2)

Slope of AB Slope of BC
A G2 p 6 =D, 6 D (22
Xty X2 X1y Xy
2=y
m=—-—
y2— )1 X2 — X1
m:—
X2 — X1 _2+1
_-1-5 T2-6
6+2 3
=3 3
-3 T4
=

Slope of AB = slope of BC and B is common
point.

~. Given points A, B, C are collinear.

6. If the three points (3,—1),(a,3) and
(1,-3) are collinear, find the value of ‘a’.

Slope of AB Slope of BC

G =D pla 3 |p 3 @ =3
Xy X2y X1y X2y
27N m=22"

X2 — X1 X2 — X1
_3+1 _—=3-3

a-3 l-a
-4 -6

a=3 T l-a

Given points are collinear
slope of AB= slope of BC

4 -6
a-3 l-a

4(1-a)=-6(a—3)
4—4a=—6a+18

—4a+6a=18-4
2a =14
a=1472
a="17

4. What is the slope of a line perpendicular

to the line joining A (5,1) and P where P
where P is the mid-point of the segment
joining (4,2) and (-6, 4).

Let B (4,2)and C (-6, 4)
P = mid point of BC

2 0 2
—6 2+4
- o

6
'2

:(— 1’3)

| xtx y1+yzj

N
N

[\CIE \S]

)
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Slope of AP
5 1 -1 3
A ( ) p ( )
X1 N X2 Y
Y2=N
m=
X —X
_3-1
T -1-5
_2
-6
_-1
m="3

-1
Slope of perpendicular =——

m
=3

The line through the points (—2,6) and

(4,8) is perpendicular to the line through
the points (8, 12) and (x,24). Find the

value of x.

Line 1

6) , (4
yiooox

=2,

X1

8)
»2

A B

Slope of AB= 270
X2 — X1
_8-6

442

W= NN

mj =

Line 2
c 8, 12) D (x, 24)
X1 Y1 X2 y2
Slope of CD=u
X2 — X1
_24-12
T x-8
iy = 12
x—8

Given line are perpendicular

somypXmy=-1
1 12
X

Example 5.10

The line ‘r’ passes through the points
(—2,2) and (5, 8) and the line ‘s’ passes through
the points (-8,7) and (—2,0). Is the line r
perpendicular to S?

Line r Line s
A -2, 2 B S, 8 c =8, 7 D -2, 0
X1 yioox2 oy X1 Y1 x2 2
Slope of Ap=22"1 B
x- Slope of CDz—y2 1
8-2 X2 = xi
542 _0-7
_6 -2+3
mi= 5
m=g
H X X — !
ere my Xmsy=— X —
1 2 7 6
=—1

Hence given lines are perpendicular.

Example 5.11

The line ‘P’ passes through the points
3,-2),(12,4) and the line ‘q’ passes through
the points (6,—2) and (12, 2). Is ‘P’ parallel to
q.

Line p Line ¢
A G -5 (124 c © =2) 5 (12, 2
X1y 2 » Xy x2 »
Slope of AB= 127N Slope of CD = y2=n
X2 — X1 X2 — X1
442 242
T 12-3 T 12-5
_6 _4
=3 -2
_2 _2
mi = 3 mo = 3
Here

Slope of line ‘p’ = slope of line ‘q’. Hence

given lines are parallel.
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Type: Il Geometrical Application sums -
based an slope concept.

Q.No: 10, 11, 13, 12, Example 5.13,
Example 5.15, 9. (i) (ii), 14, Example 5.14, 5.16

10. Show that the given points form a

parallelogram A (2.5,3.5) B (10,—4)
C(2.5,-2.5) and D (-5,5)
Slope of AB Slope of CD
4 (2535 (10 -4 |, @25 -25) (-5 9)
X1y X2 X1y X2y
o2 o2
X2 — X1 X2 — X1
—4-35 _5-25
T 10-25 T -5-25
-75 _ 7.5
=775 -75
=—1 =1
Slope of BC Slope of AD
g (0. -4 (25, -25) | (5 35 , (-5 5)
xXroy1 x2 » X1y X2y
-y _5-35
m= m=
X2 — X1 -5-25
_-25+4 _ 15
T 25-10 -7.
_15_ 1 -t
757 5 ~5

Here slope of AB= slope of CD

- AB|| CD
Slope of BC = slope of AD
~. BC||AD
Since opposite sides are parallel, Given

points are form a parallelogram.

11. If the points A (2,2),B(—2,-3) C(1,—-3)
and D (x,y) form a parallelogram then
find the values of x and y

Slope of AB Slope of CD
A @D 52 -3 [0 =3 5y
X1 Y1 X2 2 X1 Y1 X2 )2
2=y 2= )1
m= m=
X2 — X1 X2 — X1
_-3-2 _y+3
T-2-2 a1
3.5
-4 4

Given ABCD is a parallelogram
slope of AB= slope of CD

é_y+3
4 x-1
Sx-5=4y+12
S5x—4y=12+5
Sx—4y=17 (D
Slope of BC Slope of AD
g 2 -3 G =3 |, 22 5@« Y
X1y X2 » X1yl X2 »
y2-y1 y2 -1
m==——— m=2=—7"
X2 — X1 X2 — X1
=343 _y-2
S 1+2 S x-2
_0
3
=0

Given ABCD is a parallelogram
slope of BC = slope of AD

0=2=2
x—2

y=2=0

y=2

Put y=2 in (1)

Sx-4(2)=17
5x=17+8
5x=25
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13. A quadrilateral has vertices A (—4,-2), Slope of PQ Slope of SR
B(5,-1),C(6,5) and D (-7, 6) show that P 1-3 0 u, o[ 21 5k -111
the midpoints of its sides form a 272 2’ 27 272
parallelogram. e Y2=¥1 % )
D X2 —xl m= - 1 11
(-7,6) o 2132 2t
11 7
2 2 ~ 2
7 10
- 12_0 2
= 7
P -
2 10
L Slope of SR
10 |
B, 1) Q Slope of PS Q(l—;,z)R(‘T,l—;)
. . 1 -3 -11
Xp+x Y1+ 24372 "TI —u
= — m=———
2 7 2 __11 ) 2 2
—445 —2-1 2 7
= 7 2 __ a2 -7 __2
-122 12 -12
_[ L -3 2
22 =7
¢ O =midpoint of BC 12
546 —145 Here slope of PQ =slope of SR
=( 20 2 j - PO| SR
= ( 1—21, 2 j Slope of PS =slope of OR
o PS| OR
¢ R =midpoint of CD
Since opposite sides are parallel PORS is a
- 6-75+6 parallelogram.
22
(=111
N 12. Let A@3,-4)BOY,—-4) CG,-7) and
e S=midpoint of AD D (7,— 7). Show that ABCD is a trapezium.
_4_7 —246 Slope of AB Slope of CD
= ) } A@(3,-4) B(9,-4) c(5,-7 D(,-7)
B _—an m=)’2_y1 m:—77+57
- 2 s X2 - .Xl -
e 4+4 = %
- 9-3
=0

1l
S oo
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142
Slope of BC Slope of AD (b) Slope of AD =
A@©,-4 C(,-7) AGB,-4) D(7,-7) 2-1
-7+4 -7+4 3
m= m= _2
5-9 7-3 1
-3 _=3 =3
—4 4
3 (iii) Slope of AB= slope of CD
4 . AB||CD
Here slope of AB= slope of CD Slope of BC# slope of AD
- AB| CD ~. BC is not parallel to AD
but slope of BC # slope of AD Hence ABCD is a trapezium.

BC is not parallel to AD

Hence ABCD is a trapezium. Example 5.15

Without using Pythagoras theorem, show

Example 5.13 that the vertices (1,—4), (2,—3) and (4 —7) form
a right angled triangle.

A(1,-2)B(6,-2)C(5,1) and D (2,1) be
four points (i) Find the slope of the line
segment (a) AB (b) CD (ii) Find the slope of
line segment (a) BC (b) AD (iii) What can Slope of AB
you deduce from your answer.

Let the vertices of triangle
Al,-4)B@2,-3)and C(4-7)

1, -4 2, -3)

_ A B
() (a) Slope of AB=22_1 Xy X o»
X=X
Y2 =1
_=2+2 =x s
= 61 2 1
0 _—3+4
=§ 2-1
1-1 1
(b) Slope of CDzﬁ =
Slope of BC
- BC.-3) C.-7)
m_—7+3
=0 T 4-2
1+2
(i) (a) Slope ofBC=—— _—4
5-6 2
_3 =-2
-1 Slope of AC

-3 A(l,—4)C@4-T)
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_—T7+4
41

_-3
K

=—1

Here slope of AB x slope of AC =

Ix(-1)=—1

.. AB is perpendicular to AC

ie LA=90°

Hence AABC is a right angled triangle.

9. Show that the given vertices form a right
angled triangle and check whether its
satisfies Pythagoras theorem
i A(Q,-49)B@2,-3) and C4,-7)

1, -4
A ( )
X1 N

Ya—y1 -3+4 1
m: = = — =

B (2’ - 3)

RO )

1

X~ X

Length of AB

2-1 1

AB=\(xy—x))* + (vy—y,)°

=N+ (1)’
=2
Slope of BC Length of BC
B, ‘73) 3C(4"7) BC=\N(@4 -2+ (~7+3)>
-7+
"TT =\N(@2)* + (- 4
_—4 =V4+16
2 =\20
=2
Slope of AC Length of AC
A(L‘74) 4C(4"7) AC=N@ - 1)+ (=7 +4)
-7+
" =NG+ (-3

=\9+9
=\18

Here slope of AB x slope of AC
=1x(-1)
=-1
s AB L AC and ZA =90°
AABC is a right angled triangle.
Also
Here BC? = AB® + AC?
(V20)? = (\2) + (V18)?
20=2+18
20 =20 and LA =90°

It satisfies Pythagoras theorem.

(i) L (0,5 M (9,12) and N (3, 14)

Slope of LM Length of LM
L(0,5) M (9, 12) L(0,5) M (9, 12)
m=22" N LM=\/(X2—X1)2+(y2—y1)2
X2 — X1
_12-5 =NO-02+(12-5)>
9-0
; =\V9*+7?
9 =81 +49
=v130
Slope of MN Length of MN
M©O,12)N B, 14) |\ MN =V (3 -9+ (14 - 12)
14-12
m=—— = V6 + )
2 =V36+4
=% a0
_-1
-3
Slope of LN Length of LN
LOSYNG, 14)  |IN=vG-0>+14-5)
14-5
m=—3_0 =32 +9
9 = V9+81
~3 =90
=3
Here slope of MN x slope of LN

=-1
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Hence MN L LN and ZLN=90° Given
. ALMN is a right angled triangle. 0S=2PR
Also, 0S* = 4PR?
LM? = MN? + LN* (B-=1)2+(-3-1)2=4PR
(V130)” = (V40) + (¥90)* 4=16=4PR>

130 =40 + 90 20 _ pp2

4
130 = 130 and LN =90°
N . 5= PR
It satisfies pythagoras theorem. PR=A5
. . l 5
14. PORS is a rhombus. Its diagonals - PM =55
PR and QS intersect at the point M and
we have
satisfy QS =2PR. If the co-ordinates of ’ ’
SP* = QP

S and M are (1,1) and (2, — 1) respectively,

2 2 2 2
find the co-ordinates of P. G-1D)"+0-1D)"=x-3)"+(+3)

S(l 1 x2—2x+1+y2—2y+1=x2—bx+9+y2+6y+9
-2x=2y+2=—-6x+6y+18
4x-8y=16
x—2y=4
P - R x=2y+4 (1)
M (2,1)
P 2
PM2=[§\/5_j
X, Y =224+ 1)2=2
Q ( 29 2) X —4
In a Rhombus diagonals bisect each other at P —dx+4 +y2 +2y+1=5/4
ight angle.
Hem e 4y —dx+2y+5=5/4
. M = midpoint of OS Put x=2y+4
o.-1=| 1t 1Hn @y +47+)7 -4 Qy+4)+2y+5=5/4
? 2 4y* +16y+ 16 +y> —8y— 16+ 2y +5="5/4
1+x) 1+y, 5y?+,10y+5=5/4 12
2 2 2052 + 40y + 15=0 [
2 2 4y2+8y+3=0 6 2
n=4-1 y2=-2-1 1 4 4
x2=3 yy=— (y+3/2)(y+§):0 % %

vertex Q (3,-3)

y=-

32 -172
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(=
x=2y+4 x=2y+4
-3 -1
=2 7 +4 =2 7 +4
=-3+4 =-1+4
.x:l x:3
(1,-32) (3,-12)

Co-ordinates of

Pare (1,-32)and (3,-12)

Example 5.14

Consider the graph representing growth of
population (in crores). Find the slope of the line
AB and hence estimate the population in the
year 2030?

#> Solution:

The points A (2005, 96) and B (2015, 100) are
on the line AB.

AY
162
~~_ 100 DLOOT-E—T1-O0)
§ TOU BZU1571U0)
g Qe
.E 70
=]
=] Q4 A LOOOE-OL)
8 20 A2UU570)
S
-o QA
AT 4
92
X 0| 2005 2010 2015 2020 2025 X
YY’ Year
100 - 96 4 2
Slope of AB=—————=--==
P 2015-2005 10 5

Let the growth of population in 2030 be &
crores.

Assuming that the point C (2030, k) is on
AB,

we have, slope of AC= slope of AB

k=96 2
2030 -2005 5

k=96 2

25 5
k—96=10
k=10+96
k=106

Hence the  estimated

2030 = 106 Crores.

population  in

Example 5.16

Prove analytically that the line segment
Jjoining the mid-points of two sides of a triangle
is parallel to the third side and is equal to half
of its length.

#  Solution:
Let P(a,b)Q(c,d) and R(e,f) be
vertices of a triangle.

Let S be the mid-point of PQ and T be the
mid-point of PR

the

Therefore,
a+c b+d at+e b+f
S—( > o JandT—[ D) j
b+f b+d
Now, slope of ST = 2 2 :f_d
ate atc e-c
2 2
And slope of Qsz_d
e—c
(a,b)
S
T
Q(c,d)
(e,
R



www.nammakalvi.in

5.20

Nithish’s Mathematics - X Std

Therefore, ST is parallel to QR. (since their
slopes are equal)

_ ate a+c b+f b+d
Also, ST—\/( ) ]+[ > 5 j

= r (- ap

1
ST = > OR
Thus ST is parallel to OR and half of it.

Note

e This example illustrates how a geometrical

result can be proved using coordinate

Geometry.

Exercise 5.3

Equation of a Straight line

I. Equation of co-ordinate axes

1. Equation of a line parallel to X-axis is y=»

e If »>0, then the line y=»5 lies above the

X-axis.

o If b<O0, then the line y=5 lies below the

X-axis.
e If b=0, then the line y=> is the x-axis itself.
2. Equation of a line parallel to y-axis is x=¢

e If ¢>0 then the line x=c lies right to the
side of the y-axis.

e If ¢ <0 then the line x = ¢ lies left to the side
of the y-axis.

o If ¢ =0 then the line x=c is the y-axis itself.

II. Equation of a line (Neither parallel nor
perpendicular)

3. Slope - Intercept form

A line with slope ‘wm’ and ‘y’ intercept ‘c’
then equation

y=mx+c

e If a line with slope m, m # 0 makes x intercept
d then the equation of the straight line

y=m(x—d)

e y=mx is the equation of a straight line with
slope ‘m’ and passing through the origin.

4. Point - slope form

Equation of a line passing through a point
(x1,yq) with slope ‘m’ is

y-y1=mx-xq)

5. Two points form

Equation of a line passing through two pints
A (x1,y1) and B (xp, ;) is

Y-y X—-Xx
Y2—N

Xy —Xq

6. Intercept form

Equation of a line having x intercept ‘@’ and
‘y’ intercept ‘D’ is

g ©b
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Type: | Equation of co-ordinate axes|||Type: Il Slope Intercept form y=mx+c
Example 5.17, 1 Q.No: 3. Example 518 ) (i), 2, 4
Example 5.17 Example 5.19 5.20, 5.

Find the equation of the straight line 3. Find the equation of a line whose

passing through (5,7) and is (i) Parallel to inclination is 30° and making an intercept

x-axis (ii) Parallel to y-axis. —3 on the y-axis.
(i) Equation of a line parallel to x-axis is y=5 Given 6 =30°, y-intercept ‘C=-3’
since it passes through (5,7), so b=7 then Slope m =tan 6
required equation is y =7 m = tan 30°
(i) Equation of a line parallel to y-axis is m=1A3
r=a ". equation
since it passes through (5,7), So, a=5 then
. . . y=mx+c
required equation is x=35
1. Find the equation of a straight line y =%x— 3
passing through the midpoint of a line
segment joining the points (1,-5) (4, 2) V3 y=x-3 V3
and parallel to (i) X-axis (ii) y-axis. Y \/S_y _33=0
P = midpoint of (1, - 5) and (4, 2)
p= Xp+x Yty
- ) Example 5.18
pP= ﬂ’ —S5+ 2] Find the equation of a straight line whose
2 2 (i) slope is 5 and y intercept is —9.
5 -3
=l > Given slope m =35, y-intercept ‘¢’ =-9
(i) Equation of a line parallel to x-axis y=6 Equation
5 _3 y=mx+c
Since it passes through | =, ——
P £ [ 272 J y=5x-9
-3 —
sob= EE then required equation y = > S5x-y-9=0
2y+3=0 (ii) Inclination is 45° and y-intercept is 11.

3 , ) ) Given 0=45° y-intercept ‘c’=11
(i1)) Equation of a line parallel to y-axis x=a
slope m = tan 45°

-3
since it passes through (5 J

72 -

Soa= %, then required. " equation
5 y=mx+c
equation x=3 m a1l

2x—5=0 x—-y+11=0
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2. The equation of a straight line is

2(x—-y)+5=0. Find its slope, inclination
and intercept of the y-axis.
Given
2x=y)+5=0
2x-2y+5=0
2x+5=2y
2x+5
=y

comparing with

y=mx+c we get

slope ‘m’ =1 and y intercept ‘¢’ =5/2
Here m=1

s tan0=1

0=45°

4. Find the slope
V3x +(1-V3)y=3
Given
V3x+(1-V3)y=3

(1-V3)y=—+3 x+3

_—\/3—x+ 3
YTV 11—

Comparing with y=mx+c

and y-intercept of

We get,

m_-—J?
T1-43

_ V3 3+l
T3 -17V3+1
__3+\V3
(V3)* - (1)
_3+V3
C3-1

343

Mm=-"

o3
1-V3
3 1+V3
T1oVE 13
_3+43\3
(1P - (3’
3+33
T 1-3

L 333
)

5. Find the value of ‘a’, if the line through
(-2,3)and (8,5) is
y=ax+2

perpendicular to

Line 1:

(-2,3)and (8, 5)

Y2=N
m:
Xy — X1

_5-3
842
2
10
1
=5

my

Line 2:
y=ax+2
comparing with y=mx+c
m=a
lemy=a
Given lines are perpendicular
somypXmy=-—1




www.nammakalvi.in

Co-ordinate Geometry

Example 5.19

Calculate the slope and y intercept of the
straight line 8x — Ty + 6 =0.

Given
8x—-Ty+6=0
8x+6="Ty

8x+6
7 _y

comparing with y=mx+c, we get

6

o8 . 6
AR

Example 5.20

The graph relates temperatures y (in
Fahrenheit degree) to temperatures x (in celsius
degree) (a) Find the slope and y-intercept (b)
write an equation of the line (c) what is the
mean temperature of the earth in Fahrenheit
degree if its mean temperature is 25° celsius?

From the figure

Let A (0, 32), B (20, 68)
AY

90 4
80 +
07T (20, 68)
60 +
50 1
40 +
30 10,32)
20+

10 1

A

—————F—F—+—>» X
o 5 10 15 20 25 30

5.23
Y2—21
(@ m=
Xy =X
_68-32
T 20-0
_36_9
205
m=1.8

The line meet y axis at (0,32) so y-intercept
‘¢’ is 32.

(b) Equation: y=mx+c
9
y=gx + 32
(c) Given x=25°

oy %(25) +32

y=45+32
y=T77
the mean temperature of the earth is
7T7°F.
Type: Il Point, slope form

y-y1=m(x- xq)

Q.No:
5.22.

Example 5.21, 10, 6, Example

Example 5.21

Find the equation of a line passing through
the point (3,—4) and having slope — 5/7

Given m:‘TS, (3,-4)
Equation
y=yp=mx-xy)
y+4:_75(x—3)
Ty+28=—-5x+15
Sx+T7y+28-15=0
S5x+7y+13=0
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10. Find the equation of a straight line which

4
point (-1, 2)

has slope and passing through the

Given: m = _75, -1,2)

Equation
y=yp=m(x-xy)

y—2=_TS(x+l)
4y-8=—-5x-5
S5x+4y-8+5=0
5x+4y-3=0

6. The hill is in the form of a triangle has
its foot at (19,3). The inclination of the hill
to the ground is 45°. Find the equation of
the hill joining the foot and top.

Given 6 =45°
m =tan45°

m =1 and point (19, 3)

Equation
y=yp=m(x-xy)
y=-3=1(x-19)
y-3=x-19
x~19-y+3=0
x—-y—-16=0

equation of the hill joining the foot and

top is x—y—-16=0

Example 5.22

Find the equation of a line passing through
the point A (1,4) and perpendicular to the line
joining the points (2,5) and (4,7)

Let A,4)B(2,5)
ONCNY)

given points and

Y2=W
Xy — X1

Slope of BC =

Perpendicular line slope is _71
som==1
Now equation of the perpendicular line
through A (1, 4)
y=yp=mx—xy)

y—-4=—1x-1)

y—4=-x+1
x—1+y-4=0
x+y-5=0

Type: IV Two points form.
Q.No: 7. (ii) (i), 8, Example 5.23, 5.24, 9.

7. Find the equation of a line through the

given pair of points (i) (2,3) and
(_7s_1)
2, 3 -7, -1
A ( ) andB( )
1N X2 Y2
Equation
y=-y1 _X*x—Xx
Ya=y1 X2—Xp
y—  x=2
-1-3 -7-2
y=-3 x-12
-4 -9
4(x-2)=9@-3)
4x-8=9y-27
4x-8-9y+27=0
4x-9y+19=0
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o (3o

3 27
Equation
y=—yr X—x
y2_)’l_x2_x1
y=-23  x-2
-2-273 —71_2
3y-2
3 x—2
—6-2 -1-4
3 2
3y-2 2(x-2)
-8 -5

16(x—2)=5@By-2)
16x-32=15y-10
16x-32-15y+10=0

16x — 15y - 22=0

8. A cat is located at the point (—6,—4) in
xy plane. A bottle of milk is kept at (5,11).
The cat wishes to consume the milk
travelling through shortest possible
distance. Find the equation of the path it
needs to take its milk.

4
and B
Y1

y—yr  X—Xx
V2=V X
y+4 x+6
1144 5+6
y+4 x+6
15 11
15x+6)=11((+4)
15x+90=11y +44
I5x-11y+90-44=0
15x-11y+46=0
equation of the path to take its milk is
15x - 11y +46=0

5, 11

Let A
X2 Y2

X1

equation

Example 5.23

Find the equation of a straight line passing
through (5,—3) and (7 —4)

5, -3
]andB[

-4
Let A
X1 N
X_Xl

Y2

7,
X
Equation

y—Nn

204+3)=—1(x-5)
2y+6=—x+5
2y+6+x-5=0

x+2y+1=0

Example 5.24

Two buildings of different heights are
located t opposite sides of each other. If a heavy
rod is attached joining the terrace of the building
from (6,10) to (14,12). Find the equation of the
rod joining the buildings?

12
Y2

14,
X2

6, 10

A

1

Let A[
X1

Equation
Y=y _
-V %X
y—10 x-6
12-10 14-6
y—10_x-6
2 8
y-10_x-
1 4
x—6=4y—-40
x—6—-4y+40=0
x—4y+34=0

X=X

x—06

equation of the rod is x—4y+34=0
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9. Find the equation of the median and | (ii) Equation of attitude
altitude of AABC through A where the A
vertices are A (6,2),B(-5,-1) and (6,2)
c19)
(i) Equation of Median
A
6,2) B C
-5-D D 1,9)
Slope of BC = 270
X2 =4
9+1
B C -z -
(-5,-1) D 1,9) T 1+5
D = Midpoint of BC 10
"6
[ Xitx Yty
- 2 9 2 f— §
3
=| — 52+ 1, — 12+ K ) Slope of AD = perpendicular slope of BC
m=-73/5
(=48
| 202 . Equation of attitude AD
=(-2,4) A6,2)m=-3/5

Equation of Median AD

6, 2 -2, 4
A and D
X1 ) Xy W

Y=y _
Ya=Yy1 XX

X—=X1

y=yp=mx-xp)

-3

5 (x=0)
S5y-10=-3x+18

5y-104+3x-18=0

y-2=

3x+5y-28=0
y—2 x-6
4-2 -2-6
L 4
y-2 x-6 Type: V Intercepts form 2 + b= 1
2 -8
QNo: 12. (i) (i), 13, (i) (ii)), Example
y—2 x-6 5.26, 14. (i) (ii), Example 5.25, 5.28.
1 -
4 12. Find the equation of a line whose intercepts
x—6=—4(G-2) on the x and y axes are given below.
@ 4,—6
x—6=-4y+8
Given
¥=6+4y-8=0 x intercept ‘a’ =4
x+4y-14=0 y intercept ‘b’ =-06
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Equation L A
2723
S4o=1 N
a Comparing with E+%: 1, we get
2 Y
4 _¢ a=2,b=-3
X_Y
1761 (i) 4x+3y+12=0
3x-2y 1 4x 4+ 3y + 12 =0 (Another method)
12
3x-2y=12 x intercept y intercept
3x-2y—-12=0 Put y=0 Put x=0
4x+12=0 3y+12=0
(ii) —5,% dx=-12 3y=-12
i x=—12/4 y=—12/3
Given
. X=— 3 y = — 4
x intercept ‘@’ =-15 . .
- x intercept a=—3 | y intercept b=—4
y intercept ‘b’ =3/4
Equation
Example 5.26
a b Find the intercepts made by the line
X y 4x — 9y +36 =0 on the co-ordinate axes.
“staa!
4x-9y+36=0
N dx -9y =136
5737 Y
divide by —36
—3x+20y_1 tvide by
15 a 4x 9y _—306
~3x420y=15 —36 -36 -36
B
3x-20y+15=0 —9 4°
- x intercept ‘@’ =—9
13. Find the intercepts made by the following y intercept ‘b’ =4

lines on the co-ordinate axes.
i 3x-2y-6=0

3x-2y-6=0
3x-2y-6=0
3x-2y=6

divide by 6

3x (=2
6t 6 -

[} e)

14.
(@)
intercepts

Given:

Find the equation of a straight line
Passing through (1,—4) and has

which are in the ratio 2:5

IS)

S >
Il Il
(N1 S )
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2b=>5a s —8+44=a
_Sa -4=a
b= 2
. Required equation
Equation
H=x+y=-4
X Y _
PR 1 x+y+4=0
a 5Sa
) Example 5.25
L 2y | Find the equation of a line which passes
a 5a through (5,7) and makes intercepts on the axes
Sx + 2y equal in magnitude but opposite in sign.
5a ! Given
S5x+2y=>5a (1) a=-b
eqn (1) passes through (1, —4) Equation
5()+2(-4)=5a Tid=q
a b
5-8=5a puta=—b
—3=5a
xb ty=1
Required equation
—-x+
(1)= 5x+2y=-3 Xb Yo
S5x+2y+3=0 -x+y=>b (1)
(5,7) passing through equ (1)
(ii) Passing through (8,4) and making equal —5+7=b
intercepts on the co-ordinate axes. 2=pb
Given;
H)=-x+y=2
a=b
x-y+2=0
Equation
xX_ Y
PR Example 5.28
Puta=»b A line makes positive intercepts on
Xy co-ordinate axes whose sum is 7 and it passes
Sty =1 through (- 3,8). Find its equation.
x+y Given
a ! Sum of intercepts =7
x+y=a (1) atb=7
eqn (1) passing through (4) point (-8, 4) b=T7-a
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Equation
X, Y _
a+b !
ALY
a T-a
x(T-a)+ay
a(7-a) B

x(7T-a)+ay=a(71-a) (1)
equ (1) passing through (-3, 8)
MH=-30-a)+a®) =a(71-a)
—21+3a+8a=7a-d°
21+1la=Ta-d
a*—Ta+11a-21=0
@*+4a-21=0
(a-3)(a+7)=0

a-3=0
a=3

a+7=0

negative
a=-"17 &

(not ,possible since given positive intercept)

. Required equation
put a=3 in (1)
x(7-3)+3y=3(7-3)

4x+3y=3(4)
4x+3y-12=0
Type: VI Application of equation of

straight line sums.
QNo: 11. Example 5.27, 5.29.

11. You are downloading a song. The percent
y (in decimal form) of mega bytes
remaining to get downloaded in x seconds
is given by y=-0.1x+1

(i) Graph the equation.

(ii) Find the total MB of the song.

(iii) after howmany seconds will 75% of

the songs gets downloaded.

(iv) after how many seconds the song will
be downloaded completely?.

(i) Graph of y=—-0.1x+1

A (10,0)

Ol 10987654321

Put x=0
We get y=1
B(0,1)
Put y=0
we get x=10
A (10, 0)

(i) y=-0.1x+1
when x=0,y=1
Total MB of the song =1MB
(iii) 75% of MB downloaded
.~ 25% of MB to be downloaded
Put y=025iny=-0.1x+1
025=-0.1x+1
0.1x=1-0.25
0.1x=0.75

_075 10
01710

x=175
. Required time =7.5 sec
(iv) Time when songs completely downloaded

Put y=0iny=-0.1x+1

0=-01x+1
0.1x=
110
0.1 10
x=10

songs will be downloaded completely
after 10 sec.
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Type: | Slope based sums = 3
QNo: 1. (i) (i) Example 5.30, 5.31 (i) 7
@ii) 2. (@) (i), 3. () (ii), Example 5.32, 5.33, 4, Since parallel lines have same slopes, slope
. .3
1. Find the slope of the following straight | Of any line parallel to 3x—7y=111is 7
lines (i) Sy—3=0 (ii)) 7x- % =
G) Sy-3=0 (ii) Perpendicular to 2x -3y +8=0
co — efficient of x _ co —efficient of x
- co — efficient of y co — efficient of y
-0 _—2
=5 3
2
m=0 m=3
ii) 7x-3/17=0 ope of a line perpendicular to given line is
(ii) Slope of a line perpendicul gi line i
co — efficient of x -1
=- m
co — efficient of y
20 Required m=—-3/2
m = oo (undefined)
2. Find the slope of the line which is
(i) Parallel to y=0.7x-11
Example 5.30 (ii) Perpendicular to the line x =-11
. . . (1) Given
Fine the slope of the straight line
6x+8y+7=0 y=0.7x-11
Given 6x+8y+7=0 0.7x-y-11=0
co — efficient of x co — efficient of x
= Slope = —
co — efficient of y co — efficient of y
—6 =07
~% -1
-3 m=0.7
=Ty Slope of a line parallel to this line is 0.7.

Example 5.31

Find the slope of the line which is
(i) Parallel to 3x -7y =11

_co-— efficient of x

~ co — efficient of y

(i1)) Given

x=-—11
x+11=0
co — efficient of x
Slope =-— —
co — efficient of y
_—1
-0

= oo (not defined)
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slope of a line perpendicular to given line is

-1 -1
m  —10
=—1xJL
-1
m=0

3. Check whether the given lines are parallel

or perpendicular.

_co—effx

m_co—effy
-173
Rz
!
31
m1=—4/3

Here m; =m,

LoX .y
D 3+4+7

Line 2

22y 1 _
37271070

_co—effx

m=
co—effy

Hence given lines are parallel.

(i) Sx+23y+14=0and23x—5y+9=0

Line 1

Sx+23y+14=0
co—effx
m=———
co—effy
5

23

-5

Here m; X my=—-

23
=-1

Line 2
23x-5y+9=0
co—eff x
m=————
co—effy

_723

- -5

23

m2=?
<23
5

Given lines are perpendicular.

—+1=0 and

Example 5.32

Show that the straight lines 2x +3y —8=0
and 4x + 6y + 18 = 0 are parallel.

[Another method]

Given
e 2x+3y-8=0
a;=2;b1=3;¢c1=-8
e 4x+6y+18=0
ar=4;by=6;cp=18

Hence given lines are parallel.

Example 5.33

Show that the straight lines x —2y +3=0
and 6x + 3y + 8 =0 are perpendicular.

Given:
x—2y+3=0and 6x+3y+8=0
aj=1:b=-2
ay=6;b,=3
Sayay+by by =(1)(6) + (= 2)(3)
=6-6
=0

The lines are perpendicular.

4. If the straight
12y=p+3)x+12,12x -7y =16
perpendicular the find P.

lines
are

Given:

o« 12y=—(p+3)x+12
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Pp+3)x+12y-12=0
a=p+3
by =12
o 12x-7y=16
12x - 7y—-16=0
a,=12
by=-1
Given lines are perpendicular
soajpay+byby=0
P+3)12+(12) (=7)=0
12P+36-84=0
12P-48=0
12P =48

48
P=1;

Type: Il Find the equation of a straight

line.

Case (i) Parallel, perpendicular form
QNo: 5, Example 5.34, 5.35, 6, 7, 8, 9, 10,
Example 5.36.

Case (ii) Two points
Example 5.37.

form Q.No.11, 12,

5. Find the equation of a straight line
passing through the point P (-S5,2) and
parallel to the line joining the points
0@3,-2)andR (-5,4)

3, -2 R(—S, 4)
X1 N X2 M

Given line: Q

Y2=0N
m=

X —X

4+2

-5-3

_6
-8

_-3
M=y

Slope of a line parallel to this line QR is
_Z3
4
‘. equation

m=—3/4 point P (-5 2)

y—y=m(x—xp)
-3
y—2= 1 (x+5)

4(y-2)=-3(x+5)
4y-8=-3x—-15
4y-8+3x+15=0

3x+4y+7=0

Example 5.34

Find the equation of a straight line which
is parallel to the line 3x —Ty =12 and passing
through the point (6,4).

Given line
3x—Ty—-12=0

equation of a line parallel to the given line
is of the form

3x-T7y+k=0 (D
(6,4) passes through equ (1)
S306)-7T@)+k=0
18-28+k=0
-10+k=0
k=10

(D)= IXx-Ty+10=0
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Find the equation of s straight line

perpendicular to the line y =§x —7 and passing

through the point (7,—1)

Given line
y:%x—7
3y=4x-21
4x-3y-21=0

equation of a line perpendicular to the given
line is of the form.

3x+4y+k=0 (D

(7,—1) passes through equ (1)

3(N+4(=1)+k=0

21-4+k=0

17+k=0

k=-17

(D)= 3x+4y-17=0

6. Find the equation of a line passing
through (6 —2) and perpendicular to the
line joining the points (6,7) and (2, —3).
Given line joining the points.

A(6,7)and B (2,-3)
Y2=0
X2 =X

Slope of AB =

5.35
‘. equation
6 -2 -2
m=—
1N 5

y=yr=m(x—xj)

-2
y+2= 5 (x—0)
5(0+2)=-2(x-6)
Sy+10==-2x+12
Sy+10+2x-12=0
2x+5y—-2=0

7. A (-3,0),B(10,—-2) and C (12, 3) are the
vertices of A ABC. Find the equation of the
attitude through A and B.

(i) Equation of attitude through A
A 3.0
B C
(10,-2) D (12,3)
Slope of BC = 27N
X2 =X
_ 3+4
T 12-10
_3
2

slope of attitude AD = perpendicular slope of
BC

. Equation of attitude AD

-2
A(—3,0)m:?

y—yp=m(x—xyp)
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-2 AP
y=0=—7—(x+3)
5
S5y=-2x-6
2x+5y+6=0 < 0 u >
('4’ 2) (6, '4)
(ii) Equation of attitude through B
3,0 v
[ X1tx Yty
a 2 72
E
(—4+6 2-4
a 2 72
B C — 2’ __2
(10,-2) (12, 3) 272
— =(,-1
Slope of AC = 3-0 ( )
12+3 Yy =y
3 Slope of AB = 2 -1
_ 2 Xy —X
= 2 1
15
_1 _T42
~s 6+4
Slope of attitude BE= perpendicular slope _ -6
of AC 10
m=->3 _-3
5

Equation of attitude BE )
Slope of PQ = perpendicular slope of AB

B(10,-2)m=-5

Il
W |

y=yr=mx-xp)
y+2=-5(x-10)

. equation of perpendicular bisector
y+2=-5x+50

Sx+y+2-50=0 (1, =1)ym=5/3
S5x+y—48=0 y=yr=mx-xp)
S
y+1—3(x 1)

8. Find the equation of the perpendicular
bisector of the line joining the points 3y+3=5x-5
A(-4,2) and B (6,—4)

A line which is perpendicular and bisects the
given line is known as perpendicular bisector. Sx+3y+8=0

5x+3y+3+5=0

. M = midpoint of AB
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9. Find the equation of a straight line
through the intersection of lines

7x + 3y =10, 5x —4y =1 and parallel to the
line 13x + 5y +12=0

To find point of intersection solve

7x+3y=10 (1)

Sx—dy=1 (2)
(1) x4 = 28x+ 12y =40
(2)=3=15x-12y=3

43x =43

x=1

put x=11in (1)
7(1)+3y=10
74+3y=10
3y=10-7
3y=3

y=1

. point of intersection (1,1)
Given line
1B3x+5y+12=0 (3

Any line parallel to the given line is of the
form

1Bx+5y+k=0 (4
(1,1) passes through equ (4)
13(1)+5(1)+k=0
13+5+k=0
18+k=0
k=-18

‘. Required parallel line is

4)= 13x+5y—-18=0

10. Find the equation of a straight line
through the intersection of lines

5x — 6y =2, 3x + 2y =10 and perpendicular
to the line 4x — 7y +13=0.
To find point of intersection
Solve 5x—6y=2
3x+2y=10
(I)=>5x-6y=2
(2)Xx=9x+6y=30
14x =32

_32
14

(1)
(2)

X

16

x=7

_11
Y=75

. . . 16 11
. point of intersection -7

Any line the line

4x—T7y+13=0 is of the form

perpendicular  to

Tx+4y+k=0 ..(3)

1—6,% passes through (3)

7
16 11
7(7J+4(7J+k—0
112 44

T+7+k:0
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156
7 +k=0

_— 156

k==

. Required equation

(3):>7x+4y—1§—6=0

49x + 28y — 156 =0

Example 5.36

Find the equation of a straight line parallel
to y-axis and passing through the point of
dx +5y =13 and

intersection of the lines

x=8y+9=0

Given liens:

4x+5y—-13=0 (D
x—8+9=0 (2
To find point of intersection solve (1) & (2)
X y 1
5N/ 13><41¥ 5
IR0
X _ y _ 1
45-104 -13-36 -32-5
x _y _ 1
-59 -49 -37
x_1 y_1
59 37 49 ~ 37
[ CE ]
~37 Y=37
pint of intersection (2—3, %)

The equation of line parallel to y-axis is

X=cC

59 49
It passes through [37, 37J

59

*. equation x—2
- =37

37x-59=0

So C=§

11. Find the equation of a straight line joining

the point of intersection of 3x +y+2=0
x—2y—-4=0 to the point of
of Tx-3y=-12 and

and
intersection
2y=x+3

A B

Solve the equations
3x+y=-2 (1)
x—-2y=4 2)
(Hx2=6x+2y=-4
2)=x-2y=4

Tx=0

x=0

put x=0 in (1)
30)+y=-2

y=-2

. point of intersection A (0, —2)
Solve the equations

Tx—3y=-12 (3)
2y=x+3

-x+2y=3 (4
B)=Tx-3y=-12
@XT=-Tx+14y=21
11y=9

-2
R
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put y=9/11 in (4)

9 \_
—x+2( 11)—3

—x+§=3

18

11

11

-3=x

-15
11

—=x

‘. point of intersection B(

-15 9
1111
~15 9
1111

. Equation A (0,-2) B [ —_— }

y—N

X=X

Y2—=N
y+2

X — X

x=0

i+_
11

-15

T

y+2_ X

31
11

15

11

|

3lx=-15(u+2)
3lx=-15y-30

3lx+15y+30=0

12. Find the equation of a straight line
through the point of intersection of the
lines s8x+3y=18, 4x+5y=9 and
bisecting the line segment joining the
points (5,—4) and (—7, 6)

Given lines
& +3y—-18=0 (1)
4x+5y-9=0 ..(2)
solve (1), (2)
y

X 1
3 — 18 8 3
5><—9 4><5

X _ y _ 1
—27+90 —-72+72 40-12
x _y_ 1
630 28
x _ 1 y_1
63 28 0 28
x_1 28y=0
9 4
y:
ez
T4

‘. point of intersection (%, Oj

Midpoint of (5,—-4) and(-7, 6)

2 0 2
(5-7 —4+6J

X1+ X +
p= 1 2 N yzj

= L1

‘. equation

and

x| i XN
y—yy1 X=X
Yo=Y1 X=X
y—-0_ x-94
1-0 -1-94
4x-9

y_ 4

1 —-4-9

4
X_4x—9

I —-13
4x-9=-13y
4+13y—-9=0
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Trignometry 6.1
CHAPTER 6
TRIGONOMETRY
Exercise 6.1 > cot =080
sin ©
KEY POINTS
Note

I. Trigonometric ratios

II.

II1.

A

Hypotenuse

Opposite side

0
B  Adjacentside C

_ Opposite side

sn o= Hypotenuse
Adjacent side
cos 0 =
Hypotenuse
_ Opposite side
tan 9= Adjacent side
cosec O = M
Opposite side
sec § = dypotenuse
= Opposite side

cot 0 = Adjacent side
" Opposite side

Reciprocal relation

sin 6 = ; cosec O =—
cosec sin O
cos 0 = ; secO=
sec O cos 0
tan 0 = ; cotO=
cot O tan©

Quotient relation

e sinBcosecO=1
e cosOsecOH=1

e tanOcotO=1

IV. Complementary angles
1. sin(90-0)=cosB; cos (90 —-0)=sin 0O
2. sec (90— 0) =cosec 0 ; cosec (90 —0) =sec 6
3. tan(90-0)=cotB; cot (90 -0)=tan 6

V. Trigonometric table

0 0° 30° 45° 60° 90°
sin O 0 1 1 E 1
2 2 2
cos O 1 E 1 1 0
2 2 2
tan O 0 1 1 \3 0o
V3
cosecO| oo 2 \2 2 1
V3
sec © 1 2 \2 2 oo
V3
cot 0 oo \3 1 1 0
V3

VI. Trigonometric identities
1. sin29+cos29=1
sin2 0=1- cos2 0

0052 0=1- sin2 0
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2. 1+tan’ 0 =sec’0 sect 0 —sec? 0
tan @ =sec? 0 - 1 =sec’ 0 (8602 0-1)
1 =sec’ 0 —tan’ 0 =sec’ 0 - tart 0
3. 1+cot®0=cosec’ 0 LHS =RHS
cot? 0 = cosec? 0 — 1 Hence proved
1 =cosec” 0 — cot> 0
2. Prove the following identities.
Note . 1-tan’0 2
e (i) —5 ——=tan”0
Algebraic identities cot“0-1
() a>-b*=(a+b)(a-b) LHS
(ii) a3+b3=(a+b)(a2+b2—ab) 1 —tan’ 0
2
(i) @ —b°=(a-b)(a*+b*+ab) cot“0—1
3 1—(se026— 1)
Type I: Trigonometric identities, (cosec2 6-1)—-1
Reciprocal relation based sums 2
1-sec”0+1
Q.No: 5.3i) (ii), 2.(i) (ii), Example 6.1, 6.4, = cosecB—1-1
6.6, 6.9, 5.(i) (ii), Example 6.15, 6.16, 6.3
2
1. Prove the following identities. = 2_82&
(i) cot O +tan O =sec O cosec O cosec” 0 -2
LHS 5_ 12
cot O +tan O = _ cos8
L
_ cos 0 N sin © sinZ 0
sin® cos O 5
) 9 2cos”"0—-1
cos” 0 +sin” O 25
= cos
sin 6 cos 0 = 5
. 1-2sin"0
= 1 2
sin O cos O sin” 0
2 . 2
=sec O cosec 6 RHS _2cos"0-1 o —>m 0
.. 4 2 4 2 cos” 0 1-25sin? 0
(ii) tan” O+ tan“ O =sec” O —sec” O
.2 .2
2(1- -1
LHS _ ( sm2 0) o —Sin 62
4 ) cos” 0 1-2sin" 0
tan” O +tan” 6
.2 .2
=tan26(tan26+1) =2 28“;6 1>< L 62
5 5 cos” 0 1-2sin" 0
=tan” 0 -sec” 0
RES _1-2 sin 0 sin® 0

(:os2 0 1-2 sin2 0
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B sin® 0 Example 6.3
0082 0 »
2 cot“ O 0
- Prove that 1+ ——— = cosec
fa’6 RHS 1+ cosec O
LHS
cos 0
ii) ———=secO—tan O 2
@ sine _ g0t
1 + cosec 6
LHS 5
5 B cosec” 0 -1
L B 1 + cosec 6
1+sin©
 cos® . | —sin© _ (cosec 61+ 1) (cosgc 0-1)
" 1+sin®  1-sin0  cosec
_COSG(I—Sine) =1+COSece—1
1- sin2 0 =cosec 06 RHS
_cos 0 (1 —sin 0)
cos2 0
_1-sing Example 6.4
cos 0 Prove that sec © —cos 0 = tan 0 sin 0
_ 1 _ Sin 9 LHS
" cosO cos®
sec O —cos 0
=secO—-tan® RHS
= 1 —cos 0
cos O
E le 6.1
Xamp'e 1= cos? 0
Prove that tan* 0 —sin” 0 = tan’ 0 sin> 0 cos 0
LHS _sin” @
tam2 0 - sin2 0 cos 0
B sin? 0 2 6 _ sin O -sin O
cos2 0 cos ©
_sinze—sinzﬁcosze =tan§-sin® RHS
cos> 0
. 2 2
_sin"8 (1 —cos” 8) Example 6.6
cos2 0
0 sin0O
sin® @ - sin> 0 Prove that S?L L. cot 0
= sin® cos©
cos“ 0

= tan2 0- sin2 0 RHS

LHS

secO sinO

sin® cos©
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6.4
1
_cos 6 3 sin 6
"~ sin® cos O
B 1 3 sin 6
" sinBcos® cosO
1= sin” @
~ sinBcos O
3 cos2 0
~ sinBcos O
_cos B
ST
=cot® RHS
Example 6.9
Prove that
(cosec 0 —sin 0) (sec 0 — cos 0) (tan O + cot 0) =1
LHS
(cosec O —sin 0) (sec 6 — cos 0) (tanB + cot 0) = 1
=[ ,1 —sinej[ 1 —cosej( sin 0 +c9s€)]
sin O cos O cosO sin6
1= sin” O 1—cos®8 [ sin® 0 +cos> 0
- sin O cos O cos O sin O
B cos2 0 sin2 0 1
" sin®  cos® " cosOsin0

_ cos” 0 sin” O

sin2 0 cos2 0

=1 RHS

5. Prove that following identities
() sec*®(1-sin*6)-2tan’0=1
LHS
sect 0 (1- sin* 0)-2 tan” 0
=sect 0 (1 - sin® 0) (1 +sin® 0) — 2 tan® 0

=sect0 (cos2 0)(1+ sin’ 0)-2 tan’ 0

= 14 (cos 0) (1 + sin® 0) —
cos O

_1+sin26_2sin26

cos> 0 cos> 0
_ 1+sin®@-2sin’0
- cos’ 0

1= sin> 0

" cos? 0

3 cos” 0

- cos> 0

=1 RHS

(i)

cotO—cos6 cosecO—1
cotO+cos® cosecO+1
LHS

cot® —cos O

cot O+ cos O
cos 0
- —cos O
_ sin6
cos O
- +cos 0
sin O

cosO —cosOsin0

B sin O
"~ cos 0+ cos 0sin O
sin O
_¢cos6 (1 —sin B)
" cos 0 (1 +sin 0)
_1-5in6
" 1+sin6
1
" cosec O
1
cosec 0

1+

cosec O —1
___cosec 0
~ cosec O+ 1

cosec 0
_cosecBH -1

= RHS
cosec O + 1
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Example 6.15 1+ A + sin A (sinA —cosA)
_ sinA  cosA
5 2 0 1 71
1+tan“ A 1-tan A -
Show that 3 = cos’ A sin® A
1+cot” A 1-cotA ) )
(sin A cos A+ cos” A +sin” A) (sin A — cos A)
LHS -
_ sin A cos A
1+tan’ A sin® A — cos® A
1+cot’ A cos® A sin® A
1 +tanZ A _ (sinAcos A+ cos” A +sin” A) (sin A — cos A)
= 1 - sin A cos A
I+ 3, 3
tan” A cos” Asin” A
X773 3
_1+tan2A sin” A —cos” A
- 2
tan" A + 1 we have (a—b) (@*+ab+ b)) =a’ - b
2
tan” A
5 3 sin® A — cos’ A y cos® A sin° A
=tan” A © osinAcosA T g3 A —cosd A
RHS ) )
) =sin“Acos"A RHS
1 —tanA
1-cotA
l—tan A V Type I: Conjugate multiplication based
= 71 sums.
1-
tan A Q.No. 3, (i) (ii), Example 6.2, 6.3, 6.5
2
_[1-tanA 3. Prove the following identities
tan A —1
tan A i) \/“Sf“e =sec 0 +tan 0
) 1-sin0
=(—tan A)
5 LHS
=tan” A
LHS = RHS ,1+sin6
1-sin0
Hence proved.
_\/14—sin9>< I+sin®
Example 6.16 B 1-sin® 1+sin0
Prove that
. (1 +sin 0)°
(14+cotA +tan A) (sin A —cos A) —
sec® A — cosec’ A L =sin”0
LHS
(1+cotA+tan A) (sin A —cos A) _ (1 +sin 6)2
sec> A — cosec® A cos” 0
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_1+sin8 _ sinA _l-cosA
cos 6 1+cosA 1-cosA
1 +Sin9 _sinA (1 —cos A)
“cos®  cos® 1—0052A)
=secO+tan O RHS sin A (1 —cos A)
sinzA
1—-cosA
(i) _\/1+sin9 +\/1—sin6 —2secH T snA RHS
1-sin6 1+sin0®
LHS
Example 6.3
\/1+sin6 +\/1—sin6 ’
_q : t“ 0
1-sin0 1 +5sin 6 Prove that 1+—2 = cosec O
1+ cosec O
_\/1+Sin9 1+sin0 +\/1—sinexl—sin6 LHS
~ V1-sin0 1+sin0 1+sin® 1-sin® 5
cot”™ O
=]l+——
1 + cosec 6
1 +sin 0)° 1 —sin 0)°
= % + % 0056026—1
1-sin“ 0 1—sin" 06 =l+———
1 + cosec 6

N (cosec O+ 1) (cosec 6 — 1)

_\/(1+sinze \/(1—sin 0)° 1 + cosec 0
cos™ 8 cos™ 0 =1+cosec 0 -1
_1+sin®  1-sinB =cosec & RHS
"~ cosO cos 0
:1+sin6+l—sin6 Example 6.5
cos 6
2
= Prove that 1 +cos© =cosec 0 + cot O
cos 0 1-cos0
=2secH RHS LHS
1+cosO
1-cos©
Example 6.2
i 1-cotA
Prove that sin A _ .cot :\/1+cose 1+cosH
1+cosA sin A 1-cos® 1+cosB
LHS
sin A _ (1+cos 6)2
1+cosA 1-cos> 0



www.nammakalvi.in

Trignometry 6.7
_(sinA +cosA) (sin2 A + cos> A — sin A cos A)
_ o | +cos 0)’ - (sin A + cos A)
sin” 0 . .2 2 .
N (sin A —cos A) (sin” A + cos”“ A+ sin A cos A)
1+ cos 0 sinA —cos A
- sin § =1-sinAcosA+1+sinAcosA
1 cos 0 =1+1
sin O sin O =2 RHS

=cosec O +cot® RHS

Type |lll: Cross multiplication based

sums (LCM)
Q.No: 6, (i) (ii) Example 6.10, 6.12, 6.14

6. Prove the following identities

@ sinA —sin B cosA—cosB_
COSA +cosB  sinA+sinB
LHS
sinA—sinB cosA—-cosB

cCoOSA+cosB sinA+sinB

(sinA —sin B) (sin A + sin B)
_ +(cos A —cos B) (cos A + cos B)
(cos A + cos B) (sin A +sin B)

B sin2 A-— sin2 B+ cos2 A-— cos2 B
(cos A + cos B) (sin A + sin B)

(- cos’ A)—(1- cos’ B) + cos’ A — cos’ B

Example 6.10

Prove that sin A sin A =2 cosec A
1+cosA 1-cos
LHS
sin A sin A
l1+cosA 1-cosA

_sinA (1 —cosA)+sinA (1 +cosA)

- (1+cosA)(1—-cosA)

B sinA—sinA cosA+sinA+sinA cos A
l—coszA

_2sinA
sin” A

2

T sinA

=2cosecA RHS

(cos A + cos B) (sin A +sin B)

_a- cos’ A)—(1- cos? B) + cos® A — cos’ B
- (cos A + cos B) (sin A + sin B)

B 1 —coszA— 1 +cos2B+coszA—coszB
- (cos A + cos B) (sin A + sin B)

=0 RHS

. sin3 A+ cos3 A sin3 A-— cos3 A
(ii) + =

sinA + cos A sin A — cos A

LHS
sin3 A—- cos3 A
sinA —cos A

sin3 A+ cos3 A
sinA + cos A

Example 6.12

. 2 .2
A- B
Prove that tanzA—tanzB=%
cos” A cos” B

LHS
tan” A — tan’ B
B sin® A 3 sin’ B

Cos2 A cos2 B

B sin2 A cos2 B- 0032 A sin2 B

cos2 A C082 B

_sin® A (1 —sin” B) — (1 — sin® A) sin” B
- -

cos2 A cos
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3 sin2 A- sin2 A sin2 B—sin’ B+ sin2 A sin2 B
0082 A 0052 B

3 sinzA - sin2 B

Type IV: Algebra identities based sums
Q.No: 4, (i) (ii), Example 6.13

=——— F  RHS
cos2 A C082 B
Example 6.14
sin A cos A _
secA+tanA -1 cosecA +cotd -1
LHS
sin A cos A

seccA+tanA—1 cosecA+cotA—-1

_ sin A cos A
| sinA 1 4 cos A
cosA cosA sinA  sinA

B sin A cos A
1+sinA—cosA 1+cosA—sinA
cos A sin A
sin A cos A sin A cos A

- l1+sinA—cosA 1+cosA—sinA

sin A cos A (1 +cos A —sin A)
_ +sinAcosA (1 +sin A —cos A)
(1 +sinA—cos A) (1 +cos A —sin A)

sinA cosA+sinA c0s2A - sinzA cos A
_+ sin A cos A + sinzA COSA —sin A coszA
~ [1+(sinA—cosA)] [1 - [sin A —cos A]]

_ 2 sin A cos A
12— (sin A = cos A)2
_ 2 sin A cos A
1- (sin2A+cos2A—2sinA cos A)
_ 2sinAcos A
1-(1-2sinAcosA)
_ 2 sin A cos A
1-1+2sinAcos A
_2sinAcosA
~ 2sinAcosA

=1 RHS

4. Prove the following identities:

(i) sec®0=tan®0+3 tan” 0 sec’ O +1

LHS

sec® 0
= (8602 6)3
= (1 + tarf 0)°

use (a+b)°=a’+3d® b +3ab* + b
=1+3tan’ 0+ 3 tan* 0+ tan’ O
=1 +3tan26(1 +tan26)+tan66

—1+3tan”0-sec’ O +tan® O RHS

(i) (sin O + sec 6)2 + (cos O + cosec (9)2

=1+ (secO+ (cosec)2

LHS

(sin B + sec 6)2 + (cos 0 + cosec 9)2

= sin® 0 + 2 sin O sec O + sec” O + cos> 0
+2 cos 0 cosec + cosec” 0

= (sin2 0 + cos’ 0) + sec 0 + cosec” O

+ 2 [sin O sec + cos 6 cosec 6]

=1+secze+cose026+2

sin O N cos 0
cosO sin6

=1+sec29+cose026+2

sin” 0 + cos” 0
cos 0 sin O

:1+se026+cose026+2

1
cos O0sin O j
=1+ sec2 0+ COSCC2 0 + 2 sec O cosec O

=1+ (sec 0 + cosec 9)2 RHS
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Example 6.13 tan 6 + cot O
Prove that sin® cos©O
cosO sinO
cos® A —sin> A B cos® A +sin> A
cosA —sin A cosA +sinA _ sin” O + cos” 0
=2sinA cos A cos O sin 0 (From (1))
LHS _ 1
1
3 cos> A —sin° A 3 cos® A +sin° A
| cosA-sinA cos A +sin A =1 RHS

use a3—b3:(a+b3(a—b)(a2+b2+ab)
@ +b°=(a+b) (@ +b* - ab)

_ (cos A—sinA) (cos2 A + sin® A + cos A sin A)
(cos A —sin A)

_ (cos A +sin A) (cos2 A +5sin® A — cos A sin A)
cos A +sin A

= cos2 A+ sin2 A+CcoSAsinA— coszA - sin2 A
+cosAsin A

=2sinA cosA RHS

Type V: Conditional identities:

Q.No: 7, (i) (i), 8, (i) (i), 9, (i) (i), 10
Example 6.8, 6.11, 6.17

7. (i) If sinO+cosO= \/3_, prove that
tan O+ cotO=1.

Given sin 0 +cos 0 =13
Squaring on both sides
(sin O + cos 6)2 = (\/3_)2
sin? 0 + cos? 0 + 2 sin 0 cos 0 =3
14+2sinBcosB=3
2sinBcos0=3-1
2sinBcos0=2

sin O cos O =3
sinBcos B =1 (1)
Let LHS

Hence proved.

(i) If V3 sin®—cos =0 then show that

tan30=

3tan 6 —tan> O

1—3tan26

Given V3 sin0-cos0=0

LHS

RHS

\3 sin © =cos 0

cos 0

~ sin®
V3 =cot 0
0=230°

tan 3 0 =tan 3 (30°)
=tan90°

= oo (not defined) (D)

3tan6—tan36
1—3tan26

_ 3tan 30° — tan> 30°
1 -3 tan” 30°

JEHE)

2
1
1”[@]

3
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6.10
3 1
_\3 343
- 1
=0
3 1
_\3 343
1-1
3 1
V3 343

0

= oo (not defined) (2)

From (1) and (2) proved.

. cos O cos O
8. (i) If =m and =n then prove
cos B sin B
that (m2 + nz) cos> B= n?
Given
cos o cos ol
m= n=
cos sin 3
2_cos206 z_coszoc
cos’ § sin’ B
LHS
(m2 + nz) cos’ B
cos> 0. cos’ a 2
= 5 — cos”
cos“f sin” P
_( cos’ o sin’ B+ cos’ o cos’ B

cos’ § sin’ B

J cos’ §

3 cos” o (sin2 B+ cos? B)
sin’ B

COS2 [0

sin’ B

—n® RHS

8. (i) If

sec®—cos 0=y

cotO+tan O=x
then

@ P - =1

and

prove that

Given

x=cotO+tan O

_cosB

sin O

sin® cos©O

B 0052 0+ sin2 0
sin O cos O

I S
sin 6 cos 6

y=secO—cos 0O

= —cos 0
cos O

1 —00526
cos 0

3 sin2 0
cos 0

LHS
o2 )23 = (AP

23
_( 1 sin4ew
T ain2 2 cos 0 - sinE)cosG>< 2
ksm 0 cos 6 ) k cos 6)
2/3

ERE)]

= (sec3 6)2/3 - ('[am2 (9)2/3

2/3
.2
sin” 0 1
X

1 sin3 0

cos3 0

Cos3 0

= sec2 0 - tan2 0

=1 RHS
9. (i) If sin®+cosO=p and
secO+cosecO=qg then prove that
2
q @ -1)=2p.
Given

p=sinB+cosH
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p2=(sin6+cose)2 acosO=1+sin0
=sin® 0 + cos” 0 + 2 sin O cos 0 a:1+sin9
2 _ cos 6
p =1+2sinBcosBO . “in
1 a=——+

cos® cosB

g =sec 0+ cosec 6= -
cosO sinO
a=secO+tan 0

_sinB+cos@ LHS
cos Osin O ’ )
s a —1 (secO+tan0)” -1
LHS ¢("-1) a+1 (sece+tan6)2+l
:M(1+28m90056—1) sec’ 0 +tan> 0 +2 sec O tan O — 1
cos 0sin O =— 3
sec” O +tan” O+ 2 sec O tanO + 1
_ (sin 6 + cos 0) (2 sin O cos 0) 5 5
B cos O sin 0) _tan" O +tan” O +2 sec O tan O

2 (sin 0+ cos0)=2p RHS _seC29+se026+2se09tan9

B 2tan26+256c6tan6
2 se026+2 sec O tan©

9. (i) If sin®(L+sin®0)=cos’>0, then

prove that cos® 0 —4 cos* 0 +8cos*0=4 _ 2tan® (tan 6 + sec 6)
2 sec O (sec O + tan 0)

Given: sin 9 (1 + sin’ 0)= cos’ 0

5 5 sin 6
sinB(1+1—-cos”0)=cos” 0 _tan® _cos O
sin 62 — cos” 0 = cos’ 0 sec® _1
) ) cos O
Squaring on both sides.
=sin O RHS

sin? 0 (2 — cos’ 0)% = (cos” 0)°

1+ cos’ 0)4-4 cos” 0 + + cos” 0) = cos* 0

Example 6.8

4—4c0820 +cos* 0 —4cos> 0 +4cos” 0
If cos O +sin @ =2 cos 6, then prove that

cos 6 — sin 6 =2 sin 6.
6 4 2 _
—cos" B+4cos"6-8cos"0+4=0 Given: cos0+sin®=1V2 cos 0

cos® 0 — 4 cos* 0 + 8 cos” 0 =4 Proved. Squaring on both sides

- cos2 0 cos4 0= cos4 0

(cos 8 + sin 6)2 = (\/icos 6)2

cos O 1
10. If ——F——=— then prove that cos” 0 +sin> 0 +2 cos 0 sin 0 =2 cos” 0
1+sinf a
-1 2 cos 0 sin © =2 cos” 6 — cos> 6 — sin” 0
> =sin 6. 5 5
a +1 2 cos Osin O =cos” 0 —sin” 0
Given: 005.9 _ 1 2 cos 0 sin O = (cos 6 + sin 8) (cos 6 — sin 0)
1+sin® a

2 cos O sin 6

——=cos O —sin B
cos O +sin O
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Given: cos 0+ sin 0 =2 cos 0

ZCosesine_COSe <in 0
V2 cos® -

V2 N2 - cos 0 sin O
V2 cos 0

V2 sin 0 = cos 0 — sin O

Hence proved.

=cos O —sin 0O

Example 6.11

If cosecO+cotO=p, then prove
cos 0= P z ~1
p-+1
Given
cosec+cotO=p
we have

cosec? 0 — cot® 0 = 1

(cosec 6 — cot?0=1

(cosec O + cot 0) (cosec O —cot 0) =1
p (cosecO—cotB=1

cosec O —cot O = 1
p

Add (1) and (2)

cosec +cotO=p

cosec O —cot O = 1
p

1
2cosecO=p+—
P P

24

2 cosec O _P

Sub (1) and (2)
cosec O +cotO=p

) + )
cosec O —cot O =l
p
2cotB=p _1
p
2
2cot9=p 1

that

(D)

(2)

..(3)

(4

@)+ 3)
2
2coth  pT-1 y D
2cosec®  p PP+l
cos 0
sin® p2 -1
1 p2 +1
sin O
p-1
cos 0= proved
p +1
Example 6.17
cos 0 sin® 0
If ——=p and =gq, then prove that
sin O cos 0

2 2,2 2
rq P +qg+3)=1
LHS
2 2,2 2
P q (P +q +3)
2 2
:

2 2
cos2 0 sin2 0 I— cos2 0 sin2 0 |
=| — - + +3
sin O cos® | || sin® cos 0 |
cos’ 0 sin*O cos’ 0 sin®@
= X 2 5t +3
cos” 0 sin” 6

sin” 0 cos’ 0
2 .2 |—cos66+sin69+3sin2600526—|
=(cos” 0 - sin” 0) | — 3 |
sin” O cos” O ]

=c0s® 0 +sin® 0 + 3 sin” O cos’ O
= (cos2 8)3 + (sin2 6)3 +3sin> 0 cos” O
use @ +b° = (a +b)° - 3ab (a +b)

= [(cos” @ + sin” 8)" — 3 cos” O sin” O (cos> O + sin” 0)]

+3 sin® 0 cos2 0
= (1)3 —3cos? 0 sin” O (H+3 sin® 0 cos” 0
:1—3c05265in29+3sin2600826

=1 RHS
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Exercise 6.2

KEY POINTS
Heights and Distances

1. Line of sight

The line of sight is the line drawn from the
eye of an observer to the point in the object
viewed by the observer.

X
. o&é&}
Ny

2. Angle of Elevation

The angle of elevation is angle formed by
the line of sight with the horizontal when the
point being viewed is above the horizontal level.

In this case we raise our head to look at the
object.

(object)

Horizontal line

Here 0 is the angle of elevation.

Type I: Angle of elevation based sums
(Given one angle)

Example 6.19, 6.20, 2, 1, Example 6.18

Example 6.19

A tower stands vertically on the ground.
From a point on the ground, which is 48 m away
from the foot of the tower, the angle of elevation
of the top of the tower is 30°. Find the height
of the tower.

tower (h)

A 30° B
48 m

#3 Solution:
BC =k’ m height of the tower

AB =48 m Distance from foot of the tower

/BAC=30°
In A ABC
_ Opposite side
tan 0 =", djacent side
o_
tan 30 =3
1 _n
\N3 48
\V3h =48
48
h="=
V3
48 3
h=—"7—=X—7=
373
_48N\3
-3
h=16V3 m

. Height of the tower is 16 V3 m.

Example 6.20

A kite is flying at a height of 75 m above
the ground. The string attached to the kite is
temporarily tied to a point on the ground. The
inclination of the string with the ground is 60°.
Find the length of the string, assuming that
there is no slack in the string.

# Solution:
BC =75 m height of the kite from the ground
AC = length of string
ZBAC =60°
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oD
%’6& 75m

A 60° B

In AABC

opposite side
hypotenuse

o TS
sin 60 =AC

V3 75

2 TAC
V3 AC=75x%2

sin 6 =

AC=50V3m
- Length of string is 503 m.

2. A road is flanked on either side by
continuous rows of houses of height 4 V3
m with no space in between them. A
pedestrian is standing on the median of
the rod facing a row house. The angle of
elevation from the pedestrian to the top of
the house is 30°. Find the width of the
road.

# Solution:

413 43 403
30°
X B

A X P
AB = width of the rod
AP =PB=x m (mid point of AB is p)
BC=43 m height of the house

ZBPC =30°

_ Opposite side
~ Adjacent side

443

X

1 43
3 x
x=4V3 x\3
x=12
. width of the road =x+x
=12+12
=24 m

tan 6

tan 30° =

1. Find the angle of elevation of the top of
a tower from a point on the ground, which
is 30 m away from the foot of a tower of
height 10 V3 m.

C

tower

103 m
ALl [1B
30m
BC=10V3 m height of the tower.
AB =30 m distance from foot of the tower.
To Find LBAC=0
In AABC

. Angle of elevation is 30°
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Example 6.18

Calculate the size of £ZBAC in the given
triangles.

®

4 cm

] 0
B Scm A
In AABC

_BC
tanG—AB

tan 0 =0.8
0=tan ! (0.8)
0=38.7°
~. ZBAC=38.7°
(i)

(from table)

8cm

In AABC

BC
tan O = B

8

3
tan 6 = 2.66

0=tan ! (2.66)
0 =69.4°
. ZBAC=69.4°

(from the table)

Type Il: Angle of elevation (Two triangle
combined sums)

Q.No: 4, Example 6.22, 3, 6, Example
6.23, 5, Example 6.21, 6.25, 7, 8, Example 6.24

4. A statue 1.6 m tall stands on the top of a
pedestal. From a point on the ground, the
angle of elevation of the top of the statue
is 60° and from the same point the angle of

elevation of the top of the pedestal is 40°.

Find the height of the pedestal.
(tan 40° = 0.8391, V3 = 1.732).
D
Statue
1.6 m
C
h
60° ) 48° O
A X B
#  Solution:
Let
BC= ‘IR’ m height of the pedestal
CD =1.6 m height of the statue
AB="‘x
ZBAD=60° and ZBAC=h
e In AABC
BC
tan O = AB
tan 40° = h
X
0.8391 = h
X
o= h
~0.8391 e
e In AABD
tan 6° = 8D

AB
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=
+

—
(o)}

X =

1.732
From (1) and (2)

h  h+16
0.8391  1.732

h _ h+16
084~ 17

1.7h = 0.8k (h + 1.6)
1.7h = 0.84h + 1.344
1.7h — 0.84h = 1.344

0.86h = 1.346
h= 1.344
~ 86
h=1.5m (app)

Height of the pedestal is 1.5 m

.(2)

Example 6.22

From a point on the ground, the angles of
elevation of the bottom and top of a tower fixed
at the top of a 30 m high building are 45° and
60° respectively. Find the height of the tower,

(3 =1.732)
#3 Solution: D
h'm' (tower)
C
30m (building)
459 60° I
A X B

Let
BC =30 m (height of the building)
CD =‘h’ m (height of the tower)
AB=x
ZBAC =45° and £ZBAD = 60°
e In ABAC

e In ABAD

tanG—@
" AB

30+h

X

h
\/?: 30 +

tan 60° =

(D)

30 (From (1))

30+h=30V3
h=303 -30
h=30(3 - 1)
=30(1.732 - 1)
=30x0.732
h=21.96 m
. Height of the tower is 21.96 m.

3. To a man standing outside his house, the
angles of elevation of the top and bottom

of a window are 60° and 45° respectively.
If the height of the man is 180 cm and if
he is 5 m away from the wall, what is the

height of the window? (V3 =1.732).

#> Solution:
Let

CD = ‘K’ m height of the window
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D 6. The top of a 15 m high tower makes an
Window angle of elevation of 60° with the bottom
h’m of an electronic pole and angle of elevation
¢ of 30° with the top of the pole. What is
the height of the electric pole?
X
#3 Solution:
A 450) 60° g C
&) 5m
180 cm 180 cm
15-h
A’ S5m B’
30° 15m
AB=A’B =5 m (distance from the wall) A LE
X
BC="‘x" (height of the wall) Pole h'm'
h'm'
AA’=BB’=180 cm (observer height) m 60° .
ZBAC =45° and /BAD = 60° B x D
e In AABC, Let
tan 0 = BC AB ="l m (height of the pole)
~ AB .
CD =15 m (height of the tower)
o X .
tan 45° = 5 Since DE=‘W’ m then CE=15-h
. Let AE=BD=x
1=2
S Z/DBC=60° and ZEAC = 30°
x =15 ..(1) | « In ABDC
e In AABD tanez%
tan 6 = i—D 15
B tan 60° = .
x+h
tan 60° =——
5 V3 = 1x_5
x+h
F=11 s
seh V3 (1)
V3 =2t
5 (From (1)) | ¢« In AAEC,
5+h=V3x5 tanaz%
h=5v3 -5
15 -
h=503-1) tan 30° = 12"
=5(1.732-1)
1 15-h
=5x0.732 =3.660 ==
V3~ ox
h=3.66m x=\3 (15 h) Q)

.. Height of the window is 3.66 m.

From (1) and (2)
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1—§=x/§(15—h)

15=3 (15— h)
15=45-3h
3h=45-15
3h=30

30
h_3

h=10m

. Height of the electric pole is 10 m.

Example 6.23

A TV tower stands vertically on a bank of
a canal. The tower is watched from a point on
the other bank directly opposite to it. The angle
of elevation of the top of the tower is 58°. From
another point 20 m away from this point on the
line joining this point to the foot of the tower,
the angle of elevation of the top of the tower is
30°. Find the height of the tower and the width

of the canal. (tan 58° =1.6003)

#  Solution:
A
h (T.V tower)
30° 58° 5
D 20m C X B
canel

Let
AB ="l m (height of the T.V tower)
CD=20 m

BC =‘x" m (width of the canal)
ZBCA =58° and ZBDA = 30°

e In AABC

AB
tanG—BC

tan 58° = h
X

1.6003 = h
X

..(2)
From (1) and (2)

20+ x
V3

1.6003x x \3 =20 + x

1.6003x =

(1.6003x) (1.732) =20 + x
277x—x=20
1.77x =20

.20
~177

L2000
=177

x=11.2m

(1)=> h=1.6003x 11.2

h=179

. Height of the tower is 17.9 m and width
of the canal is 11.2 m.
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5. A flag pole ‘h’ metres is on the top of the
hemispherical dome of radius ‘r’ metres.
A man is standing 7 m away from the
dome. Seeing the top of the pole at an
angle 45° and moving 5 m away from the
dome and seeing the bottom of the pole at
an angle 30°. Find (i) the height of the

pole (ii) radius of the dome. (V3 =1.732)

#> Solution:

Let

AE ="l m (height of the pole)
BE = ‘7’ (radius of the dome)
Given BC=7m,CD=5m
ZACB=45° and ZEDB =30°

e In AABC

Cr+7

h+r=r+7 (D

h=7m

e In ABDE

BE
tanG—BD

tan 30°=———
T+5+r

_r
T+5+r

1
V3
1 r
12+7r
3r=12+r
V3r—r=12
r(3-1=12

v
V3 -1

12 X\/3_+1
T3-17V3+1
:12(\/3_+1)
(3)* - (1)°

C12(1732+1)
B 3-1

_12x2.732
T2

=6x2.732
r=16.392 m

Example 6.21

Two ships are sailing in the sea on either
sides of a lighthouse. The angle of elevation of
the top of the lighthouse as observed from the
ships are 30° and 45° respectively. If the
lighthouse is 200 m high, find the distance
between the two ships. (V3 =1.732).

B
200 m
30° 45°
C X A y D
# Solution:

Let AB=200m height of the light house.

CD = (x +y) distance between two ships
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ZACB=30° and LADB=45° AB = bigger tree
e In ABAD CD = smaller tree
tan 45° _ 200 X is the point on the ground.
Y BD=20m
2
1=% ZAXB=/CxD=40°
y=200m To find: XD=?, AC="
e In AXCD
e In ABAC
200 cos 40° = %
tan 30°=—-
o 8
1200 0.7660 = XD
V3ox g
XD =
x=200+3 0.7660
=200 x 1.732 _ 8000
766
x=346.4 m
XD =10.44 m
Distance between two ships
e In ABAX
CD =346.4 + 200
cos 400 = ACHCX
AC+8
Example 6.25 0-7660 = 20 + 10.44
Two trees are standing on flat g round. The AC+38
. 0.7660 =
angle of elevation of the top of both the trees 30.44
from a point X on the ground is 40°. If the AC + 8 =0.7660 x 30.44
hortzf)ntal distance betrveen X and the smaller AC=2332 -8
tree is 8 m and the distance of the top of the
two trees is 20 m, calculate AC=1532m

(i) the distance between the point X and the top
of the smaller tree.

(ii) the horizontal distance between the two
trees. (cos 40° = (.7660)

B

Bigger
free

~. (1) Distance between the point X and top
of the small tree is 10.44 m.

(i1)) The horizontal distance between two
trees is 15.32 m.
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Exercise 6.3

KEY POINTS

1. Angle of depression

The angle of depression is an angle formed
by the line of sight with the horizontal when the
point is below the horizontal level.

In this case we move our head downwards
to look at the object.

Building

oo

Note

Angle of depression and angle of elevation
are equal become they are alternative angles.

Type I: Angle of depression Given one

angle.
Q.No.1, 2, Example 6.26, 6.27

1. From the top of a rock 50 V3 m high, the
angle of depression of a car on the ground
is observed to be 30°. Find the distance of
the car from the rock.

#> Solution:

C
E «
30° %
50{3 m
(rock)
A 30 Cg
CQD Ground x

BC=50V3 m (Height of the rock)

AB = ‘x’ m (distance of the car from the rock)
ZACE = ZBAC =30°
e In AABC,

BC
tan O = AB

tan 30° = %?

1 503

V3 x
x=50x3
x=150m

. The distance of the car from the rock is
150 m.

2. The horizontal distance between two
buildings is 70 m. The angle of depression
of the top of the first building when seen
from the top of the second building is
45°. If the height of the second building is
120 m, find the height of the first building.

#> Solution:

P «
45° C
(120 - h)
120 m

A 45° OE
70 m

B D
70 m

AB=‘h’ m (height of the 1™ building)
CD = 120 m (height of the ond building)
Since DE =h, we get CE = (120 - h)
ZACF = LEAC = 45°
e In AAEC

CE
tan e_AE
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120-h
70

_120-h
~ 70

120-h =70
120-70=h
S0m=h

tan 45° =

1

. Height of the first building is 50 m.

Example 6.26

A player sitting on the top of a tower of
height 20 m observes the angles of depression of
a ball lying on the ground as 60°. Find the
distance between the foot of the tower and the
ball. (N3 =1.732)

# Solution:
D C
60°
20m
(tower)
60° l_
A X B

BC =20 m (tower)
AB=‘X"m
ZACD = 60° and ZBAC= 60°
e In AABC

BC
tan O = AB

tan 60° = 20

_20 V3
"B

_20x 1732
T3

3464
3

x=11.54m

. distance between the foot of the tower and
the ball is 11.54 m.

Example 6.27

The horizontal distance between two
buildings is 140 m. The angle of depression of
the top of the first building when seen from the
top of the second building is 30°. If the height
of the first building is 60 m, find the height of
the second building. (N3 =1.732)

#>  Solution:
F <
30° C
h-60
h
30°

A [1g

140 m
60 m 60 m

B D

140 m

AB=60m (height of the 1% building)
CD =h m (height of the ond building)
Since DE =60 m then CE=h-60
ZACF = ZEAC=30°
e In AAEC

CE
tanG—AE

o h—-60
tan 30° = 120
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1 h-60 BC="y
V3140 ZCAE= /A CB=60° and
V3 (71— 60) =140 /DAE = ZADB=30°
h—-60= % e In AABC
AB
_140 V3 @n®=7%c
’ ’ tan 60° = 1800
1403 -
3 3 - 1800
_ 140x1.732 y
3 y= 1800
_ 24248 V3 (D)
3 e In AABD
h—60 = 80.82 AB
tan 0 =——~
h=380.82 + 60 BD
h=140.82 m tan 30° = 1800
. nd 1 qe . X+ y
. Height of the 2™ building is 140.82 m
(1 _ 1800
V3 ox+y
Type II: Angle of depression based
sums (Given two angle) x-+y=1800\3
Q.No: 4, Example 6.29, 6.30, 6.28, 3, 6 y=18003 —x -(2)
and 5. From (1) and (2)
4. An aeroplane at an altitu.d.e of 1800 m 1800 _ 1800 V3 — x
finds that two boats are sailing towards it V3

in the same direction. The angles of
depression of the boats as observed from
the aeroplane are 60° and 30° respectively.
Find the distance between the two boats.

3 =1.732)

A §0°T30° > E
1800 m
60° 30°
B y C X D

AB=1800 m (Height of the aeroplane)

CD =x’ m (distance between two boats)

1800 = 1800 x 3 — 3 x
1800 = 5400 — V3 x

V3x = 5400 — 1800
3600

X

V3
3600
V3

SIS

3

36003
R

= 12003
= 1200 x 1.732
x=2078.4

.. Distance between two boats is 2078.4 m
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Example 6.29

As observed from the top of a 60 m high
light house from the sea level, the angles of
depression of two ships are 28° and 45°. If one
ship is exactly behind the other on the same side
of the lighthouse, find the distance between the
two ships. (tan 28° =0.5317)

# Solution:
A 45°)2g0 >E
60 m
g 45 28° D
y C X

AB =60 m (Height of the light house)
CD = ‘x> m (distance between two ships)
BC="y

LCAE = ZACB=45°

/DAE = ZADB=28°

e In AABC
AB
tane—B—C
tan45°:@
y
|60
y
y=60m (D
e In AABD
AB
tane—BD
tan 28° = 60
X+y
0.5317 = 60
X+y
60
x+y=

600000
5317

x+60=112.85
x=112.85-60
x=52.85m

x+60=

(From (1))

. Distance two ships is 52.85 m.

Example 6.30

A man is watching a boat speeding away
from the top of a tower. The boat makes an
angle of depression of 60° with the man’s eye
when at a distance of 200 m from the tower.
After 10 seconds, the angle of depression become
45°. What is the approximate speed of the boat
(in km/hr), assuming that it is sailing in still
water? (V3 =1.732)

# Solution:
A >
S »E
60°) 450
h
n 60° 45°

200 m C X
AB = ‘I’ m (height of the tower)

CD = ‘x’ m (distance between two boats)
BC=200m
ZLCAE= /A CB=60° and
£ZDAE= ZA DB=45°
e In AABC

AB
tane—R

o_ N
tan 60° = 200

h
V3 = 200

h=200\3
=200 x 1.732
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F AC T
h=346.4 m (D 30°
e In AABD ¢o-n
AB
tan 0 =—— 50 m (tower)
BD - .
45 h * -
tan 45° =
200 + x (ttee) b h
__346.4 s ¥ X » L
200 +x (From (1)) AE=BD=x
200 +x=346.4
.. LACF=ZCAE=130° and
x=346.4-200
Z/BCF = ZCBD =45°
x =146.4 m
e In ABDC
Given CD
tan 0 =——
Distance covered in 10 seconds BD
_ distance tan 45° = 50
Speed = time X
_ 1464 = 50
10 x
= 14.64 m/s x=50 (D)
18
= 14.64X? e In AAEC
: 3600 18 _CE
[m/s to km/m multiply by 1000-5 tan 6 = AE
263.52
=735 tan 30° =———
= 52.704 km/hr 1 50-h
~. Speed of the boat is 52.704 km/hr V3 50 (From (1))
V3 (50 — h) = 50
Example 6.28 50— f = 50
From the top of a tower 50 m high, the J
angles of depression of the top and bottom of a 50 — 50 _ h
tree are observed to be 30° and 45° respectively. V3
Find the height of the tree. (3 =1.732) 503 - 50
#3 Solution: &
CD =50 m (height of the tower) 5003 -1) y V3 N
. V3 V3
AB="‘IR’ m (height of the tree)
Since DE =" we get CE=(50 —h) 0G6=N3)_,

3
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50 (3 - 1.732) 603
_——m= h =
3 3
501268 =203
3 =20x 1.732
6%—'4 =h x =34.64 m
21.13 =h In AAEC
. Height of the tree is 21.13 m. tan O _CE
AE
. - CE
From the top of the tower 60 m high the tan 38 =
angle of depression of the top and bottom CE
of a vertical lamp post are observed to be 0.7813 = 3464
38° and 60°. Find the height of the lamp CE- 67'813 « 34.64
post tan 38°=0.7813, V3 = 1.732 CE = 27,06
F 057 C . Height of the lamp post = CE + h =60
38°
h=60-CE
h=60-27.06
o 60 m (tower)
A/ O h=3294m
Lamp
post h h
60° § 6. A lift in a building of height 90 feet with
B D . .
x transparent glass walls is descending from
#  Solution:

CD =60 m (Height of the tower)
AB="‘h’ m (Height of the lamp post)
BD=AE=x
ZACF = ZCAE=138° and
ZBCF = ZCBD = 60°
In ABDC

the top of the building. At the top of the
building, the angle of depression to a
fountain in the garden is 60°. Two minutes
later, the angle of depression reduces to
30°. If the fountain is 30 V3 feet from the
entrance of the lift, find the speed of the
lift which is descending.
A
A 600

90f| p

v

OO

v 30%(60
B 303 fi c
AB =90 ft (height of the lift)

‘C’ be the fountain
BC=303 ft
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e In ADBC AD=x,BD=y
DB AB =x+y (distance between two ships)
tan 6 = B—C
ZCAD=30° and ZCBD = 60°
tan 30° = _DB_
303 < ¢ 0 >
1 _ DB 30
V3 30V3 .
DB =30 ft
30° 1] 60°
..AD=AB-DB A X D y B
=90-30 e In AADC
AD =60 ft _D
tan 0 = AD
Distance of the lift moving descending from h
the top =60 ft tan 30° = x
time = 2 min 1 A
. 3 - X
.. Speed = dls.tance
time x=\3h (D)
60
= e In ABDC
=30 ft/min tan 6 = <2
196.85 ft/min =1 m/s bB
) 30 tan 60° = —
30 ft/min =196.85 ’
~ 3000 @:;
19685 P
=0.1524 m/s Y= )

Speed of the lift =0.1524 m/s

5. From the top of a lighthouse, the angle of
depression of two ships on the opposite
sides of it are observed to be 30° and
60°. If the height of the lighthouse is £
meters and the line joining the ships
passes through the foot of the lighthouse,
show that the distance between the ship is
4h
NeY m.

#3 Solution:
e CD=°‘R m (height of the light house)

Hence proved
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Exercise 6.4 1= CE
X
Problems involving angle of elevation x=CE
and depression: 5
Q.No: 1, 2, 4, 5 Example 6.31, 6.32, 6, 3, CE=13\3 m
Example 6.33 . Height of the 2" tree =13+ 133
1. From the top of a tree of height 13 m the =13 (1 +\3)
angle of elevation and depression of the =13 (1 + 1.732)
top and bottom of another tree are 45° —3550m
and 30° respectively. Find the height of the '
top second tree. (\3 =1.732)
2. A man is standing on the dec of a ship,
4 Solution: which is 40 m above water level. He
C observes the angle of elevation of the top
of a hill as 60° and the angle of depression
of the base of the hill as 30°. Calculate the
Ao distance of the hill from the ship and the
A o e height of the hill. (V3 = 1.732)
#  Solution:
13m 13m
C
B 30 D
X
Let
AB =13 m (height of 1% tree)
o hill
CD = CE + 13 (height of 2™ tree) A L0 Og
30° X
AE=BD=‘Xx" m
40 m 40 m
ZCAE=45° and ZEAD=30°
30°
e In AAED B " D
tane—E -
_AE Let
13 AB =40 m (deck of a ship)
tan 30° =—
X CD = CE + 40 (Height of the hill)
Lzﬁ BD = ‘x’ distance of the hill from the ship
V3 x
AE="x
x=133m ZCAE=60° and ZDAE=30°
o In AAEC, e In AAED
CE _DE
tan 6="" tan =~

tan 45° = CE
X
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C
tan 30° = 40
X
1 40
—_—=— h (tower
\/3— X A 30° ( )
x=40V3 (1) building
=40x1.732
60° 30°
x=69.28 m B D
e In AABD
e In AAEC . AB
CE MY=BD
tan 0 =-—
AE 50
CE tan 30° =—
tan 60° =— .
B L
B ¢
CE=\3x x=50V3m (1)
=3 (403
(H0N3) - From (1) | [ 1 A e
CE=120m
CD
~. Height of the hill =40+ 120 an0="pp
=160 m tan 60° _h
Distance of the hill from the ship =69.28 m *
V3=l
X
4. The angle of elevation of the top of a cell h
phone tower from the foot of a high V3= 503
. . 50N3 (From (1))
apartment is 60° and the angle of
depression of the foot of the tower from h=50x3
the top of the apartment is 30°. If the 7 =150 m

height of the apartment is 50 m, find the
height of the cell phone tower. According
to radiations control norms, the minimum
height of a cell phone tower should be 120
m. State if the height of the above
mentioned cell phone tower meets the
radiation norms.
#  Solution:

Let

AB =50 m (height of the apartment)

CD =R’ m (height of the cell phone tower)
ZCBD = 60° and

ZADB=30°

. Height of the cell phone tower is
150 m > 120 m (Required height)

~. The cell phone tower meets the radiation

norms.

5. The angles of elevation and depression of
the top and bottom of a lamp post from
the top of a 66 m high apartment are
60° and 30° respectively. Find (i) The
height of the lamp post.

(ii) The difference between height of the
lamp post and the apartment.
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(iii) The distance between the lamp post Example 6.31
and the apartment. (V3 = 1.732)
% Soluti From the top of a 12 m high building, the
Solution: angle of elevation of the top of a cable tower is
C 60° and the angle of depression of its foot is
30°. Determine the height of the tower.
= #3 Solution:
d r E
A pm " Lam‘phlpost c
Apartment
66m 66
B 3° 7~
X tower
Let A 6‘;‘;0 X O ()
AB =66 m (height of the apartment)
12m 12m
CD =" m (CE + 66) (Height of the lamp post)
AE=BD="x B X D
ZCAE=60° and ZEAD=30° Let
e In AAED AB =12 m (Height of the tower)
DE CD = CE + 12 (Height of the cable tower)
tan O = E
BD=AFE=x
. 66
tan 30° =~ ZCAE=60° and ZDAE =30°
166 o In AAED
W tan O = DE
x=663 (1) AE
x=66x1.732 tan 30° = E
x=11431m *
112
e In AAEC, B3 x
CE
tan 0 =~ x=12V3 ()
e In AAEC
tan 60° = CE
g tan O = CE
N CE " AE
66 V3 From (1) CE
tan 60° =—
CE=66X3 X
CE =198 3 =CE
X
- height of the lamp post o CE
=66+ 198 123 From (1)
h=264m CE=12x3
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.. Height of the cable tower tan 60° = +5
=36+12=48 m Y
x+5
3=
V3 X From (1)
Example 6.32
VBx=x+5
A pole 5 m high is fixed on the top of a
tower. The angle of elevation of the top of the VZx-x=5
pole observed from a point ‘A’ on the ground is x(3-1)=5
60° and the angle of depression to the point x (3 -1)=5
‘A’ from the top of the tower is 45°. Find the i
. 3+1
height of tower. (V3 =1.732) __d x
BT
#3 Solution:
o 503 +10)
- 2 2
(3" -
(pole) 5 m 5732+ 1)
S 3-1
C
_5x2.732
B 2
(tower) x x=6.83
. Height of the tower is 6.83 m.
Let 6. Three villagers A, Band C can see each

CD =5 m (height of the pole)
BC = ‘x’ (height of the tower)

ZBAD =60° and £XCA = ZBAC=45°

e In AABC
tan6=%
tan 45° =2
Y
1=X
y
xX=y (1)
e In AABD
tan6=B—D

AB

other across a valley. The horizontal
distance between A and B is 8 km and the
horizontal distance between B and C is 12
km. The angle of depression of B from
A is 20° and the angle of elevation of C
from B is 30°. Calculate: (i) the vertical
height between A and B. (ii) the vertical

height between B and C.
(tan 20° = 0.3640, \3 =1.732)
In AAPB
AP
tan 0 =—
PB c
A 20°
b,
h,
] 20° 30° ]
P 8km B 12km Q
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200 = 1
tan = 8

036401
0% =g

hy = 03640 x 8
=29.12km

=6.93
(1) The vertical height between A andB is

29.12 km

(i) The vertical height between B andC is

If the angle of elevation of a cloud from
a point ‘2’ meters above a lake is 0, and
the angle of depression of its reflection in
the lake is 6,. Prove that the height that
the cloud is located from the ground is
h (tan 6, + tan 0,)

tan 0, — tan 0,

AB = h height of the lake

C
H-h
H
0
1
A 92 X [D
h h
E _

CE=EF="‘H (Height of the cloud above
the ground and reflection in water)

e as DE=h, we get
CD=H-h and DF=H+h

we have to prove

h (tan 0] +tan0,)
~ tan®, —tan®,

e In AADC
H-h
X
H-h
tan 6, (D

tan 0 =

e In ADAF

H+h
X

H+h
tan®, (12)

From (1) & (2)
H-h H+h
tan O, tan O,

(H—h) (tanB,) = (H + h) tan®,

H tan 0, — h tan O, = H tan 0; + / tan 0,
Htan 0, — H tan 6 = h tan 0, + h tan 0,
H (tan 0, —tan 6) = h (tan 0; + tan 0,)

h (tan0; +tan0,)

tan 0, — tan 6

Proved.
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Trignometry 6.35
Example 6.23 y= h
tan 0,
From a window (h meters high above the
ground) of a house in a street, the angles of y=hcot -(2)
elevation and depression of the top and the foot From (1) & (2)
of another house on the (?pposzte side of the ¥ cot 0 = h cot 0,
street are 0; and 0, respectively. Show that the
height of th te house is | 1+ 2 et
eight of the opposite house 1s +
ght of the opp cot 8; cot 8,
# Solution: Height of the house =x+#h
hcot O
c =24
cot 0
cot0,
X =h| 1+ proved
cot 0
A .
/o y L .
2 Exercise 6.5
h h Multiple Choice Questions
1. The value of sin’0 + is equal to
1+ tan“0
B D
y 1, tan’0 2. 1 3. cot’0 4 0
AB = ‘W’m (Height of the window)
) #  Solution:
CD = (x + h) (Height of the house |
. 2
_ _ Sin“@ + —————
AE=BD=y 1 + tan’®
e In AAEC )
=sin“0 +
tan 0 = CE sec’0
17 AE
= sin’0 + cos’0
tan 0 ==
=1 Ans. (2) 1
_ X
Y tan 0, 2
2. tan0 cosec”0 — tan O is equal to
y=xcot9 !
! M 1. secO 2. cot’®
* In AAED 3. sinB 4. cotB
DE
tan 6 = AE #  Solution:
h tan 0 cosec’0 — tan 0
tan 0, = 3

=tan0 (cose026 -1)

=tan O cot29
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CHAPTER 7

MENSURATION

Exercise 7.1

KEY POINTS

Surface Area

Surface Area is the measurement of all
exposed area of a solid object.

I. Right circular cylinder

A right circular cylinder is a solid generated
by the revolution of a Rectangle about of its sides
as axis.

1. Curved surface Area

C.S.A = base perimeter X height

CS.A=2nrh sq.u

2. Total surface Area
T.S.A =C.S.A + 2 base area

=2 rh+2m P

T.S.A=2nr(h+r) sq.u

Note:

base of the cylinder — circle shape

e base perimeter =27 r units
o base Area =71’ sg.units

Il. Hollow cylinder

An object bounded by two co-axial cylinders
of the same height and different radii is called a
“hollow cylinder”.

1. C.S.A =outer C.S.A +inner CS.A
=2nRh+2nrh

C.S.A =2nh (R +r) sq. units

2. T.S.A =C.S.A +2 base area
=2nh (R+7r) +2n (R> - 1)
=2nh(R+7r)+2n(R+r) (R-7)
T.S.A =2n (R+7r) (R—r+h) sq. units

Note:

base of the hollow cylinder is circular ring
or path

e Area of circular path =7 (R2 - r2) sq.u

III. Right circular cone

A right circular cone is a solid generated by
the revolution of a right angled triangle about one
of the sides containing the right angle as axis.

I. CSA = % X base perimeter X slant height

1

2
CSA=mnrlsq.u

2nrxl

2. T.S.A =C.S.A + base Area

=TCI’l+7T,F2

T.S.A =nr (I +r) sq. units

Note:

A
1=\ + 77
r=NF -’

h l
h=V\NP-7~

O r

D B C
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IV. The sphere

A solid generated by the
revolution of a semi circle about its diameter as
axis.

sphere is a

Surface area of a sphere =4mn r? squ

V. Hemisphere

A section of the sphere cut by a plane
through any of its great circle is a hemisphere.

1. CSA =21/ sq.u

2. T.S.A =C.S.A + base area

=2’ +m P

=3n /2 sqg. u.
VI. Hollow Hemisphere
1. C.S.A =outer C.S.A +inner C.S.A

—2nR>+2m 2

CSA=2n(R*+r})sq.u

2. T.S.A =C.S.A + base area
=2t (R*+ )+ (R - P)

= 2R* + 27 + R* - 14

T.S.A=n[3R*+r*]sq. u

VII. Frustrum of a right circular cone

When a cone cut through by a plane parallel
to its base, the portion of the cone between the
cutting plane and the base is called a frustum of

the cone.
I
Here

I=\NW+R-r’

1. CSA= % X (sum of top and bottom perimeter) X [

X[2nR+2mr]l

N | —

CSA=n(R+r)lsq.u

2. T.S.A=C.S.A +top area + bottom area

:1'c(R+r)l+7'51?2-|-7tr2

TSA=n[R+r)[+R*+r*]sq.u

Note:

1. Cylinder, cone, Hemisphere and Frustum of
cone having the circular base

e base area =17 sq.u
e base perimeter =27 r units

2. Hollow cylinder, Hollow hemisphere having
the circular path (or) ring base

e base area =7 (R2 - r2) sq.u
e base perimeter =2n (R+71)u

(R),

thickness (w), then

3. External radius internal radius

(r)s

o W=R-r
¢
e R=r+w
e r=R-W
Type |: Problems based on cylinder

Hollow cylinder
Example 7.1, 7.2, 1, 2, 7.3, 3, 74

Example 7.1

A cylindrical drum has a height of 20 cm
and base radius of 14 cm. Find its curved
surface area and the total surface area.

Cylinder: r=14 cm
h=20cm

o CSA =2nrh

=2><%><14><20
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=2x22x%x2x%x20

= 1760 cm?®

e TSA =2nr(h+r)

=2><27—2><14(20+14)

=2xX22X2x%x34

=2992 cm?

Example 7.2

The curved surface area of a right circular

cylinder of height 14 cm is 88 em?>. Find the
diameter of the cylinder.

Cylinder: h =14 cm

C.S.A = 88 cm?
e CS.A =88cm?
2mrh=88

2><27—2><r><14=88

88 x 7
y=—""-"
2x22x%x 14

r=1cm

- diameter =2r
=2 (1)

=2cm

1. The radius and height of a cylinder are in
the ratio 5:7 and its curved surface area
is 5500 sq.cm. Find its radius and height.

Cylinder
rh=157
C.S.A = 5500 cm®
Let r=>5k
h="Tk

27 r h = 5500 cm?

ZX%xskwk:ssoo

220k = 5500

5500
=220

kz
K =25
k=5

L r=5(06)=25cm

h=7(5)=35cm

2. A solid iron cylinder has total surface area
of 1848 sq.m. Its curved surface area is
five - sixth of its total surface area. Find
the radius and height of the iron cylinder.

Cylinder

T.S.A =1848 sq.m

CS.A =1540 m?

T.S.A = C.S.A +2 base area

1848 = 1540 + 21 />

1848 — 1540 = 21 2

308=2><272><r2

308x7 _ o
2x22

Tx7T =71

Tm=r

C.S.A = 1540
2nr h=1540
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2% 22 X7 h=1540 r=R-W
=16-4
_ 1540
T 2% r=12cm
h=35m TSA =2n(R+r)(R—r+h)
=2><2—72(16+ 12) (16 - 12 + 13)
Example 7.3 =2 x 2 x 28 x 17
7
A garden roller whose length is 3 m long
=2x22x4x%x17

and whose diameter is 2.8 m is rolled to level a
garden. How much area will it cover in 8
revolutions?

Garden Roller (cylinder)
length (h) =3 m
=2.8m

_28
T2

diameter

r

r=14m
1 Revolution =C.S.A

=2nrh

=2><27—2><1.4><3

=26.4m’
8 Revolution =26.4 x 8

=2112 m?

3. The external radius and the length of a
hollow wooden log are 16 cm and 13 cm
respectively. If its thickness is 4 cm then
find its T.S.A.

Hollow wooden log (hollow cylinder)

Given
R=16 cm
h=13 cm
w=4cm

T.S.A =2992 cm?

Example 7.4

If one litre of paint covers 10 m2, how many
litres of paint is required to paint the internal
and external surface areas of a cylindrical
tunnel whose thickness is 2 m, internal radius is
6 m and height is 25 m.

Cylindrical tunnel (Hollow cylinder)

Given
r=6m /5\
h=25m - 2m
W=2m by
S R=r+W
6m
=6+2 == >
R=8m

~CSA=2n(R+r)h

=2><27—2(8+6)><25

:2><27—2><14><25

=2 X 22X2 %25
= 2200 m2

Area covered by one litre of paint =10 m’

Number of litres required to paint the tunnel
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_ 2200 Example 7.6
10
— 990 litre If the total 2surface area of a cone of radius
7 cm is 704 cm”, then find its slant height.
Cone
Type ll: Problems based on cone 7
r=7cm
Example 7.5, 7.6, 5, 6, 4, 7, Example 7.7 5
TS.A=704cm
Example 7.5 1=

The radius of a conical tent is 7 m and the
height is 24 m. Calculate the length of the
canvas used to make the tent if the width of the
rectangular canvas is 4 m?

Conical tent
r=7m

h=24m

=N + @4’
495576
=V\625

[=25m

C.S.A of the conical tent =mrlsq.u

= 27—2 X7 xX25
=550 m?
Given
Width of the rectangular
Canvas =4 m
[=?
Ixb=CS.A
[ x4 =550
550
I= 4
[=1375m

~. The length of the canvas 137.5 m

e TS.A =704cm?

nr(l+r)=704

22 7U+7) =704

! 704
l+7=§

I+7=32
1=32-7

[=25cm

5. 4 persons live in a conical tent whose slant
height is 19 cm. If each person require
22 cm? of the floor area, then find the
height of the tent.

Conical tent

[=19 cm

base Area of 1 person =22 cm?

base Area of 4 persons =22 x4

=88 cm2
T r2 =88 cm2
27—2 X r2 =88
P =885
r2 =28 cm 18.2
113,33
h=N\F -7~ 1
5 281233
=361 — 28 362 900
=333 724
176

h =18.2 cm (app)
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6. A girl wishes to prepare birthday caps in In A POR
the form of right circular cones for her
N ) 2
birthday party, using a sheet of paper PQ=NPR - OR
whose area is 5720 cm?, how many caps =20% - 162
can be made with radius 5 cm and height
12 cm. =~200 - 256
Cap (cone) =144
r=35cm PQ=12cm
h=12cm
Case (i)

Paper Area =5720 cm?
[= \/h2 +17
=\12°+5°
=V144 + 25
=V169 =13 cm

Area of 1 cap =C.S.A of cone
=7rl
22
== xX5x%x13
Total Area of paper
Area of 1 cap

5720

by
7 X5x%x 13

_ 5720x7
T 22x5x%x13

=4x7

Number of caps =

=28 caps

4. A right angled triangle POR where
£ Q0 =90° is rotated about QR and PQ. If
OR= 16 cm and PR= 20 cm, compare
the curved surface areas of the right

circular cones so formed by the triangle.

Right angled triangle

A POR is rotated about QR

Here h=QR=16cm

r=PQ0=12cm
[=PR=20cm
L CSA|=nrl
=7 x12x20

=240 1t cm?

Case (ii)

A PQOR is rotated about PQ

r=QR=16cm
h=P0=12cm
[=PR=20cm
CSAy=nrl
=mx16x20
= 320m cm?

». C.S.A cone which is formed by rotating

side PQ is larger.

The ratio of the radii of two right circular
cones of same height is 1:3. Find the ratio
of their curved surface area when the
height of each cone is 3 times the radius
of the smaller cone.

Cone

r1:r2= 1:3
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Let =N+
rl =X
= (2.4)* + (0.7)
}"2 = 3x
Given =V5.76 + 0.49
hy=3r;=3x =6.25
hy =3r; =3x [=25cm

ZZ = \jr% + h%
= V(30 + (3x)°
= \/9x2 +0x7

ll = \jr%-i—h%
=\ + (30’
= \/)62+9x2

= \10x? — 18
Iy =xN10 =32 x
CSAI =T r ll

=7 (x) (x) V10 =V10 7 x°
CS.Ay=Tryly=1 (3x) 3V2 x) =92 mx°

CS.A; V10 nx’
CSAy 9vams?

5z
C9\2

35
9

C.S.A;:CS.A,=V5:9

Example 7.7

From a solid cylinder whose height is 2.4
cm and diameter 1.4 cm, a conical cavity of the
same height and base is hollowed out (Fig.) Find
the total surface area of the remaining solid.

Given
Cylinder 7
diameter = 1.4cm
g
(&)
r=0.7 cm 1
S
h=2.4cm T l4cn

Area of the remaining solid

= C.S.A of cylinder + C.S.A of cone + base area

=2Tcrh+7trl+nr2

=nrh+1+7r)

= 27—2 X 0.7 % [(2%2.4)+2.5+0.7]

=22x%x0.1x[4.8+2.5+0.7]
=22x%x8

= 17.6 m?

Type Illl: Problems based on sphere,
hemisphere, Hollow hemisphere

Example 7.8, 79, 8, 7.10, 7.11, 7.12,
Q.No.9

Example 7.8

Find the diameter of a sphere whose surface

area is 154 m2.

Surface area =154 rn2

4m 12 =154
4x2Z 22154
7
5 154%7
r =
4%22
2 TX1
=7y

\
Il
NSEEN
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7.8
.. diameter =r+£r =2r
100
7
2| <
_ 1 2
B
=7m
R=>"
pan

Example 7.9

The radius of a spherical balloon increases
from 12 cm to 16 cm as air being pumped into
it. Find the ratio of the surface area of the
balloons in the two cases.

Spherical balloon

ryirp = 16:12
n_16
I"2 h 12
_4
3
2
CSA, 4nr
CSA2 471: r%
2
n
)
rn
2

~ 16
*. ratio of C.S.A of balloons is 9:16

8. The radius of a sphere increases by 25%.
Find the percentage increase in its surface
area.

Sphere

>

Let radius = ‘r

. Surface area =4mn r2

New radius =r+25% r

. Surface Area =4m R2

2
a3
—4n(4J

25/7
=4m X 16
251t
T4

251 12

7 —dm

.. Increase S.A =

_97tr2
T4

. % Increase in S.A

_ Increase S.A

= Original $.A < 1%

on r

Example 7.10

If the base area of a hemispherical solid is
1386 sq.metres, then find its total surface area?

Hemisphere

Given

base area = 1386 sq.m

nr?=1386 sq.m
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& T.SA =3n/ 9. The internal and external diameters of a
hollow hemispherical vessel are 20 cm and
=3 x 1386 28 cm respectively. Find the cost of paint

— 4158 m2 the vessel all over at Rs. 0.14 per cm?.

Example 7.11

The internal and external radii of a hollow
hemispherical steel are 3 m and 5 m respectively.
Find the T.S.A and C.S.A of the shell.

Hollow hemispherical shell

Given
—— R
—r—
r=3em —
R=5cm

e CSA=2n(R*+r)

=2><27—2(25+9)

=2><27—2><34

1496
-7

=213.71 m?
e TSA=n(GR>+/)

=22 3(25)+9)

Hollow hemispherical vessel

internal diameter =20 cm
r=10cm
external diameter =28 cm
R=14cm

T.S.A of the vessel =m (3R2+ r2)
= [3 (14)% + 10%]
=1 [3 (196) + 100]

= 27—2 [588 + 100]

:%x688

15136
T

= 2162.28 cm?
Cost of printing per cm’= Rs. 0.14
~. Total cost =2162.28 x0.14
=Rs. 302.72

Example 7.12

A sphere, a cylinder and a cone (Fig.) are
of the same radius, where as cone and cylinder
are of same height. Find the ratio of their curved
surface areas.

T
O__/
h=r
Llo

Sphere: cylinder: cone
Here [ =\r" +1°

=N+
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27
=\2 -r

Required ratio of C.S.A

= C.S.A of sphere: C.S.A of cylinder: C.S.A of cone

=dnronrhinrl

—dn ¥ 2nr (r):mr (V2) r

=dn % 2n P2 P

=4:2:\2

Divide by V2

4 2 \2
REORRE

_2V—FV_V_
5 5
=22:\2: 1

Type IV: Problems based on Frustum of
a cone

Example 7.13, 7.14, 10

Example 7.13

The slant height of a frustrum of a cone is
5 c¢cm and the radii of its ends are 4 cm and 1
cm. Find its curved surface area.

Frustum of a cone
[=5cm
R=4cm
r=1cm

CSA =n(R+7)1
=27—2(4+1)><5

—27—2><5><5

_ 55
7

CS.A =7857cm?

Example 7.14

An industrial metallic bucket is in the shape
of the frustum of a right circular cone whose
top and bottom diameters are 10 m and 4 m
whose height is 4 m. Find the curved and total
surface area of the bucket.

Metallic bucket
diameter of the top = 10 m

* R=5m

diameter of the bottom = 4 m

r=2m

h=4m

Nowlzm
N6+
5

[=5m
e CSA =n(R+nrl

:—2(5+2)><5

—27—2><7><5

=110 m?
e TSA =n(R+7I+nR+nr
=7 (R+r)l+R +r2]

217(5)+5%+24

[35 +25+4]

S \]|l\) \]|l\)

X 64
7
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= @ Exercise 7.2
_ 2
=201.14 m KEY POINTS

10. The frustrum shaped outer portion of the
table lamp to be painted including the top
part. Find the total cost of painting the lamp
if the cost of painting 1 sq.cm. is Rs. 2.

Table lamp (Frustrum shape)
Given R=12cm

r=6cm

h=8cm

[= \]hz+(R—r)2
=8+ (12-6)°
=\8%+ 6
=64 + 36
=100

=10cm
. CSA =n(R+1r)!
=n(12+6) 10
=X 18x10

=180 T cm?

Area of top =7 r

=TX6X6

=361 cm>

~. Total Area to be painted
=180m + 361

=216m cm2

=216x3.14

= 678.24 cm?

Cost of painting per cm’= Rs. 2

Total cost =678.24 x2
=Rs.1356.48

Volume

1. Volume of a solid right circular cylinder =
base Area X height

V=1|:r2hcu.u

2. Volume of a hollow cylinder
= Volume of outer cylinder

— Volume of inner cylinder

R h-mrPh

V=nh (R2 - r2) cu.u

3. Volume of a right circular

Cone =%>< Volume of cylinder

1
i r2 h cu.u

V=3

4. Volume of sphere

V=g‘rcr3 cu.u

5. Volume of hollow sphere

V= % Y% (R3 - r3) cu.u
6. Volume of hemisphere
V= 2 T cuu
3
7. Volume of hollow hemisphere
V= % i (R3 - r3) cu.u

8. Volume of frustrum of a cone

mh

=3 (R2 + Rr+ rz) cu.u

14
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Type I: Problems based on cylinder and
Hollow cylinder

Q.No. 1, 2, Example 7.15, 7.16, 7.18, 7.17

1. A 14 m deep well with inner diameter 10
m is dug and the earth taken out is evenly
spread all around the well to form an
embankment of width S m. Find the height
of the embankment.

Cylindrical well
diameter =10 m
r=5m
h=14m
Volume of earth taken from the well
=T = h

=%x5x5x14

=22X5%x5x%x2
= 1100 cm®
Embankment (Hollow cylinder)
W=5m
“r=5m
R=r+W
=5+5
=10m
hy=?
Volume of earth taken from the well =
Volume of the embankment

1100 =7t (R* - %) Iy

1100 = % (100 - 25) b,

1100=¥><75><h1

_1100x 7
1™ 20 %25

_14
"3

h=4.67 cm
. Height of the embankment is 4.67 cm.

2. A cylindrical glass with diameter 20 cm
has water to a height of 9 cm. A small
cylindrical metal of radius 5 cm and
height 4 cm is immersed it completely.
Calculate the raise of the water in the

glass?
Cylindrical glass Cylindrical metal
diameter =20 cm r=5cm
R=10cm h=4cm
H=9cm

Total volume of water in the glass
=tRPH+nh
=n[R>H+ 7 hl
=7 [100 (9) + 25 (4)]
=1 [900 + 100]
= 10007 cm®

Now,
T r% hy =1000 7 cm?®
X 10 x 10 x hy = 10007
New water level 7y =10cm
. Raise of the water level =hy—H
=10-9

=1cm

Example 7.15

Find the volume of a cylinder whose height

is 2 m and whose base area is 250 m>.
Cylinder

h=2m

base area (T r2) =250m’

Volume =m r2 h
=250x%x2

=500 m>
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Example 7.16

The volume of a cylindrical water tank is
1.078 x 10° litres. If the diameter of the tank is
7 m, find its height.

Cylindrical tank

Given

Volume = 1.078 x 10°

Volume =T (R2 - r2) h cu.u

=27—2(282—212) X9

:2(784—441) X9

—27—2><343><9

=22%X49x%x9
V'=9702 cm’

V'=1078000 litre

_ 1078000
~ 1000

3

V=1078 m°
Given

diameter =7 m

r—zm
2
. 2
.- h=1078
22,77,
11x7
5 xh=1078
_1078><2
T 11x7
h=14x%2
h=28m

". Height of the cylindrical tank is 28 m

Example 7.17

Find the volume of the iron used to make
a hollow cylinder of height 9 cm and whose
internal and external radii are 21 cm and 28 cm

respectively.

Hollow cylinder
h=9cm
R=28 cm

Example 7.18

For the cylinders A and B (Fig.),

(i) find out the cylinder whose volume is greater.
(ii) verify whether the cylinder with greater
volume has greater total surface area.

(iii) find the ratios of the volumes of the
cylinders A and B.

r=21cm

7 cm
N
N
g
[}
Q ——2lcm ——
ﬂ
(3]
~
Cylinder A Cylinder B
Cylinder A Cylinder B
diameter =7 cm diameter =21 cm
_21
r=75cm r==-cm
h=21cm h=Tcm
(i) Volume of cylinder A=m P h
22 7 7
X = > X = 3 x 21
11 x7x21
- 2
_ 1617
2
= 808.5 cm’
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Volume of cylinder B=nrh
_2 21 21
17272
_11x21x21
B 2

_ 4851
-2

X7

= 24255 cm®

. Volume of cylinder B is greater than
volume of cylinder A

(i) T.S.A of cylinder A=2nr(h+r)

22 17 7
—2x7><2(21+2j
- 7 2 2
=11x49
=539 cm?

T.S.A of cylinder B=2nr (h+r)

=2x%><2(7+£)

2 2
h 7 2 2
=11x21x5
=11550rn2

. Cylinder B with greater volume has a
greater surface Area.

Volume of cylinder A 808.5
Volume of cylinder B~ 2425.5

_ 8085
24255

(iii)

ratio of volume of cylinder A and B is 1:3.

Type Il: Problems based on volume of

cone
Q.No. 3, 5, Example 7.19, 7.20, 6, 4

3. If the circumference of a conical wooden
piece is 484 cm then find its volume when
its height is 105 cm.

Conical wooden piece

h= 105 cm

base circumference =484 cm

2n r=484
2><2—2><r=484
7
484 x 7
r:
2x22
r=11x7
r="77 cm

. Volume = L T r2 h cu.u

3
1 22
_3><7 X 77 x 77 %105

=22x 11 x77x%x35
V=6,52,190 cm’

5. A right angled triangle whose sides are 6
cm, 8 cm and 10 cm is revolved about the
sides containing the right angle in two
ways. Find the difference in volumes of the
two solids so formed.

Right angled triangle

Sides 6 cm, 8 cm, 10 cm

6 cm 10 cm

8 cm
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Case (i)

When triangle rotate about the side 6 cm as
axis.

We get h=6cm

r=8cm

— —

Volume = % T r2 h

=%xnx8x8x6

= 1287 cm’

Case (ii)

When triangle rotate about the side 8 cm as
axis.

We get
h=38cm //
r=6cm //6

Volume = 1 nrh [

w
]
AN

3 %

Difference in volumes = 1281 — 961

=321 cm3

—32%3.14
= 100.48 cm®

Example 7.19

The volume of a solid right circular cone is

11088 cm®. If its height is 24 cm then find the
radius of the cone.

Cone

Volume = 11088 cm3
h=24cm
r="7

L2 1= 11088 cm?

3
1,22 2 _
3><7 X1r“x24=11088
» 11088%x3x7
C 22x24
PP =21x3x7

ﬂ=3x7x3x7

r=3x7

r=21cm

Example 7.20

The ratio of the volumes of two cones is
2:3. Find the ratio of their radii if the height of
second cone is double the height of the first.

Cone 1: Cone 2
radii, rq: ry
height of ratio, Given h, =2h,;
cohyihy=hy: 2hy

Volume of cone I _ 2
Volume of cone 11~ 3

L _ 2
ETE}"1Xh1_2
| ) "3
5757'2)(}12
I’%Xhl 2
-3

13 % 2h,
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7.16
2
n_4
273
H_ L[4
r2_ 3
r1:r2=2:‘/§

6. The volumes of two cones of same base

radius are 3600 cm> and 5040 cm’. Find
the ratio of heights.

Volume of two cones with same base radii
3600 cm® and 5040 cm®

Volume of cone —1 3600
Volume of cone — II 5040

1_2
377 M 3600
l1tr2><hz 3040
3
h_s
hy 7
h1:h2=5:7

4. A conical container is fully filled with
petrol. The radius is 10 m and the height
is 15 m. If the container can release the
petrol through its bottom at the rate of 25
cu. meter per minute, in how many
minutes the container will be emptied.
Round off your answer to the nearest
minute.

Conical container
r=10m
h=15m
Volume of petrol in the container
2 h

T

~

N

2

V= ><7><10><10><15m3

Given

Releasing petrol per minute =25 m’>

1 22
3>< 5 x10x 10 x 15
25

22 10
7 ><25><10><15

1><
3
12
3

2

. Time taken =

= 7)(60

72 x 20
440

7
3

= 63 minutes (approx)

Type lll: Problems based on sphere

Q.No. 7, 8, 9, Example 7.21, 7.22

7. If the ratio of radii of two spheres is 4:7,
find the ratio of their volumes.

Sphere 1: Sphere 2

r1: }’2 :4: 7

Vi szgnr?:%nr%
=@ (7)°
=64: 343

8. A solid sphere and a solid hemisphere
have equal total surface area. Prove that
the ratio of their volume is 3V3: 4.

Given

T.S.A of sphere =T.S.A of hemisphere
4 r% =3n r%

4r% = Sr%

AW

1Sho| o
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sV VZ:%nrfzgnr%

=(3)°: 2’
Vi:V,=33:8

9. The outer and the inner surface areas of
a spherical copper shell are 576n em? and

3247 cm? respectively. Find the volume of
the material required to make the shell.

Spherical copper shell

outer surface area =576 cm2

. 2
inner surface area = 3241 cm

e 47 R2 =576m cm2

R2=%
R> =144
R=12cm
o 4m/*=324n cm?
4
=81
r=9cm

Volume = % T (R3 - r3) cu.u

(123 9%

4.
3%
4
X5 (1728 729)

2><999

4

3

4><22><333
7

29304
-7

=4186.285
V=4186.29 cu.cm

. The volume of the material needed =
4186.29 cu.cm

Example 7.21

The volume of a solid hemisphere is

29106 cm>. Another hemisphere whose volume is
two-third of the above is carved out. Find the
radius of the new hemisphere.

Volume of hemisphere =29106 em’

Volume of new hemisphere

= % (Volume of Given hemisphere)

=%><29106
=2 %9702
V=19404 cm®
%Tcr3=19404
%x%w3=19404
3_ 19404 x3%7
2% 22
=441x3x7
P =21x21x%21
r=21cm
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Example 7.22

Calculate the weight of a hollow brass
sphere if the inner diameter is 14 cm and
thickness is 1 mm, and whose density is

17.3 g/em’.
inner diameter = 14 cm
r="7cm

thickness w=1mm

=1—OCI’n

w=0.1cm
S R=r+w
=7+0.1
=7.1 cm

Volume of hollow

Sphere = % i (R3 - r3) cu.cm

1l
N
)
]

X
|

= 0= ]

22

x 2= (357.91 — 343)

|

x 14.91

WA Wk WA W]

X

\1|B

x22%x2.13

=4x22x0.71

= 62.48 cm’
Given
Weight of brass in 1 em’ =173 gm
Total weight =17.3 x62.48

=1080.90 gm

Type IV: Problems based on Frustrum
of cone

Example 7.23, 10

Example 7.23

If the radii of the circular ends of a frustum
which is 45 cm high are 28 cm and 7 cm, find
the volume of the frustrum.

Given
h=45cm
R=28cm

r=7cm

Volume = % Th (R2 + Rr+ rz) cu.u

_1 %x45[282+28+7+72]

W

=27—2>< 15 [784 + 196 + 49]

:27—2><15><1029

=22 x15x%x 147

Volume of the frustrum of cone =48,510 cm3

10. A container open at the top is in the form
of a frustrum of a cone of height 16 cm
with radii of its lower and upper ends are
8 cm and 20 cm respectively. Find the cost
of milk which can completely fill a
container at the rate of Rs. 40 per litre.

Frustrum of cone
h=16cm
R=20cm

r=8cm

Volume = % Th (R2 + Rr+ rz) cu.u

%225 16 (202 +20 x 8 + 8?)

7
22
XX 16 (400 + 160 + 64)
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_1 y 22 % 16 x 624 Capacity of the vessel = Volume of
37 cylindrical part + Volume of hemispherical part
22
=% 16 X208 =m2h+%m3
73216
=7 =nr| h+ 2r
3
_ 3
=10459.428 cm :%x7x7 6+13—4
_10459.428 /
1000 = % X7 XTX %
=10.459
_ . . 4928
Capacity of milk = 10.46 litre =73

Cost of milk per litre = Rs. 40
Total cost =10.46 x 40

V=1642.67 cm’

Capacity of the vessel is 1642.67 cm’

=Rs. 418.40
2. Nathan, an engineering student was asked
Exercise 7.3 to make a model shaped like a cylinder
with two cones attached at its two ends.
Volume and Surface area of combined solids The diameter of the model is 3 cm and its
Type I: Problems based on volume length is 12 cm. If each cone has a helght

of 2 cm, find the volume of the model that
Nathan made.

Q.No. 1, 2, 3, 5, 4, Example 7.26

1. A vessel is in the form of hemispherical

bowl mounted by a hollow cylinder. The Sem/ |\ 1\ 2w
diameter is 14 cm and the height of the 3/em
vessel is 13 cm. Find the capacity of the
vessel. | 12 cm |
Q cm T Cone Cylinder
= % cm r= 3 cm
2
h=2cm h=12-(2+2)
13 cm —12-4
__ =8cm
|
| e Volume of cylindrical part =7 oy
. o 3.3
Cylinder =X S XS x 8
diameter =14 cm Hemisphere = 18m cm® |
=7 cm r=7em e Volume of 2 conical part =2 X 3T P h
oyl 3.3
h=13-17 = X3XTEX2X2
3

=6cm =3m cm
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e Total volume =18n+3m 4. A solid consisting of a Ta
right circular cone of o
=21n N

height 12 cm and
=21 x@ radius 6 cm standing

7 on a hemisphere of i
=3x22 radius 6 cm is placed g L
3 upright in a right ' om.

=66cm circular cylinder full of

Volume of the model is 66 cm° water such that it touches the bottom.
Find the volume of the water displaced out
of the cylinder, if the radius of the
cylinder is 6 cm and height is 18 cm.

6 cm

3. From a solid cylinder whose height is 2.4
cm and the diameter 1.4 cm, a cone of the
same height and same diameter is carved | Cone + hemisphere Cylinder
out. Find the volume of the remaining

=12 =
solid to the nearest cm®. h cm r=6em
r=6cm h=18cm
24 cm
| 6
— 7 <>
Cylinder C
one e Volume of cone + hemisphere
r= 14 r=0.7cm 1 5 2 3
2 =-Tr h+5nr
h=24cm 3 3
=0.7 cm
~Ln2n+an
h=2.4cm 3
Volume of the remaining solid = Volume of _1 TX6x6(12+2(6))
cylinder — Volume of cone 3
1 =T X2X6x24
=nrPh—=nrh 3
3 = 2887 cm
= % nrh Volume of water displaced in the cylinder
5 2 = 288m cm’
=>X—x0.7%x0.7%x24
377 22
=288 X 7
=2x22x0.1x0.7%x0.8
_ 6336
=2.464 e

=246 cm’ =905.14 cm®
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5. A capsule is in the shape of a cylinder
with two hemisphere stuck to each of its
ends. If the length of the entire capsule is
12 mm and the diameter of the capsule is
3 mm, how much medicine it can hold?

3mm

«—12mm—

Cylinder 2 hemispherical

Diameter =3 mm part = 1 sphere

3 r=%mm
r==mm

2

3 3
h_12—[2+2)
=12-3
h =9 mm
Total volume =Tl:r2h+iﬂ:r3

3

=Ttr2(h+%rJ

_22.3 3(y,4. 3
7 7272 372
2 3
7 2
2ng X
722

= X=(9+2)

3
2
3

11

C11x9x11

=77.79 mm’ (app)

The capsule can hold 77.79 mm® of
medicine.

Example 7.26

Arul has to make arrangements for the
accommodation of 150 persons for his family
function. For this purpose, he plans to build a tent
which is in the shape of cylinder surmounted by
a cone. Each person occupies 4 sq.m of the space
on ground and 40 cu.meter of air to breathe. What
should be the height of the conical part of the tent
if the height of cylindrical part is 8 m?

Tent

Given: Area of 1 person =4 sq.m
Area of 150 person =150x4

% =600 m’
=600 35
=600 35
2 300 x 7 3m
11
2o 2100
Tl (1)
Volume of air required for 1 person =40 m’>
150 person =150 x40
= 6000 m°
Volume of tent = 6000 m>
nr2h1+%nr2h2=6000
h
Tcrz(hl+?2 = 6000
22 2100 hy )
T (8+ 3 = 6000
+@_6000><7><11
3 22x2100
hy
8 +?= 10
hy
3= 10-8
h2=2><3
h2=6C1'Il

.. Height of the conical tent is 6 cm.
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Type ll: Problems based on surface area
of combined solids

Example 7.24, 7.28, 6. 7.25, 7, 8, 7.27

Example 7.24

A toy is in the shape !
of a cylinder surmounted
by a hemisphere. The
height of the toy is 25 cm.
Find the total surface
area of the toy if its
common diameter is 12

>

6 cm

19 cm

25 cm

<

Cylinder

Hemisphere
diameter =12 cm r= 6 cm
r=6cm

h=25-6

=19 cm

T.S.A of the toy = C.S.A of cylinder +

C.S.A of hemisphere +
base area of cylinder

=271:rh+271:r2+1'cr2

=nr(h+2r+vr)
=nr(2h+3r)

=27—2><6(38+18)

=27—2><6><56

—22x6x8
= 1056 cm”

6. As shown in figure a cubical block of side
7 cm is surmounted by a hemisphere. Find
the surface area of the solid.

7 cm
Cube Hemisphere
Side a=7 cm diameter =7 cm
r= 7 cm
2

T.S.A of the solid = T.S.A of cube + C.S.A
of hemisphere — base area of hemisphere

:6az+27tr2—fcr2
=6a> +m 1
22 7 7
—(6><7><7)+(7 xzxzj
77
=294 + 3
=294 + 38.5
=1332.5 cm’

Example 7.25

A jewel box (Fig.) is
in the shape of a cuboid of
30 cm x 15

cm X 10 cm surmounted

by a half part of a cylinder ?
as shown in the figure.
Find the volume and T.S.A of the box.

dimensions

Cuboid % cylinder
L=30cm
r= 15 cm
B=15cm T2
H=10cm h=30cm
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2 Cylinder
=6/’ +n %
rpy=8cm
24P+l e
= ?
Volume of sphere = Volume of cylinder
_1 24 + ) I? sq. units
4 %TE r{' =7 r% h
4
- —X12x12x12=8x8Xh
Exercise 7.4 3
Conversion of solids from one shape to Mz h
. . 8x8
another with no change in volume
. . - 36cm=h
Type I: Find radius, height V, =V, cm

Example 7.30, 1, 4, 6, 7, 3

Example 7.30

A cone of height 24 cm is made up of
modeling day. A child reshapes it in the form of
a cylinder of same radius as cone. Find the
height of the cylinder.

Cone Cylinder

hl = 24 cm l’l2 =7
radius of cone = radius of cylinder

Volume of cylinder = Volume of cone

Tcrzh2=%nr2h1
hzZ%Xhl
1
h2=§><24
h2=8C1'Il

~. The height of cylinder is 8 cm.

1. An aluminium sphere of radius 12 cm is
melted to make a cylinder of radius 8 cm.
Find the height of the cylinder.

Sphere

ry=12 cm

. Height of the cylinder is 36 cm

4. A solid right circular cone of diameter 14
cm and height 8 cm is melted to form a
hollow sphere. If the external diameter of
the sphere is 10 cm, find the internal
diameter.

Cone
diameter =14 cm
ri=7cm

h1=8cm

hollow sphere
external diameter = 10 cm
R=5cm
r="?

Volume of cone = Volume of hollow sphere

%m%m:%n(ze?’—#)
1 _4 .3 3
TXTXTx8=3(5°~r)
1 3_ 3
§X7X7X8XZ_125 r
98 = 1257
P =125-98
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P =27

r=3cm

-. internal diameter of the hollow sphere is
3x2=6cm

6. The internal and external diameter of a
hollow hemispherical shell are 6 cm and
10 cm respectively. If it is melted and
recast into a solid cylinder of diameter 14
cm, then find the height of the cylinder.

Hollow hemi-spherical | Solid cylinder
hell
she 14
ry=—=7cm
6 2
r=5= 3cm b=
R= 1—20 =5cm

Volume of hollow hemispherical shell =
Volume of solid cylinder

2n®-r)=nih

%(53—33):7><7><h

%(125—27)=7><7><h

%x98=7><7><h

2 X 98 B
3XTXT

(SIS
1l
N

oo h=133cm

7. A solid sphere of radius 6 cm is melted
into a hollow cylinder of uniform
thickness. If the external radius of the
base of the cylinder is 5 cm and its height
is 32 cm, then find the thickness of the
cylinder.

Solid sphere Hollow cylinder

ry=6 cm R=5cm
h=32cm
r="1?

Thickness W="7?

Volume of solid sphere = Volume of hollow
cylinder

nr=n (R~ h

§x6x6x6=(52—r2)32

4><23><26><6=25_r2
9=25-/

=16
r=4cm

. thickness (W)=R—r
=5-4
=1lcm

3. A conical flask is full of water. The flask
has base radius r units and height 7 units,
the water poured into a cylindrical flask
of base radius xr units. Find the height of
water in the cylindrical flask.

Conical flask Cylindrical flask

base radius =xr
height (H)=?

radius =r
height =h

Volume of water in conical flask = Volume
of water in cylindrical flask
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l7'Er2h=7'tr2H
3
%r2h=(xr)2><H

l}’2h=)62r2><H

3
Dy
3x
. Height of water in the cylindrical flask is —
3x

Vi
— based sums
Vo

Example 7.29, 7.31, 2, 5, 8

Type II:

Example 7.29

A metallic sphere of radius 16 cm is melted
and recast into small spheres each of radius 2
cm. How many small spheres can be obtained?

Sphere

R=16 cm

Small sphere

r=2 cm
Number of small spheres

_ Volume of bigger sphere
~ Volume of 1 small sphere

i1IR3

_16><16><16
T 2x2x%2

=16x16x2
= 512 spheres

2. Water is flowing at the rate of 15 km per
hour through a pipe of diameter 14 cm
into a rectangular tank which is 50 m long
and 44 m wide. Find the time in which the
level of water in the tanks will rise by 21
cm.

Cylindrical pipe
diameter =14 cm

7
r—7cm—mm

Speed (h) = 15 knm/hr
=15 x 1000

=15000 m

Rectangular tank
L=50m
B=44m
H=21cm

2
~ 100

Time taken

___Volume of water in Rectangular tank
~ Volume of water flowing in pipe in 1 hour

ZLBH
Tcrzh

21
) 50><44><100
2 7 7
7)(me>(15000

21 7 100 100 1

=30X 44X 1600222 %7 X7 X 15000
=2 hours
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Example 7.31

A right circular cylindrical container of

base radius 6 cm and height 15 cm is full of ice
cream. The ice cream is to be filled in cones of
height 9 cm and base radius 3 cm, having a
hemispherical cap. Find the number of cones
needed to empty the container.

Cylindrical container Ice cream cup
r=6cm (cone + hemisphere)
h=15cm h=9cm

r=3cm

Volume of ice cream in cylindrical container
=n’h
Vi=nx6x6x15 (D

Volume of ice cream in 1 cup = Volume of

cone + Volume of hemisphere

nﬂh+%nﬁ

% (h+2r)

nTX3x3(9+6)

V2 =t x3x15 (2)

Vi
~. Number of ice cream cups =V,
2

_MX6X6XI15
T wx3x15

=12 cups

Seenu’s house has an overhead tank in the
shape of a cylinder. This is filled by
pumping water from a sump (underground
tank) which is in the shape of a cuboid. The
sump has dimensions 2 m X 1.5 m X 1
m. The overhead tank has its radius of 60
cm and height 105 cm. Find the volume
of the water left in the sump after the

overhead tank has been completely filled
with water from the sump which has been
full, initially.

Sump (cuboid) Overhead tank
(cylinder)

L=2m=200cm r=60cm
B=15m=150cm| A=105cm

H=1m=100cm
e Volume of water in the sump =LBH

=200 x 150 x 100
=30,00,000 cm®
e Volume of water in the overhead tank 7 r2 h

=%x60x60><105

=22x60x%x60x15

= 11,88,000 cm®
~. The volume of water left in the sump
= 30,00,000 - 11,88,000

= 18,12,000 cm®

8. A hemispherical bowl is filled to the brim
with juice. The juice is poured into a
cylindrical vessel whose radius is 50%
more than its height. If the diameter is
same for both the bowl and the cylinder
then find the percentage of juice that can
be transferred from the bowl into the
cylindrical vessel.

Hemisphere Cylinder

Radius =r Radius =r

Il
=
+

N | —

\
I

N W
=

e Volume of hemisphere =§71: r
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e Volume of cylinder =T #h

9

=TEXZh2Xh

_dnnd
—4nh
Here volume of hemisphere = Volume of
cylinder
». % of juice that can be transferred to the

cylindrical vessel = 100%

Exercise 7.6

Multiple choice questions

1. The curved surface area of a right
circular cone of height 15 cm and base
diameter 16 cm is

1. é6m cm2 2. 68m cm2

3. 120mem? 4. 136mcem?
Cone
h=15cm
r=8cm
[=\n*+ 7
=V152+8°
=225+ 64
=289
=17 cm
CSA =7nrl
=X 8X17
=136m cm2

Ans. (4) 1367 cm?

2. If two solid hemispheres of same base
radius r units are joined together along
their bases, then curved surface area of
this new solid is

1. 4n/? sq.units 2. 6T r Sq. units

3. 3nr° sq. units 4. 8m r S$g. units
When we join two hemispheres with same
base radius we get a sphere
~. Surface area of sphere =4mn 2

Ans. (1) 4n ” sq-u

3. The height of a right circular cone whose
radius is 5 cm and slant height is 13 cm

will be

1. 12 cm 2. 10 cm

3. 13 cm 4. 5 cm
Cone

r=5cm

[=13cm

h=\P-7*
1

=V169 - 25

Ans. (1) 12 cm

4. If the radius of the base of a right circular
cylinder is halved keeping the same height,
then the ratio of the volume of the
cylinder thus obtained to the volume of
original cylinder is

1. 1:2 2.
3. 1:6 4.

1:4

1:8
radius of cylinder =r

r

radius of New cylinder R = )

. Volume of New cylinder
" Volume of original cylinder




www.nammakalvi.in

7.30

Nithish’s Mathematics - X Std

_nth
ﬂ:rzh

IS
\N|,_

N

Ans. (2) 14

5. The total surface area of a cylinder whose

radius is % of its height is
2
1. 9n8h sq.units 2. 24w n? sqg. units
8 h° . 567 h* :
3. sq.units 4. $q. units
9 9
Cylinder
1
r= 3 h
TS.A =2nr(h+r)
1 1
-an{ b +4)
h_4h
=21 X 3 X 3
_8n K
= 2
Ans. (3) 8n sq-u

9

6. In a hollow cylinder, the sum of the
external and internal radii is 14 ¢cm and
the width is 4 cm. If its height is 20 cm,
the volume of the material in it is

1. 5000mem” 2. 11200m cm’
3. S6mem® 4. 3600mcm’

Hollow cylinder

W=4cm—>(R-r)
h=20cm
Volume =7t(R2—r2)h
=n(R+r)(R—-1r)h
=nx14x4x20

_ 3
=120mem” o) 11200 om®

R+r=14cm

7. If the radius of the base of a cone is
tripled and the height is doubled then the
volume is

1. made 6 times 2. made 18 times

3. made 12 times 4. unchanged
Cone
r=3r
h=2h
1 2
Volume = 3 nr h
1 2
=3 (3r)” (2h)
1 2
=37 X9Xr xX2h

=18(%nr2hj

= 18 Volume of cone

Ans. (2) made 18 times

8. The total surface area of a hemi-sphere is
how much times the square of its radius.

2. 4m

4. 2w

1. =«
3. 3m

T.S.A of hemisphere =3mn r
= 37 X square of radius

Ans. (3) 3mn
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9. A solid sphere of radius x cm is melted
and cast into a shape of a solid cone of
same radius. The height of the cone is

1. 3xcm 2. xcm
3. 4xcm 4. 2xcm
Sphere
radius = ‘x’ cm
Cone
radius = ‘x’ cm
height =?
Volume of sphere = Volume of cone
4 3_1_2
3 TXx = 3 nx“h
4 =x*h
3
dx
= h
X
dx=nh Ans. (3) 4xcm

10. A frustum of a right circular cone is of
height 10 cm with radii of its ends as 8
cm and 20 cm. Then, the volume of the
frustrum is

1. 3328mcem’® 2. 3228mem’
3. 3240mem’ 4. 3340m cm’
Frustrum of cone

h=16cm

r=8cm

R=20cm

Volume = % Th (R2 + Rr+ r2) cu.u
=%><n><16[202+20(8)+82}
=%><n>< 16 [400 + 160 + 64]
=T X %6 X 624
=m X 16 X208

V=33281cm’

Ans. (1) 33287 cm’

11. A shuttle cock used for playing badminton
has the shape of the combination of

1. a cylinder and a sphere

2. a hemisphere and a cone

3. a sphere and a cone

4. frustrum of a cone and a hemisphere

Ans. (4) frustrum of a cone and a hemisphere

12. A spherical ball of radius r; units is

melted to make 8 new identical balls each
of radius r, units. Then ry:r, is

1. 2:1 2.
3. 4:1 4.

1:2
1:4

Volume of bigger sphere = Volume of 8
small sphere

4 3 4 3
gﬁ?'l:g)(gnrz
rl—Sr%
3
n_8
A1
3
ny_(2Y
1”2 _1
riiry =2:1 Ans. (1) 2:1

13. The volume (in cm3) of the greatest sphere
that can be cut off from a cylindrical log
of wood of base radius 1 cm and height 5

cm is
4 10
1. 37'5 2. 3 T
3. 5m 4. @n
3
Cylinder

radius =1cm
height =5 cm
Volume of greatest sphere

Cut from cylinder with r=1cm
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4 3 .
=3 7 Exercise 7
4 3 1. The barrel of a fountain-pen cylindrical in
=37 (1) shape, is 7 cm long and 5 mm in diameter.
A full barrel of ink in the pen will be used
4 "
=37 4 for writing 330 words on an average. How
Ans. (1) gn many words can be written using a bottle
of ink containing one fifth of a litre?
14. The height and radius of the cone of
which the frustum is a part are h; units Fountai (cylinder)
ountain pen (cylinde
and r; units respectively. Height of the untait p yinaer
frustum is h, units and radius of the h=7cm
smaller base is ry units. If h5: hy = 1:2 then 5
Fryirq is r= E mm
1. 13 2. 12 5
3. 21 4. 3:1 h 2% 10
2
Given T 1
r=--cm
hz: hl =1:2 4
hy 1 h, Volume =7 /% h
o _22 X 1 X 1 X7
=rpr=1:2 74 4
Ans. (2) 1:2 _ %1 P
Given
15. The ratio of the volumes of a cylinder, a
cone and a sphere, if each has the same 1—lcm3 = 330 words
diameter and same height is 8
Lo 123 2. 213 L of titre =1 x 1000 cm® = ¥ words
3. 1:32 4. 3:1:2 5 5
Cylinder : Cone : Sphere 200 cm® = x words
2, .1 2.4 3
’Itl”h.3ﬂ',rh.§7l:r x:%x330
8
Snrh: lTcrzh : inrzﬁ
3 3 2 3
1‘1‘2 :200X330XH
"3°3
=200%x30x8
3:1:2
h = 48000 words
Here in sphere [2r=h] r=-
2 Ans. (4) 3:1:2
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2. A hemi-spherical tank of radius 1.75 m is
full of water. It is connected with a pipe
which empties the tank at the rate of 7
litre per second. How much time will it
take to empty the tank completely?

Hemispherical tank

r=175m
r=175cm
Volume of water flowing by the pipe

=7 litre/sec

=7000 cm®

Time taken = Volume of water in tank
- 7000

2,

~ 7000

2 22 1
—§X7X175X175X7000

11 x5x175
B 6

9625

6
=1604.17 seconds

_1604.17
~ 60

=26.74

minutes

= 27 minutes (approx)

3. Find the maximum volume of a cone that
can be carved out of a solid hemisphere

of radius r units.

Hemisphere

radius = r units

Cone
radius =r
height =r

. Maximum volume =—1m r2 h

4. An oil funnel of tin sheet consists of a
cylindrical portion 10 cm long attached to
a frustum of a cone. If the total height is
22 cm, the diameter of the cylindrical
portion be 8 cm and the diameter of the
top of the funnel be 18 cm, then find the
area of the tin sheet required to make the
funnel.

22 cm

Cylinder

diameter =8 cm

r=4cm
h=10cm
s CS.A =2nrh
=2nx4x10
= 801 cm?

Frustum of cone

h=22-10
=12cm

R:1—28:9cm

r=§=4cm
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1=\25+144
1=N169
[=13 cm

CSA =n(R+7)1
=1 (9 +4) (13)

=nx13x13

= 1691 cm2

- T.S.A of the funnel =80m+ 169

= 2497 cm?

22
=249 x 7

5478

7
_ 2
=782.57 cm

5. Find the number of coins, 1.5 cm in
diameter and 2 mm thick, to be melted to
form a right circular cylinder of height 10
cm and diameter 4.5 cm.

Cylinder
h=10cm
diameter =4.5cm
r= 43 cm
2

Coin (cylinder)

diameter =1.5cm
r = L5 cm
1=
thickness  (hy) =2 mm
= ﬁ mm

. Volume of solid cylinder
Number of coins = -
Volume of 1 coin

2 10
2

=450 coins

6. A hollow metallic cylinder whose external
radius is 4.3 cm and internal radius is 1.1
cm and whole length is 4 cm is melted and
recast into a solid cylinder of 12 cm long.
Find the diameter of solid cylinder.

Hollow metallic cylinder
R=43cm
r=1.1cm
h=4cm
Solid cylinder
hy=12cm
r="?

Volume of hollow metallic cylinder =
Volume of solid cylinder

n(Rz—rz)hznr%hl

(43 - (1.1 4=t x12

(43+11)(43-1.1)4=rx 12
54x32x4 5

12 "1
1.8x32=17
576 =17
ry=2.4cm

.. diameter of solid cylinder =2r;
=2(24)

=4.8 cm
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7. The slant height of a frustrum of a cone
is 4 m and the perimeter of circular ends
are 18 m and 16 m. Find the cost of
painting its curved surface area at Rs. 100
per sq.m.

Frustrum of cone

[=4m
2t R=18m and 2nr=16 m
_18 r=18
m 21
R:2m =™
T

= 68 m”
Cost of painting per m® =Rs. 100
=68 x 100
=Rs.6800

. Total cost

8. A hemi-spherical hollow bowl has material

6
3n cubic cm. Its external
diameter is 14 cm. Find its thickness.

of volume

Hollow hemispherical bowl

436m 3
3 cm

14
R=7

R=7cm

Volume =

2 3_3_4361'C
37'C(R r)——3

2(7% - %) =436

343—r3=%

7.35
343 - 1 =218
343 -218 =°
125=1
3.3
r=5cm

*. thickness W=R —r
=7-5
W=2cm

9. The volume of a cone is 1005 % cu.cm. The

area of its base is 201%sq.cm. Find the

slant height of the cone.

Cone

Volume = 1005 % cm3

~ 7040 .
7
Area of base (1 rz) =201 %cm2
_ 14708 o’
V= % nrh
7040 1 y 1408 < h
7 3 7
7040 x 3
1408
21120 A
1408
1Scm=h
2_ 14708 o’
rz _ 1408 y 7
-7 22
=64
r=8 cm
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o I=\i2+7 Length of arc = base perimeter
e ¢ -
=V15°+8 36O><2TER 2nr
=225+ 64 216
——~X2l=r
=289 360
4536
[=17 cm 360 ="
12.6 cm=r
10. A metallic sheet in the form of a sector of
a circle of radius 21 cm has central angle PN
= -7
of 216°. The sector is made into a cone by 16.8
bringing the bounding radii together. Find =212 - 12.62 1128224
the volume of the cone formed. 1
=V441 - 158.76 i
26182
=V282.24 156
h=16.8cm 328| 2624
< | 2624
~. Volume of the cone 0
= % nr’h
When a sector of a circle folded to form a L
cone, then we get =3 XX 12.6 x 12.6 X 16.8
¢ Radius of sector = slant height of cone
=22x43x1.8x16.8

e Area of sector = C.S.A of cone .
e Length of arc = base perimeter =2860.70 cm
We have

R=21cm

s 0=21cm
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CHAPTER 8

STATISTICS AND PROBABILITY

Exercise 8.1

KEY POINTS

Measures of central tendency
1. Arithmetic mean

2. Median

3. Mode

Measures of Dispersion

1. Range

2. Mean deviation

3. Quartile deviation

4. Standard deviation

5. Variance

6. Co-efficient of variation

Range

Range = Largest value — Smallest value

R=L-S

L-S
Co-efficient of Range =——

L+S
Variance

n
2 (x; = })2
. =1
Variance 02 =

Standard Deviation

The positive square root of variance is called

standard deviation.

Calculation of S.D for ungrouped data

(i) Direct method

S.D (o) =

(ii) Mean method

Z()C—D2

n

S.D (6) =

id
n

If d=x—x, then 6=

(iii) Assumed mean method

S.D (o) =

n

(iv) Step deviation method

S.D (o) =

n

2
ﬁ_[ﬁj “C

Calculation of standard deviation for

grouped data

(i) Mean method

S.D (0)= 2fx=x)"

7

let d=x—x then

> )
&—[¥j where d=x—-A
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2fd where N=Xf

S.D (0)= N

(ii) Assumed mean method

2
SD ()\/y(%ﬁ]

Calculation of standard deviation for
continuous frequency distribution

(i) Mean method

Zf(x—x)

S.D (o) = -

(ii) Short cut method (or) Step deviation
method

—-A
h =—
where d C
Note:
1. SD of first ‘w natural numbers is
o= n -1
- 12

2. S.D will not change when we add or sub
some fixed constant to all the values

3. When we multiply or divide each data by
‘K the S.D also get multiplied or divided
by ‘K’

4. S.D=+variance

Variance = (S.D)2

Type I: Problems based on range and
co-efficient of range

Q.No.1 (i) (ii), Example 8.1, 8.3, 2, 3,
Example 8.2

1. Find the range and co-efficient of range
of the following data:
(i 63, 89, 98, 125, 79, 108, 117, 68

Largest value =125

Smallest value =63

-. Range =L-S
=125-63
=62
L—
Co-efficient of Range :—S
L+S
_125-63
125+ 63
_3l
94
=0.33

(i) 43.5, 13.6, 18.9, 38.4, 61.4, 29.8
Largest value (L)=614

Smallest value (S) =13.6

- Range =L-S§
=614-13.6
=47.8
Co-efficient of Range =L—_S
L+S
T 61.4+13.6
478
75
=0.64
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Example 8.1

Find the range and coefficient of range of
the following data: 25, 67, 48, 53, 18, 39, 44.

Largest value L=67; Smallest value S=18

Range R=L-S5=67-18=49

L—
Coefficient of range =—S
L+S
-1
Coefficient of range = 67 8 — 49 — 0576
67+18 85

2. If the range and the smallest value of a
set of data are 36.8 and 13.4 respectively,
then find the largest value.

Given

Range = 36.8
Smallest value =134
Largest value =7?
R=L-S
36.8=L-134

36.8+134=L

50.2=L

Example 8.3

The range of a set of data is 13.67 and the
largest value is 70.08. Find the smallest value.

Range R=13.67

Largest value L =70.08

Range R=L-S§
13.67=70.08 — S

S=70.08 - 13.67 =56.41

Therefore, the smallest value is 56.41.

3. Calculate the range of the following data.

Income | 400-450 | 450-500 | 500-550 | 550-600 | 600-650
Number

of 8 12 30 21 6
workers

Largest value =650

Smallest value =400

-. Range =L-S§
=650 - 400
=250

Example 8.2

Find the range of the following distribution.

Age (in 1o 1el 1820 [20-22 | 22-24 | 24-26 | 26-28
years)

Number of 0 4 6 g ) )
students

Here Largest value L =28

Smallest value S=18
Range R=L-S§
R =28 - 18 =10 years
Type II: S.D ungrouped data

Q.No: 7, 6, 8, 9, Example 8.9, 8.10, 4, 5,

Example 8.5, 8.6

7. Find the standard deviation of first 21
natural numbers.

S.D of first ‘n’ natural numbers

o= n -1
- 12
Here n=21
217 -1
S.D= B
441 -1
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8.4
6.05 S.D will not change when we add or sub
440 VTR .
N1 6136.6666 some fixed constant to all the values.
36 Here all the values decreased by 5.
=36.67 1205 6666
6025 .. Now S.D =45
9. If the standard deviation of a data is 3.6
6. A wall clock strikes the bell once at 1 O’ and each value of the data is divided by
clock, 2 times at 2 O’ clock, 3 times at 3 3, then find the new variance and new
O’ clock and so on. How many times will standard deviation.
it strike in a particular day. Find the We know that
s:a.rll(dar:ih dbevlllatlor;( of dthe number  of When we multiply or divide each data by
strikes the bell make a day. ‘> the S.D also get multiplied or divided by
Given data k.
The bell strike in a particular day Here k = 3.6
=2(1+2+3+...+12) SD =3
_2x12x13 _nn+1) 3.6
== {Zn—iz } -. New S.D =3
=12x13 S.D =1.2
= 156 times Variance = (S.D)?
! =12x12
n”—
SD =2XxN\ " = 1.44
=2 X\ ’ 12 2_ 1 Example 8.8
1
Find the standard deviation of the following
T data 7, 4, 8, 10, 11. Add 3 to all the values then
=2X ’\, 12 3.4 find the standard deviation for the new values.
3 11.92 Arranging the values in ascending order we
5 143 9 get, 4, 7, 8, 10, 11 and n=5
“<*N12 64 | 292
256 X 2
=2xV11.92 36 ' Y
=2x34 4 16
SD = 6.8 7 49
8 64
8. If the standard deviation of a data is 4.5 10 100
and if each value of the data is decreased 11 121
by 5, then find the new standard deviation. S x; = 40 inz _ 1350

We have
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Standard deviation

A [330_
5

=70 - 64
o=V6 =245

When we add 3 to all the values, we get the
new values are 7, 10, 11, 13, 14.

X xl-2
7 9
10 100
11 121
13 169
14 196
X x;=55 3 %% = 635

Standard deviation
le-z Zx;
n | n
_A[635 (55

5 5

=127 - 121
o=V6 =245

> =

From the above, we see that the standard
deviation will not change when we add some
fixed constant to all the values.

Example 8.9

Find the standard deviation of the data 2,
3, 5, 7, 8 Multiply each data by 4. Find the
standard deviation of the new values.

Given, n=5

o N L W
N
(9}

Standard deviation

=v30.2-25
=V5.2=2.28

When the multiply each data by 4, we get
the new values as 8, 12, 20, 28, 32.

X xl-2
8 64
12 144
20 400
28 784
32 1024
2 x; =100 3 x7 = 2416

Standard deviation
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=/483.2 - 400

=832
c=V16%x52

=4~52=9.12

From the above, we see that when we
multiply each data by 4 the standard deviation
also get multiplied by 4.

4. A teacher asked the students to complete
60 pages of a record note book. Eight
students have completed only 32, 35, 37,
30, 33, 36, 35 and 37 pages. Find the
standard deviation of the pages yet to be
completed by them.

The pages yet to be completed by them are
60 — 32 =28, 60 — 35 =25, 60 -7 =23, 60 — 30 = 30,
60 - 33=27,60 — 26 =24, 60 —35=25,60 - 37 =23

We have to find
. S.D of 28, 25, 23, 30, 27, 24, 25, 23

Note:

Here x =25.625 decimal so we Assumed
mean method

5. Find the variance and standard deviation
of the wages of 9 workers given below Rs.
310, Rs. 290, Rs. 320, Rs. 280, Rs. 300, Rs.
290, Rs. 320, Rs. 310, Rs. 280.

X d=x-A d2
23 23-25=-2 4
23 23-25=-2 4
24 24-25=-1 1
25 A 25-25=0 0
25 25-25=0 0
27 27-25=2 4
28 28-25=3 9
30 30-25=5 25
Zd=5 S =47

. d= x;A P
280 -2 4
280 -2 4
290 -1 1
290 -1 1

300 A 0 0
310 1 1
310 1 1
320 2 4
320 2 4

2d=0 S d* =20
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- SD (o)=\/¥xc
_4/@
= 9 x 100

=12.2222 x 10
=222 x 10
=149x10
c=149
Variance = (S.D)2
= [V2.222 x 10]°
=2.222 %100
=222.2

Example 8.5

The amount of rainfall in a particular
season for 6 days are given as 17.8 cm, 19.2 cm,
16.3 cm, 12.5 cm, 12.8 cm and 11.4 cm. Find its
standard deviation.

Arranging the numbers in ascending order we
get, 11.4, 12.5, 12.8, 16.3, 17.8, 19.2. [Number of
observations 7 = 6]

114+125+12.8+ 163 +17.84+19.2

Mean = 6
- 9—60 =15
X; di=x;—x=x-15 dg
11.4 -36 12.96
12.5 -25 6.25
12.8 -2.2 4.84
16.3 1.3 1.69
17.8 2.8 7.84
19.2 4.2 17.64
S di=51.22

Standard deviation G =

Hence 0=29

Example 8.6

The marks scored by 10 students in a class

# Solution:

test are 25, 29, 30, 33, 35, 37, 38, 40, 44, 48.
Find the standard deviation.

The mean of marks is 35.9 which is not an

integer. Hence we take assumed mean,
A=35,n=10.

M ;l; = j:l— 3[; 4

25 -10 100

29 -6 36

30 -5 25

33 -2 4

35 0 0

37 2

38 3

40 5 25

44 9 81

48 13 169

2d;=9 S d? = 453

Example 8.10

Find the mean and variance of the first n

natural numbers.

1+2+3+...+n

—  Sum of all observation

mean x

" Number of observation
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_nn+1)
- 2n

n+1

Mean x = 2

2

2
> by
Variance o2 = =X { =X J
n n

:n(n+1)(2n+1)_{n(n+l)}2

6Xn 2n

nm+)@n+l) A+ 1)
- 6Xn 4n2

_m+)Crtl) (1)
B 6 4

n+l 2n+1 n+1
) 3 2

_n+1{4n+2—3n—3}

2 6
_n+1xn—1
T2 6
2
. _n -1
Variance 0‘2 =1
Note:
n -1
SD o= 5
Type lll: S.D for grouped data

Q.No.10, Example 8.11, 8.12

x| f dzx;A P fd i
45| 5 o 4] 10 20
50 13| -1 | 1] —13 13
554 4 o |o| o 0
60 | 9 U I T 9
65 | 5 > |4 10 20
70 | 4 3 9| 12 36
N =40 Sfd=8 |3 ff =98
S.D (6)= ﬁ—[z—fdf xC
N N

=241 x5
=1.55%5

S.D = 7.75

10. The rainfall recorded in various place of
five districts in a week are given below.

Rainfall (in mm) 45 50 | 55 | 60 | 65 | 70
Number of places 5 13 4 9 5 4

Find its standard deviation.
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Example 8.11 Let the assumed mean, A =8
48 students were asked to write the total 7 B fd 5
number of hours per week they spent on i i di=x;=A 1% fid;
watching television. With this information find 4 7 _4 _g 112
the standard deviation of hours spent for
watching television. 6 3 -2 -6 12
8 5 0 0 0
x 6 7 8 9 10 | 11 | 12 10 9 ) 18 36
y |36 ]9 13|85 4 12 5 4 20 80
N=29 Sfidi=4| Sfd
. . . f. — . — 5 2 2 1 1%
'xl f'l 'xlf; dl - xi X dl f; dl _ 240
6 3 18 -3 9 27
7 6 1 _s 4 24 Standarddeviation
8 9 72 -1 1 9
A [Ehd (254
9 13 117 0 0 0 6= N | N
10 8 80 1 1 8
11 5 55 2 4 20 >
240 4 _ 240 %29 - 16
12 4 48 3 9 36 - 2 N 20x29
N=48 Z)le; Zdl=0 Zf;dz
=432 =124
o=/ . 5-287
29 x 29
_ Ixf
Mean x = ifi 432 =9 (Since N=Xf))

N 48

Standard deviation Type IV: S.D for continuous frequency

G distribution
i 4 124
—v =\ g — V238 Q.No. 11, 12, 13, Example 8.13
c=16 11. In a study about viral fever, the number
of people affected in a town were noted as
Example 8.12 ‘?i‘;ris“ 0-10 | 1020 | 20-30 | 30-40 | 40-50 | 50-60 | 60-70
The marks scored by the students in a slip | | Nymber
test are given below. of 3 5 16 8 | 12 - 4
people
X 4 6 8 10 12 affected

f 7 3 5 9 5

Find the standard deviation of their marks.
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Find its standard deviation Dia Mid x—A
meter | value f d= Cc | & fd a
Age | Mid 4 . f
in |value| f d= - &2 fd de n cm *
years | x ¢ 2124 | 225 | 15 -2 4 | =30 60
0-10 5 3 -3 9 -9 27 25-28 26.5 18 -1 1 - 18 18
1020 15 | 5 -2 4 | -10 20 30.5
20-30 | 25 16 -1 1 - 16 16 29-32 A 20 0 0 0 0
30-40 |35 A 18 0 0 0 0 33-36 34.5 16 1 1 16 16
40-501) 45 ) 12 ! Ly 12 12 37-40 | 385 | 8 2 | 4| 16 32
50-60 | 55 7 2 4 14 28
60-70 | 65 4 3 9 2 16 41-44 42.5 7 3 9 21 63d2
Zf
o 5 fd=3 s fd* N=94 sfd=s| =10
=139
P St (S
SD<cs):\/Zfd2_(Z—ﬂ] “e P (G)z\/T_(T] “e
N N
2
2 189 5
_A[139 (3 B _[2] x4
= 5 ( 5) x 10 94 [94]
139 9 _ 189 25
=\ % 32 =\ or ——5 X4
65 652 x 10 94 942
_ 17766 — 25
_ 90352 9 10 _ : <4
65 94
_V9026 1o RIZT
65 “ "o
_95.005 10 _ 133.20 %4
65 94
950.05
- =1.42x4
65
S.D (o)=14.6 o= 5.68
12. The measurements of the diameters (in .
cms) of the plates prepared in a factory 13. The time taken by 50 s'tudents to cor.npl(?te
are given below. Find its standard a 100 meter race are given below. Find its
deviation. standard deviation.
Diameter | ) | s 28 | 29.32 | 33.36 | 37-40 | 4144 Time taken | 85- | 9.5- | 10.5- | 11.5- | 12.5-
(in cm) (sec) 9.5 10.5 11.5 12.5 13.5
Number of
15 | 18 | 20 | 16 8 7 Number of
plates students 6 8 17 10 ?
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Time Mid B Let the assumed mean, A =35, c=10
taken value f _A & fd fd2
. X
(in sec) ) ok Mid i XA
8595 | 9 6 | -2 | 4 | -12] 24 T value - fp | T T fidy | s
() i~
9.5-10.5 | 10 8 ~1 1| -8 8 !
10.5-11.5| 11 A 17 0 0 0 0 0-10 1 3 8 -30 3 - 24 72
11.5-125] 12 10 1 1 10 10 10201 15 | 12 | =20 | -2 —24 48
12.5-13.5| 13 9.2 2 4 18 36 20-30 | 25 17 | -10 -1 -17 17
s £ 30-40 | 35 14 0 0 0 0
N=50 fd | zfd
=8 | =78 40-50 | 45 9 10 1 9 9
50-60 | 55 7 20 2 14 28
60-70 | 65 4 30 3 12 36
st (sfd) >
SD = f — f z“fi di z-fi di
’ N N N=171
=-30| =210
2
78 (8

G=

1.24

Example 8.13

Marks of the students in a particular subject
of a class are given below.

Marks | 0-10 | 10-20 | 20-30 | 30-40 | 40-50 | 50-60 | 60-70
Number

of 8 12 7 14 9 7 4
students

Find its standard deviation.

2 Z
Zfidl-_ 2f;d,
N N

Standard deviation 6 =c X ‘\/

2
_ 200 (307 _ 1y [FI0_ 900
G_lox\/ﬂ ( 71) = 10X\ ZT ~ 501

=10xV2.779; 6 = 16.67

Type V: S.D and variance special sums
Q.No.14, Example 8.14, 15

Example 8.14

The mean and standard deviation of 15
observations are found to be 10 and 5
respectively. On rechecking it was found that one
of the observation with value 8 was incorrect.
Calculate the correct mean and standard
deviation if the correct observation value was
23?

15,x=10,0=15;

=
Il

;Z2x=15x10=150

=
I
M

= |0

Wrong observation value =38,

Correct observation value =23.



8.12

www.nammakalvi.in

Nithish’s Mathematics - X Std

Correct total =150—-8 +23 =165

Correct mean x = 11—655 =11

Standard deviation o =

Incorrect value of 6=5= \/ zx (10)

2
21)56 100 gives 2 =125

25= 5

Incorrect value of sz = 1875

Correct value of

¥ X% = 1875 — 82 + 232 = 2340

Correctstandard deviation

, /2340_(11)

=v156 — 121 =v35 6=5.9

14.

For a group of 100 candidates the mean
and standard deviation of their marks
were found to be 60 and 15 respectively.
Later on it was found that the scores 45
and 72 were wrongly entered as 40 and
27. Find the correct mean and standard
deviation.
Given
n=100
x=60
o=15,
_ 2x
xX=——
n
2x
60 = 100

2 x=6000

Wrong observation values =40, 27
Correct observation values =45, 72

-, Correct total
2 x=6000 - (40 + 27) +(45 + 72)

=6000—-67 + 117

= 6050
— 6050
Correct mean x = 100
x =60.5

e Standard deviation

2Xx
225 + 3600 = m

3825 100 = 3 x°
382500 = = x° (in correct)

Correct 2 x% = 382500 — 40 — 272 + 45% + 722

=382500 - 1600 — 729 + 2025 + 5184

= 387380

\ ’ ted X Z _

Corrected 2 x _ (Correctx)2
N

_ 387380

B 100

=3873.8 — 3660.25
=+213.55 = 14.6

. Correct S.D =

(60.5)
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(i) The set of all possible outcomes are
known.

(i1)) Exact outcome is not known.

Example: Tossing a coin; rolling a die

2. Sample space

The set of all possible outcomes in a random
experiment is called a sample space.

3. Sample point

Each element of a same space is called a
sample point.

4. Tree diagram

Tree diagram allow us to see visually all
possible outcomes of an random experiment.

e  When a dice thrown

1
2
3
4
5
6
S:{ 172’3’4’ 576}

e When we toss two coins

S={ HH, HT, TH,TT }

5. Event

In a random experiment,

outcome is called an event.

each possible

6. Trial

Performing an experiment once is called a
trial.

7. Probability of an event

Number of outcomes favourable to E

PE)= Number of all possible outcomes
pE="E
n(S)
Note:
; _n)_
i PO = n S 1.
The probability of sure event is 1.
_n@_ 0 _
(i) P@=T" =5

The probability of impossible event is 0
(iii) Probability value always lies from O to 1
0<P(E)<1
(iv) The complement event of E is E
P(E)=1-P(E)
V) PE+PE)=1

Type I: Sample space using [free diagram]

Q.No. 1, 2, Example 8.18

1. Write the sample space for tossing three
coins using tree diagram.

Sample space
= { (HHH), (HHT), (HTH), (HTT), (THH),
(THT), (TTH), (TTT) }
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2.

Write the sample space for selecting two
balls from a bag containing 6 balls
numbered 1 to 6 (using tree diagram).

S={(1,1),(1.2), (1,3), (1,4), (1,5), (1,6)
2.1), (2,2), (2.3), 24), (2,5), (2,6)
3.1, (3.2), (3.3), 3.4), 3.5), (3.6)
4.1), (4.2), (4.3), (44), (4,5, (4.,6)
(5.1, (5.2), (5.3), (54), (5.5), (5.6)
(6,1), (6,2), (6,3), (6,4), (6,5), (6,6) }

b

N

S

AAAAAA

ANRWNERANAWN = AVNBWRNERANRLNI= AR WNEANRWN -

(9}

N

Example 8.18

dice

Express the sample space for rolling two
using tree diagram.

When we roll two dice, since each die

contain 6 faces marked with 1, 2, 3, 4, 5, 6 the

tree

diagram will look like
Hence, the sample space can be written as
S={(1,1),(1,2),(1,3), (1,4), (1,5), (1,6)
2,1), (2,2), (2,3), (2,4), (2,5), (2,6)
(3.,1), (3,2), (3,3), (3.4), (3,5), (3,6)
4,1, 4,2), 4,3), 4,4), 4,5), 4,6)
5,1), (5,2), (5,3), (5:4), (5,5), (5,6)
(6,1), (6,2), (6,3), (6.4), (6,5), (6,6) }

—

N

AAAAAA

(9]

[=)}
AN N AN RWN = QNBERWN=ONRWN=ONDRWN = ANRWN =

Type Il: Problems based on dice, coins
and cards

Q.No. 4, 8. (i) (ii) (iii) (iv), Example
8.21, 7, Example 8.20, 9, Example 8.24, 12,
Example 8.22

4. A coin is tossed thrice. What is the
probability of getting two consecutive tails?

When a coin is tossed thrice,
S = { (HHH), (HHT), (HTH), (HTT), (THH),

(THT), (TTH), (TTT) }
n(S)=8
Let A bet the event of getting 2 tails

continuously,

A={(HTT),(TTH), (TTT) }
n(A)=3

n)_3

P(A)=n(S) R
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8. Three fair coins are tossed together. Find
the probability of getting
(i) all heads
(ii) atleast one tail
(iii) almost one head
(iv) almost two tails

When 3 fair coins are tossed,
S = { (HHH), (HHT), (HTH), (HTT), (THH),
(THT), (TTH), (TTT) }
n(S)=8
(i) Let A be the event of getting all heads.
A= (HHH) )
n(A)=1

nd)_1

.'.P(A)=n(S)—8

(i1)) Let B be the event of getting atleast one tail.
B = { (HHT), (HTH), (HTT), (THH), (THT),
(TTH), (TTT) }
n(B)y=17
7
P(B)= 3

(iii)) Let C be the event of getting at most one
head.
C={ (HTT), (THT), (TTH), (TTT) }
n(C)=4

P(C)=

oo |
N | —

(iv) Let D - almost 2 tails
D = { (HHH), (HHT), (HTT), (HTH), (THH),
(THT), (TTH) }
n(D)y=17

P(D):%

Example 8.21

Two coins are tossed together. What is the
probability of getting different faces on the coins?

When two coins are tossed together, the
sample space is

S={HH,HT,TH,TT };n (S) =4
Let A be the event getting different faces on
the coins.
A={HT,TH };n(A)=2
Probability of getting different faces on the
coins is

7. Two unbiased dice are rolled once. Find
the probability of getting
(i) a doublet (equal numbers on both
dice)
(ii) the product as a prime number
(iii) the sum as a prime number
(iv) the sum as 1

S={(L1),(1,2),(1,3), (1,4), (1,5), (1,6)
2,1), (2,2), (2,3), (2,4), (2,5), (2,6)
(3,1), (3,2), (3,3), (3.4), (3,5), (3,6)
4,1), 4,2), (4,3), 4,4), (4,5), (4,6)
(5,1), (5,2), (5,3), (5:4), (5,5), (5,6)

(6,1),(6,2),(6,3), (6.4), (6.5), (6,6) }

Let A be the event of getting a doublet

A={(L1),(2,2),3,3),(44),(5,5).6,6) }

n(A)=6

®

(i1)) Let B the event of getting the product as a
prime number.

B=1{(12),(1,3),(L5),(2,1), 3,1), 5,1) }
n(B)=6
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(iii)) Let C be the event of getting the sum of
numbers on the dice is prime.

C={(L1),(12), (14, (2.1), (2,3), (2.5),
(3.2), 34, (4.1), (4.3), (5.2), (5.6),

(6,1),(6,5) }
n(C)=14
: _n©_7
..P(C)—n(S) =36

(iv) Let D be the event of getting sum of
numbers is 1.

n(D)=0
P(D)=0

Example 8.20

Two dice are rolled. Find the probability
that the sum of outcomes is (i) equal to 4 (ii)
greater than 10 (iii) less than 13

When we roll two dice, the sample space is
given by

S={(L1),(12),(13), (14), (1,5), (1,6)
@2,1), (2,2), (2,3), (2,4), (2,5), (2,6)
3.1), (3.2), (3.3), 3.4), 3,5), (3,6)
@,1), 4,2), (4,3), (4,4), (4.,5), (4,6)
(,1), (5,2), (5.3), (5.4), (5.5), (5,6)

(6,1), (6,2), (6,3), (6,4), (6,5), (6,6) };

n (S) =36

(i) Let A be the event of getting the sum of
outcome values equal to 4.

Then A= (1,3),(2,2), (3,1) }:n (A) =3.

Probability of getting the sum of outcomes
equal to 4 is

PO=5 3612

(ii)) Let B be the event of getting the sum of
outcome values greater than 10.

Then B=1{(5,6), (6,5), (6,6) };n(B)=3

Probability of getting the sum of outcomes
greater than 10 is

(iii)) Let C be the event of getting the sum
of outcomes less than 13. Here all the outcomes
have the sum value less than 13.

Hence C=S.
Therefore, n (C)=n (S) =36

Probability of getting the total value less than
13 is

9. Two dice are numbered 1, 2, 3, 4, 5, 6 and
1, 1, 2, 2, 3, 3 respectively. They are rolled
and the sum of the numbers on them is
noted. Find the probability of getting each
sum from 2 to 9 separately.

S={(,1),(1,2),(1,3), (1,4), (1,5), (1,6)
2,1), (2,2), (2,3), 2,4), (2,5), (2,6)
3,1, (3,2), (3,3), (3,4), (3,5, (3,6)
4.1), 4,2), 4,3), 4,4), (4,5), (4,6)
5,1, (5,2), (5,3), (5,4), (5,5), (5,6)

(6,1), (6,2), (6,3), (6,4), (6.,5), (6,6) }

(i) Let A - Sum of 2

n(A)=2

P(A):%

(ii)) Let B - Sum of 3
n(B)=4

P(B)=;—6

(iii)) Let C - Sum of 4
n(C)=6

P(C)=3£6
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(iv) Let D - Sum of 5

n(D)=6
P(D)=3%

(v) Let E - Sum of 6

n(E)=6

_6
(vi) Let F - Sum of 7
n(F)=6

_6

(vii) Let G - Sum of 8
n(G)=4

_4

P(G)—36

(viii) Let H - Sum of 9
n(H)=2

P ()=

Example 8.24

A die is rolled and a coin is tossed
simultaneously. Find the probability that the die
shows an odd number and the coin shows a
head.

Sample space
S={1H, 1T, 2H, 2T, 3H, 3T, 4H, 4T, 5H, 5T, 6H, 6T };
n(S)=12

Let A be the event of getting an odd number
and a head.

A={1H,3H,5H };n (A)=3

_n@_3_1

P@) n(s) 12 4

12. The king and queen of diamonds, queen
and jack of hearts, jack and king of
spades are removed from a deck of 52
playing cards and then well shuffled. Now
one card is drawn at random from the
remaining cards. Determine the
probability that the card is (i) a clavor
(ii) a queen of red card (iii) a king of
black card

By the data given
n(S)=52-2-2-2=46

(i) Let A be the event of selecting clavor

card.
n(A)=13
P(A)= %
(i) Let B - queen and red card.
n(B)=0
P(B)=0

(queen diamond and heart are included in S)
(iii)) Let C - King of black cards.
n(C)=1 (excluding spade king)

P(C)=%

Example 8.22

From a well shuffled pack of 52 cards, one
card is draw at random. Find the probability of
getting (i) red card (ii) heart card (iii) red
king (iv) face card (v) number card

n(S)=>52
(i) Let A be the event of getting a red card.
n(A) =26
Probability of getting a red card is
26 1

(i) Let B be the event of getting a heart
card.

P

n(B)=13
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Probability of getting a heart card is
nB) 13 1

n(s) 52 4

P (B)=

(iii) Let C be the event of getting a red king
card. A red king card can be either a diamond
king or a heart king.

n(C)=2
Probability of getting a red king card is
_n©_2_ 1L
PO= (S) 52 26

(iv) Let D be the event of getting a face
card. The face cards are Jack (J), Queen (Q), and
King (K).

n(D)=4x3=12
Probability of getting a face card is

_n(D) 12 3

(v) Let E be the event of getting a number
card. The number cards are 2, 3, 4, 5, 6, 7, 8, 9
and 10.

n(E)y=4x9=36

Probability of getting a number card is

n(E)_E_ 9

PE= 5 52713

Type lll: General probability sums

Q.No. 10, Example 8.19, 8.26, 5, 11, 15,
14, Example 8.23, 13

10. A bag contains 5 red balls, 6 white balls,
7 green balls, 8 black balls. One ball is
drawn at random from the bag. Find the
probability that the ball drawn is (i)
white (ii) black or red (iii) not white
(iv) neither white nor black.

S={5R,6W,7G, 8B }
(i) Let A - White ball
n(A)=6

(ii)) Let B - Black (or) red

n(B)=5+8=13

(iii) Let C - not white

n(C)=20
20 10
P(C)_%ZB

(iv) Let D - Neither white nor black

n(D)=12
12 6
P(D)=52=13

Example 8.19

A bag contains 5 blue balls and 4 green
balls. A ball is drawn at random from the bag.
Find the probability that the ball drawn is (i)
blue (ii) not blue.

Total number of possible outcomes
n(S)=5+4=9
(i) Let A be the event of getting a blue ball.

Number of favorable outcomes for the event
A. Therefore, n (A) =5

Probability that the ball drawn is blue.

n@_5

Therefore, P (A) =
erefore, P (A) n(S) 9

(i1) A will be the event of not getting a blue
ball.

So P(K):I—P(A)zl—g:

O | &

Example 8.26

A game of chance consists of spinning an
arrow which is equally likely to come to rest
pointing to one of the numbers 1, 2, 3, ... 12.
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What is the probability that it will point to (i) 7
(ii) a prime number (iii) a composite number?

Sample space
§$={1,2,3,4,5,6,7,8,9,10,11,12 }; n (§) =12
(i) Let A be the event of resting in 7,
n(A)=1
n@ _1
n(s) 12

(i1) Let B be the event that the arrow will
come to rest in a prime number

B={2,3,5711};n(B)=5

P(A)=

nB) 5
n(s) 12

P(B)=

(iii)) Let C be the event that arrow will
come to rest in a composite number.

C=1{4,6,8,9,10,12 };n(C)=6

_n©_o6_1

P©) n(s) 1272

5. At a fete, cards bearing numbers 1 to
1000, one number on one card are put in
a box. Each player selects one card at
random and that card is not replaced. If
the selected card has a perfect square
number greater than 500, the player wins
a prize. What is the probability that (i)
the first player wins a prize (ii) the
second player wins a prize, if the first has
won?

n (S) = 1000

(i) Let A be the event of getting perfect
squares between 500 and 1000

A={23%24%25% 267 ... 312}
n(A)=9

9
PA)=1000

is the probability for the 1st player to win a
prize.

(i1)) When the card which was taken first is
not replaced.

n (S) =999
n(B)=8
P(B)=%

In a box there are 20 non-defective and
some defective bulbs. If the probability
that a bulb selected at random from the

then, find

11.

box found to be defective is %

the number of defective bulbs.

Let x be the number of defective bulbs.

~n(®)=x+20
Let A be the event of selecting defective balls
Ln(A)=x
X
PA)=
“) x+20

Given _3
x+20 8

= 8x=3x+60
= 5x=60
x=12
~. The Number of defective balls = 12.

15. In a game, the entry fee is Rs. 150, The
game consists of tossing a coin 3 times.
Dhana bought a ticket for entry. If one or
two heads show, she gets her entry fee
back. If she throws 3 heads, she receives
double the entry fees. Otherwise she will
lose. Find the probability that she (i) gets
double entry fee (ii) just gets her entry
fee (iii) loses the entry fee.

S={ (HHH), (HHT), (HTH), (THH), (HTT),
(THT), (HTT), (TTT) }
n(S)=8
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(i) P (gets double entry fee) =% ("." 3 heads)
. . 6 3

(i) P (just gets for her entry fee) =971

(. 1 (or) 2 heads)

@iii)) P (loses the entry fee) =

o0 | —

("." 3 no heads (TTT) only)

14. Two customers Priya and Amuthan are
visiting a particular shop in the same week
(Monday to Saturday). Each is equally
likely to visit the shop on any one day as
on another day. What is the probability
that both will visit the shop on
(i) the same day (ii) different days
(iii) consecutive days?

Given n (S) =6. (Monday - Saturday)

(i) Prob. that both of them will visit the

AN~

shop on the same day =

(ii)) Prob. that both of them will visit the

ol

shop in different days =

(". " if one visits on Monday, other one visit
the shop out of remaining 5 days).

(iii) Prob. that both of them will visit the
shop in consecutive days.

A ={ (Mon, Tue), (Tue, Wed), (Wed, Thu),
(Thu, Fri), (Fri, Sat) }
n(A)=5

P(A)=%

Example 8.23

What is the probability that a leap year
selected at random will contain 53 saturdays.

(Hint: 366=52x7 +2)

A leap year has 366 days. So it has 52 full
weeks and 2 days. 52 saturdays must be in 52
full weeks.

The possible chances for the remaining two
days will be the sample space.

S ={ (Sun — Mon, Mon — Tue, Tue — Wed,
Wed — Thu, Thu — Fri, Fri — Sat, Sat — Sun) }
n(S)=7
Let A be the event of getting 531 Saturday.
Then A = { Fri — Sat, Sat— Sun; n (A) =2}
Probability of getting 53 Saturdays in a leap
year is
n)_2

P(A)=— 57

13. Some boys are playing a game, in which
the stone thrown by them landing in a
circular region (given in the figure) is
considered as win and landing other than
the circular region is considered as loss.
What is the probability to win the game?

4 feet

Area of the rectangular region =4x3

=12 ft?

=’

3 feet

Area of the circular region
=mx 12

= T[ﬁz
. . I
. Probability to win the game =1
_3.14
12
_ 314
~ 1200

_157
~ 600
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Type IV: Find unknown values
Q.No. 3, 6, Example 8.25

3. If A is an event of a random experiment
such that P(A):PA)=17:15 and
n (S) =640 then find (i) P (A) (ii) n (A).
Given P (A): P (A)=17: 15
1-P(A) _7
P@) 15
= 15— 15P (A) = 17P (A)
= 32P (A) = 15
17
32
n(A) _ 17
n(s) 32

=PA)=

:>n(A)=%x64o=340

6. A bag contains 12 blue balls and x red
balls. If one ball is drawn at random (i)
what is the probability tat it will be a red
ball? (ii) If 8 move red balls are put in
the bag, and if the probability of drawing
a red ball will be twice that of the
probability in (i), then find x.

Total number of balls in the bag
=x+12. (x > red 12 — black)
(i) Let A be the event of getting red balls

n@) __ x
n(s) x+12

(i) If 8 more red balls are added in the bag.
n(S)=x+20

P(A)=

By the problem, ;:280 = 2{x+x12J
= (x+8) (x + 12) = 2x% + 40x

= x% +20x + 96 = 2x% + 40x

= x> +20x-96=0
= (x+24) (x-4)=0

8.27
x=—24,4
sx=4
4 1
..P(A)—16—4

Example 8.25

A bag contains 6 green balls, some black
and red balls. Number of block balls is as twice
as the number of red balls. Probability of getting
a green ball is thrice the probability of getting
a red ball. Find (i) number of black balls and
(ii) total number of balls.

n(G)=6
n(R)=x
Therefore, number of black balls is n (B) = 2x

Number of green balls is

Let number of red balls is

Total number of balls
n(S)=6+x+2x=6+3x
It is given that, P (G) =3 X P (R)

6 X
=3x——
6+ 3x 6 + 3x

3x=06 gives, x=2.
(1) Number of black balls =2x2=4
(il)) Total number of balls =6+ (3x2)=12

Exercise 8.4

KEYPOINTS

1. If A and B are two events associated
with a random experiment, then

(i) P(ANnB)=P (onlyA)=P (A)—P (AN B)

(i) P(ANB)=P (onlyB)=P (B)—P (AN B)

2. Addition theorem of probability

i) f A and B are any two events

P(AUB)=P(A)+P(B)-P(ANB)

(i) If A, B and C are any three events then

PAUBUC)=PA)+PB)+P(C)—P(ANB)
-PBNC)—-PANC)+P(ANnBNC(O)

then
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Note

(i) If A, B are mutually exclusive events, then
P(AUB)=P(A)+P(B)

(i) AnA=¢ and AUA=S

(iii)) P (Union of mutually exclusive event)

=X (Probability of events)

Type I: Simple problems based on
probability formulae

Q.No.1, Example 8.27, 2, 3, Example
8.30, 4, 5

1. If P(A)=§,P(B)=%,P(AUB)=% then
find P (A N B).
P(ANB)=P(A)+PB)-P(AUB)

2,21
35 3
_10+6-5
B 15
1
15

Example 8.27

If PA)=0.37,P (B)=0.42,

P (A NB)=0.09 then find P (AU B).

P (A)=0.37,P (B)=042, P (AN B)=0.09
PAUB)=P(A)+P (B)-P(ANB)
P(AUB)=0.37+0.42-0.09=0.7

2. A and B are two events such that,

P (A)=0.42, P (B) =048, and
P (A N B)=0.16.

Find (i) P, (not A) (i) P, (not B) (iii)
P, (A or B)

(@) P (not A) =P (A)=1-P (A)

=1-042
=0.58

(b) P (not B) =P (B)=1-P (B)
=1-048
=0.52

(c) P(AorB)=P(AUB)

=P(A)+P(B)-P (AN B)
=0.42 +0.48 - 0.16
=0.74

3. If A and B are two mutually exclusive
events of a random experiment and P (not

A) =045,P(AUB)=0.65, then find
P (B).
Given A and B are mutually exclusive events
P(ANB)=0
Also, P (not A) =0.45
- P(A)=0.45
1-P(A)=045
P (A)=0.55

P(AUB)=P(A)+P(B)
- P(B)=P(AUB)-P (A)
=0.65 - 0.55
=0.10

Example 8.30

If A and B are two events such that
P(A)=%,P(B)=% and P (A and B) =%,ﬁnd
(i) P(AorB) (ii) P (not A and not B).

(i) P(AorB)=P(AUB)

=P(A)+P(B)-P (AN B)

_L 1 1.5

“4727878

(i) P (not A and not B) =P (AN B)
=P(AUB)

=1-P(AUB)

P (A or B

P (not A and not B) =1-

oo |t

_3
"8
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4. The probability that atleast one of A and
B occur is 06. If A and B occur
simultaneously with probability 0.2, then
find P (A) + P (B).

Given P(AUB)=0.6, P (AN B)=0.2
~ P(AUB)=P(A)+P (B)-P(ANB)
=0.6=P (A)+P (B)—0.2
~ P(A)+P(B)=038

~ P(A)+P(B)
=1-P(A)+1-P(B)
=2—(P(A) + P (B))
=2-0.8

=12

5. The probability of happening of an event
A is 0.5 and that of B is 0.3. If A and B
are mutually exclusive events, then find
the probability that neither A nor B
happen.

Given P (A)=0.5,P(B)=03,P(AnB)=0
P (neither A nor B)

=P(Zm§)

=P(AUB)

=1-P(AUB)
=1-[PA)+P(B)-P(ANB)]
=1-(0.8)

=0.2

Type Ill: Problems based on Addition
theorem of probability

Q.No.6, Example 8.29, 9, 12, 7, Example
8.28, 8.31, 8§, 10, 11, 14, 13

6. Two dice are rolled one. Find the
probability of getting an even number on
the first die or a total of face sum 8.

S={(1,1),(1,2),(1,3), (1,4), (1,5), (1,6)
2,1), (2,2), (2,3), (2,4), (2,5), (2,6)

3.1), (3.2), (3.3), 3.4), 3,5), (3,6)

@,1), (4.2), (4,3), (4,4), (4,5), (4,6)

(.1), (5.2), (5.3), (5.4), (5.5), (5.6)

(6,1), (6,2), (6,3), (6,4), (6,5), (6,6) }
n (S) =36

Let A be the event of getting even number
on the 1% die.

A={(2.1),(2.2), (2.3), (24), (2,5), (2,6)

@,1), 4,2), (4.3), (4,4), (4.,5), (4,6)

(6,1), (6,2), (6,3), (6,4), (6.,5), (6,6) }
n(A)=18

18
36

Let B - Total of face sum as 8.

B =1{(2,6),(3,5),(4.:4),(5,3),(6,2) }

P(A)=

n(B)=5,P(B)=35—6
ANB=1{(26), 44),62)}
n(AnB)=3
Pmmmz%

~ P(AUB)=P(A)+P (B)-P(ANB)
_18. 5 3
T36 36 36
_20
" 36

[
o

Example 8.29

Two dice are rolled together. Find the
probability of getting a doublet or sum of faces
as 4.

When two dice are rolled together, there will
be 6x6=36 outcomes. Let S be the sample
space. Then n (S) =36

Let A be the event of getting a doublet and
B be the event of getting face sum 4.
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Then A ={(1,1), (2,2), (3,3), (4,4), (5,5), (6,6)
B={(13),(22),3.1)}
Therefore, AN B={(2,2)}
Then, n (A)=6,n(B)=3,n(ANB)=1.

nA)_6
n(s) 36
n(B)_3
n(s) 36
n(AnB) 1

P(A(WB)=W=36

P(A)=

P(B)=

Therefore,
P (getting a doublet or a total of 4)
=P(AUB)
P(AUB)=P(A)+P(B)-P(ANB)
_6.3 1_8 2
36 36 36 36 9

Hence, the required probability is %

9. Three unbiased coins are tossed once.
Find the probability of getting atmost 2
tails or atleast 2 heads.

S ={ (HHH), (HHT), (HTH), (THH), (HTT),
(THT), (TTH), (TTT) }

n(S)=28

Let A - at most 2 tails

A= { (HHT), (HTH), (THH), (HTT), (THT),
(TTH), (HHH) )

n(A)=17

P (A) =%

Let B - atleast 2 heads

B={ (HHH), (HHT), (HTH), (THH) }
n(B)=4

P(B)=%

~ AN B={ (HHH), (HHT), (HTH), (THH) }

n(AmB)=4,P(AmB)=%

~PAUB=P@A)+P((B)-P(ANB)

7 4 4
+

8 8

0|3 oo

12. A coin is tossed thrice. Find the
probability of getting exactly two heads or
atleast one tail or two consecutive heads.

S={ (HHH), (HHT), (HTH), (THH), (TTH),
(THT), (HTT), (TTT) }
n(S)=28
Let A - exactly 2 heads
A ={ (HHT), (HTH), (THH) }
n(A)=3
P (A) =%

Let B - atleast one tail
B={ (HHT), (HTH), (THH), (TTH), (THT),
(HTT), (TTT) }
n(B)=17
P (B) =%
Let C - Consecutively 2 heads
C={ (HHH), (HHT), (THH) }
n(C)=3
P (C) =%
AN B={(HHT), (HTH), (THH) }
n(AnB)=3
P(ANnB)= %
Bn C={(HHT),(THH) }
n(BNC)=2
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2 . . : 4
PBNO) =3 Probability of drawing a king card =5
CNnA={ (HHT),(THH) } Number of queen cards = 4
n(CNnAa)y=2 Probability of drawing a queen card :54—2
2
P (C“A)=§ Both the events of drawing a king and a

queen are mutually exclusive

=P(AUB)=P (A)+P (B)

PAUBUC)=P(A)+P(B)+P(C)—P(ANB)
—P(BNC)-P(CNA)+PANBNC)

3 7 3 3 2 2 2 Therefore, probability of drawing either a
=ctoto e e ote

8 8 8 8 8 8 8 . _4,4_8_2

. king or a queen = 5 + 5513
:§=1

Example 8.31

7. From a well-shuffled pack of 52 cards, a
card is drawn at random. Find the
probability of it being either a red king or
a black queen.

A card is drawn from a pack of 52 cards.
Find the probability of getting a king or a heart
or a red card.

n(S)=52 Total number of cards = 52; n (S)=52
Let A - Red King Let A be the event of getting a king card.
n(A)=2 nA)=4
2 n(A)_4
PA) == 2V _a
A=35 P (A) ") 2
Let B - Black Queen Let B be the event of getting a heart card.
n(B)=2 n(B)=13
2
P(B)=—=
B =33 I“B%:nxg:%%
n
Here A and B mutually exclusive
Let C be the event of getting a red card.
S~ PAUB)=P(A)+P(B)
n(C)=26
_4
52 n(C) 26
P(O)= ==
B Ohe ™=
13 1
P (A N B) = P (getting heart king) = 5
Example 8.28 P (B N C) = P (getting red and heart) = g

What is the probability of drawing either a )
king or a queen in a single draw from a well P (B N C) = P (getting red king) =5
shuffled pack of 52 cards?

P (A N BN C) =P (getting heart, king which is red
Total number of cards = 52 ( ) (& g & )

Number of king cards = 4 ZSLZ
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Therefore, required probability is
PAUBUC)=PA)+PB)+P(C)—P(ANB)
-PBNC)-P(CNA)+PANBNO)

4 13,2 1 13 2 1

" Tntn T T n T TnTn"13

8. A box contains cards numbered 3, 5, 7, 9,
. 35, 37. A card is drawn at random
from the box. Find the probability that the
drawn card have either multiples of 7 or

a prime number.

§S={3,57,9,...3537}
n(S)=18
Let A - multiple of 7.
A={17,14,21,28,35 }
n(A)=5

P(A)=—

Let B - a prime number
B={3,57,11,13,17,19, 23,29, 31,37 }
n(B)=11

P(B)= 11

Here AnB={7}
n(AnB)=1

1

P(ANB)= 13

~ P(AUB)=P(A)+P (B)-P(AUB)

5 11
18 18 18
_1s
18
_s
)

10. The probability that a person will get an
and the

5
probability that he will not get plumbing

electrification contract is

contract is §. The probability of getting

8

atleast one contract is §. What is the

7
probability that he will get both?

Let A - electrification contract
B - not plumbing contract

Given

\1|m

P(A)—— P(B)—— P(AUB)=

=P@B)=1-

oo |

0 | W2

~PANB)=P@A)+P(B)-P(AUB)

335
5877

168 + 15 - 200
T 280

11. In a town of 8000 people, 1300 are over
50 years and 3000 are females. It is know
that 30% of the females are over 50 years.
What is the probability that a chosen
individual from the town is either a female

or over 50 years?

Let A - Female

B - Over 50 years

Given n (S) = 8000, n (A) = 3000,
n (B) = 1300 and

30 x 3000 =900

nAnB) =55

900
8000

3000 1300
8000” 80007

- P (either a female (or) over 50 years)

~PA)= P(B)= P(ANB)=
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P(ANB)=P(A)+P(B)-P(ANB)
_ 3000 + 1300 — 900
B 8000

3400
~ 8000

_34
=80
_17
T 40

14. In a class of 35, students are numbered
from 1 to 35. The ratio of boys to girls is
4:3. The roll numbers of students begin
with boys and end with girls. Find the
probability that a student selected is either
a boy with prime roll number or a girl
with composite roll number or an even
roll number.

Given n (S) =35 and ratio of boys and girls
=4:3

=ix35=20

No. of boys 7

No. of boys :%x35= 15

Let A - a boy with prime roll no
A={2,3,57,11,13,19 }
(. only 20 boys)
n(A)=17

P(A):37—5

Let B - a girl with composite roll no.
B=1{21,22,24,25,26,27,28, 30,32, 33,34,35 }
n(B)y=12

12
- P (B) = g

Let C - even roll no.

B={2,4,6,8,10, 12, 14, 16, 18, 20, 22, 24,
26, 28, 30, 32,34 }

n(C)=17

17
L P(O)=35

AnB={ L, n(AnB)=0,P(ANB)=0
B C={22,24,26,28,30,32, 34}

.'.n(BmC)=7:>P(BmC)=37—5

CnA={2}nn(CNnA)=1
P(CmA):%

at PANBNC)=0
~PAUBUC)=P(A)+P(B)+P(C)-P(ANB)
-PBNC)-P(CNA+PANBNC)

7 1217 7 1

“35735%35 07357350

Type lll: Only A and only B based sums
Example 8.32, 8.33

Example 8.32

In a class of 50 students, 28 opted for NCC,
30 opted for NSS and 18 opted both NCC and
NSS. One of the students is selected at random.
Find the probability that
(i) The student opted for NCC but not NSS.
(ii) The student opted for NSS but not NCC.
(iii) The student opted for exactly one of them.

Total number of students #n (S) =50.

Let A and B be the events of students opted
for NCC and NSS respectively.

n(A)=28,n(B)=30,n(ANB)=18

n(A)_@
n(s) 50

P(A)=

n(B) _30

PB)=" =50
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n(AnB) 18
n(s) 50
(i) Probability of the students opted for
NCC but not NSS

P(ANB)=

28 18 _1

PANB)=PA)-P(ANB)=
(i) Probability of the students opted for
NSS but not NCC
30_18_6
50 50 25
(iii)) Probability of the students opted for

exactly one of them

=P[(AnB)U (AN B)]

PANB)=P(B)-P(ANB)=

:P(Am§)+P(ZmB):%+%=%

(Note that (AN E), (X N B) are mutually
exclusive events)

Example 8.33

A and B are two -candidates seeking
admission to IIT. The probability that A getting
selected is 0.5 and the probability that both A
and B getting selected is 0.3. Prove that the
probability of B being selected is atmost 0.8.

PA)=05PANnB)=03
We have P(AUB)<1
PA)+PB)-PANB)<1
05+P(B)-03=1
P(B)<1-02

P(B)<0.8

Therefore, probability of B getting selected
is atmost 0.8.

Exercise 8.5

Multiple choice Questions

1.

Which of the following is not a measure
of dispersion?

1. Range

2. Standard deviation
3. Arithmetic mean

4. Variance

Ans. (3) Arithmetic mean
The range of the data 8, 8, 8, 8, 8 ... 8 is

1. 0 2.1
3. 8 4. 3

Range of equal values is 0 Ans. (1) 0

The sum of all deviations of the data from
its mean is

1. Always positive
2. Always negative
3. Zero

4. Non-zero integer

We know that £ (x-x)=0  Ans. (3) Zero

The mean of 100 observations is 40 and
their standard deviation is 3. The sum of
squares of all deviation is

1. 40000 2. 160900
3. 160000 4. 30000
n=100
x=40
c=3

We know that

2 2

2 XX (Zx]
6C'=—-—| —
n n

2
2 XX 2
3 =m—(40)
2
9=%—16OO
Ex2

9+1600=m
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